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Abstract

Inlinear system theory, itis a well-known fact that a regulator given by the cascade of an
oscillatory dynamics, driven by some regulated variables, and of a stabiliser stabilising
the cascade of the plant and of the oscillators has the ability of blocking on the steady
state of the regulated variables any harmonics matched with the ones of the oscillators.
This is the well-celebrated internal model principle. In this paper, we are interested
to follow the same design route for a controlled plant that is a nonlinear and periodic
system with period T: we add a bunch of linear oscillators, embedding n, harmonics
that are multiple of 27 /T, driven by a “regulated variable” of the nonlinear system,
we look for a stabiliser for the nonlinear cascade of the plant and the oscillators, and
we study the asymptotic properties of the resulting closed-loop regulated variable.
In this framework, the contributions of the paper are multiple: for specific class of
minimum-phase systems we present a systematic way of designing a stabiliser, which
is uniform with respect to n,, by using a mix of high-gain and forwarding techniques;
we prove that the resulting closed-loop system has a periodic steady state with period
T with a domain of attraction not shrinking with n,; similarly to the linear case, we
also show that the spectrum of the steady-state closed-loop regulated variable does not
contain the n harmonics embedded in the bunch of oscillators and that the L, norm
of the regulated variable is a monotonically decreasing function of n,. The results
are robust, namely the asymptotic properties on the regulated variable hold also in
the presence of any uncertainties in the controlled plant not destroying closed-loop
stability.
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1 Introduction

The problem of rejecting or tracking asymptotically periodic or quasi-periodic signals
is of primary importance in many applications [30,31,50], like robotics [26,42], power
electronics [39] and bio-medics engineering [19], just to cite a few. Such a problem is
commonly known in control system theory as robust output regulation, see [12,14,17],
where the adjective robust refers to the fact that the asymptotic properties are desired to
hold not only for the nominal model of the system but also for small perturbations of it.
The solution to the robust output regulation problem for finite-dimensional linear time-
invariant systems is accredited to Francis, Wonham and Davison who at the same time,
but independently, published their main works during the 1970s, see, e.g., [14,17]. The
proposed solution relies on the so-called internal model principle coined by Francis
and Wonham in their celebrated work [17], stating that output regulation property is
insensitive to plant parameter variations “only if the controller utilises feedback of the
regulated variable and incorporates in the feedback path a suitably reduplicated model
of the dynamic structure of the exogenous signals which the regulator is required to
process”. In turns, if some overall stability properties are guaranteed, the presence of a
copy of the exogenous dynamics (also denoted as exosystem) in the regulator provides
a “blocking-zero” effect on the desired regulated output at the dynamics excited by
such exogenous signals. In other words, the regulated output cannot contain any mode
of the exosystem if the overall trajectories are bounded. In practice, an integral action
in the controller allows one to achieve zero-DC value of the regulated output, while
a given oscillator at a certain frequency ensures to have zero spectral component at it
[4,20].

In our preliminary contribution [4], focused on the problem of nonlinear robust
output regulation in the presence of periodic exosignals, we have proposed a solution
for input-affine nonlinear systems that mimics the aforementioned linear paradigm
[14,17]. It involves the following two main components:

1. An internal-model unit processing the regulated output which is composed by
a bunch of oscillators at a given fundamental frequency and a certain number
n,, possibly infinite, of its multiples. Such an internal model unit guarantees a
blocking-zero property on the regulated error in terms of spectral components, i.e.
the regulated output cannot have harmonics at the frequencies embedded in the
internal model unit, see [4, Proposition 3] or [20, Proposition 1]. Such a property
is insensitive to model perturbations as long as system trajectories are bounded.
In doing so (contrary to large part of nonlinear output regulation theory, see,
e.g., [10,11,34]), a precise description of the generator of the exosignals is not
needed as long as the fundamental period characterising all the spectrum is known.
This motivates us in describing the plant dynamics as a T-periodic time-varying
nonlinear system, without need of a precise description of the exogenous signal
dynamics.
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2. A state feedback stabiliser is composed by two parts: a preliminary state feedback
in charge of stabilising the equilibrium assumed to exist when the exosignals are
zero, augmented by a forwarding feedback which serves at stabilising the overall
extended dynamics composed by plant and the internal-model unit (see, e.g., [3—
5D.

The motivation for such a solution comes from the well-known fact that an input-to-
state stable system driven by a periodic input admits (at least locally) periodic solutions
of the same period [46, §12]. In our preliminary work [4], however, some important
issues were still open. In particular, it was not clear whether the domain of attraction
of the steady-state periodic solution shrinks to zero by increasing the dimension of the
internal-model unit (i.e. the number of oscillators), and whether asymptotic regulation
can be achieved by means of a (countable) infinite-dimensional internal model (i.e. by
using an infinite number of oscillators). We gave a partial answer to this latter question
in our second preliminary contribution [5].

The objective of this work is therefore to give an exhaustive answer to both open
questions by providing a unifying result and by showing the practical interest of the
proposed approach in periodic output regulation frameworks. For this, as in [5], we
restrict our attention to the particular class of minimum-phase nonlinear systems, that
is, systems possessing a well-defined relative degree with constant high-frequency
gain, which are described in normal form (possibly after a change of coordinates), see
[25, Chapter 4], and with locally exponentially stable zero-dynamics. This allows us to
choose an elementary high-gain feedback as a preliminary stabilising feedback (see,
e.g., [47, Lemma 2.2]) and a linear forwarding feedback. In this simplified context, it
is shown that the behaviour of the proposed regulator is robust with respect to model
uncertainties and uniform in the dimension of the internal model unit (i.e., the number
n, of oscillators), in the following sense:

e The high-gain feedback does not need to be re-parameterised if the number of
oscillators vary. It is chosen beforehand, based on the Lipschitz system properties
(i.e., the precise knowledge of the plant’s dynamics is not needed).

e The proposed regulator ensures boundedness of the overall closed-loop system
trajectories and the existence of a (locally) exponentially stable T -periodic solu-
tion, with a domain of attraction which is uniform in the number of oscillators 7,,,
and independent of their frequencies. In other words, a precise knowledge of the
period T characterising the plant’s dynamics (that is, the period of the exosignals)
is not needed to ensure such a boundedness property.

e If the fundamental frequency of the internal-model unit oscillators is selected
exactly as the one characterising the plant’s dynamics ZT”, then the regulated output
cannot contain harmonics at the frequencies of such oscillators, and approximate
regulation is achieved'. Furthermore, the L, norm (over a period) of the steady-
state output is inversely proportional to the number of oscillators: the quality of
approximate regulation can be therefore improved by augmenting the number
of oscillators (and not by increasing the parameters of the high-gain feedback
regulator as in high-gain feedback control).

! Note that the notion of approximate considered here is different from the notion of k-th order approximate
regulation defined in [24], [12, Chapter 2.5].
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e If the number of oscillators is infinite, then asymptotic> output regulation is
achieved. This infinite-dimensional regulator preserves the same bounds in terms
of high-gain feedback and domain of attraction.

In conclusion, we show that the problem of periodic robust output regulation can
be generically solved by an infinite-dimensional internal-model-based regulator
containing oscillators at all multiples of the basic periodic. Moreover, a good finite-
dimensional approximation of such a regulator can be obtained by using a finite number
of oscillators. In doing so, one obtains a desired accuracy (in terms of L? norm) with
bounds of the high-gain term and the domain of attraction which are uniform (i.e.,
independent) in the desired approximation (i.e., the number of oscillators).

From a technical point of view, the main difficulty to deal with is the fact that each
time we modify the dimension of the internal model unit (i.e. we vary the number of
oscillators), we have to study a system with different state-space dimension. While
most of mathematical tools are well-suited to study the effect of parameter’s variations
in system dynamics (see, e.g., [28] or [3, Appendix]), it is very hard to compare
objects with different dimensions and we are unaware of generic tools developed for
this specific purpose. For this reason, in this work we analyse all the aforementioned
properties (all these contributions are new with respect to our preliminary works [4,5])
by carefully re-doing all the proofs concerning the existence of periodic solutions
(which mainly relies on fixed-point theorems) and their stability properties (which
mainly relies on Lyapunov analysis), by showing that all these features are uniform
in the internal-model system dimension. In such a perspective, the fact of focusing
on minimum-phase systems with constant high-frequency gain and unitary relative
degree allows us to conceptually simplify most of the (already complex) proofs. The
case of higher relative degree can be easily dealt with by means of partial change of
coordinates as shown in [45]. Details are given in Sect. 3.5. The case of square multi-
input multi-output (i.e. same number of inputs and outputs) systems with constant
(and invertible) high-frequency matrix gain is also straightforward and not considered
in this work.

This rest of the article is organised as follows: In Sect. 2, we state the problem
formulation, and in Sect. 3, we provide the main results of this work. With these
precise elements at hand, we are in a better position to compare our results with what
is available in the literature. This is done in Sect. 3.4. A numerical example is proposed
in Sect. 4. Conclusions are drawn in Sect. 5. All proofs are postponed in Appendix.

Notation. R is the set of real numbers and R>q := [0, +00); Z is the set of integers;
N is the set of non-negative integers, and N ¢ is the set of positive integers, C is the set
of complex number and i = +/—1. Given x € C, we denote with ¥ its conjugate. We
denote by €% (X; Y) the set of C* functions from X to ¥, and with %715([0, T]; X) the
set of CK T -periodic functions from [0, T'] to X. For compactness, in the following,
€0, T1; X) will be simply denoted as €5 (X).

2 In this case, exponential stability cannot be anymore guaranteed in view of the presence of an infinite
number of poles on the imaginary axis and the use of a bounded (in the sense of [48, Page 24]) control
operator. See also [2,43,44] for other examples of such a phenomenon.
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2 Problem statement

The objective of this work is to state and prove very precise results concerning the out-
put regulation problem for the particular systems that can be rewritten, under suitable
change of coordinates, in the form:

X = f(w,x,e)
e=q(w,x,e)+u

where (x, ¢) € R" xRisthe state, with x unmeasured, # € R is the control input,e € R
is the measured output to be regulated to zero and w € R are exogenous signals
representing references to be tracked or disturbances to be rejected. The number of
control problems that can be recast in such a form is very large, and examples may
be found, for instance, in [2,10,11,27,32,34] and references therein. As discussed in
[11, Remark 1], the considered class of systems may look very particular, as it has
relative degree 1 between control input u and regulated output e. However, the design
methodology described in what follows lends itself to a straightforward extension
to systems with higher relative degree [10, eq. (33)]. More details are postponed
to Sect. 3.5. In this work, we suppose that w is T-periodic, in other words w is a
sufficiently smooth function fulfilling w(t + T) = w(¢). To simplify our notations,
throughout the rest of this paper we will replace w by ¢, and we will assume that the
functions f, ¢ satisfies

f&+T,x,e)= f(t,x,e), qit+T,x,e)=¢q(t,x,e)

for any 7. We are interested, moreover, in systems which are strongly minimum phase.
In particular, we suppose that when e = 0, the system

x = f(t,x,0)

admits a unique periodic solution x¢(-), which is exponentially stable with some
domain of attraction. Since, in what follows, the knowledge of x¢ is not required
and x is not accessible, there is no loss of generality in assuming that xo(¢) is the ori-
gin of the coordinates for x at time ¢. This allows us to formulate our output regulation
problem for the following class of systems:

X = f(t,x,e) (1a)
e=q(t,x,e)+u (1b)

where f : RxR" xR — R"and g : R x R” x R — R are C? and T -periodic
in their first argument, f is such that f (¢, 0,0) = O for all # > 0 and the function ¢
satisfies sup, 9.7 1¢(#, 0, 0)| > O (otherwise the problem would trivially boil down
to a stabilisation context that would be solved, in a semi-global context, by a simple
high-gain feedback u = —oe, with o > 0 sufficiently large, see, e.g., [47]).

@ Springer



Mathematics of Control, Signals, and Systems

Our approximate output regulation objective is

limsup |e(t)] < e, 2)

—>0o0

with e, arbitrarily chosen.

Evidently, a simple way to achieve such a practical regulation property could be
that of implementing a high-gain controller of the form u = —oe, with o > 0 large
enough, see, e.g., [47, Example 2.1]. The drawback of this controller is that o is the
only tunable parameter, and it has the undesirable property of amplification of possible
(high-frequency) measurement noise, thus being unsuited in practical applications. The
regulator we propose incorporates also a tunable internal model allowing to satisfy
(2) but also stronger properties that a standard high-gain controller could not achieve.
Also, as explained in the introduction, we want a result as less dependent on f and
q as possible. The aim of this weak dependency is to make property (2) robust to
uncertainties in f and ¢g. This is achieved by asking not the exact knowledge of the
pair (f, g) but only that it belongs to a family. Precisely, say that we have a model
pair ( f, ¢m). We define from it the set of bounding functions

sup [ fin(t, x, )| < f(x,¢), sup M(t,x,e) <f.(x,e),
(1,x,0) €7 (X,€) (1,x,e)€S7(X,€) de
9% fin 2 fin

Sup _(t5x’e) S fxx(xv e)a Sup _(t’xve) ffex(xs e)’
(. x,0)er (x.e) | 0X0X (t.x.e)eSr(x.e) | 0€0X

Sup |Qm(t,xve)| S q(X7 e)a Sup aq_m(t’x’e) E qe(xﬂ e)7
(t,x,e)e ST (x,€) (t,x,)eST(x,€) de
an 361m

Sup _(tax’g) S qx(Xa e)a Sup (taxae) S q[(xﬂ e)'
(t.x.0)er(x,e) | 0X (tx.0)eSr(xe) | OF

where we have introduced the sets

Fe(x) = {x ¢ x| =x}, Fe(@) = {x :le] <e},
S(x,e) i= S (X) x Fe(e), S7(x,€) :=[0,T] x Fx(X) x Ze(e),

Then we forget (fm,gm) and instead consider the families of functions .# and 2
defined as follows.

Definition 1 (Family .%) Given a triplet of positive numbers P,, P, > 0 and a
pair of positive numbers x, e > 0, we say that the function f : R>o x R" x R > R”
belongs to the family .% (P, P, «, X, e) if the following statements holds.

L

e The function f is C2, T-periodic in the first argument and satisfies the following
set of inequalities

sup [f(t, x,0)] < 1f(x,e), sup ﬂ(hxm) < fe(x,e),
(t.x.0)eS T (x.0) (t.x.0)eSr(x.e) | 0€

sup (t,x,e)| < fix(x,e), sup (t,x,e)| < fex(x,€).
(t,x,e)eST(x,€) dxdx (t,x,e)e.ST(x,€) dedx
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g(l,x,e)

sup [f(@ x, 0] < f(x,e), sup < fe(x, e),
(t.x.0)e LT (x.e) (t.x.0)esr(x.e) | 0€
32f a2 (3)
—(t,x,e)| < fxx(x, ), sup (#,x, )| < fex(x, ).
(t,x,e)eST (x,€) dxdx (t,x,e)eST(x,€) dedx

e Thereexistsa T-periodic C! positive definite matrix P, : Ro — R"*", satisfying

0 < P, I < Pu(t) < P, )
T

Px(t)+Px(t)%<t,o, o>+i(r,o, 0)Py(t) < —2aP;. ®)
ax 0x

Definition 2 (Family 2) Given a pair of positive numbers x, e > 0, we say that the
function g : R>o x R” x R - R” belongs to the family 2(x, e) if it is C2, T-periodic
in its first argument and satisfies the following set of inequalities

sup lg(z, x, )| < q(x,e), sup a—q(t,x,e) <q.(x,e),
(t,x,e)€.57 (X,€) (t,x,e)eSr(x.e) | € 6)
aq dq
Sup _(ta-xae) S qx(xa e)’ Sup —(t,.x,e) S qt(Xﬂ e)
(t,x,0)€.7T (x,€) dx (t,x,0)€.%T (x,€)

Note that systems of form (1) satisfying f, ¢ € .#, 2 are typically obtained when
deriving a normal form in the presence of smooth periodic reference to be tracked or
perturbation to be rejected. See, for instance, [2,27,32] and references therein.
Remark Note that in light of (4), (5), the set .# (P, P, o, x, e) characterises functions
for which the zero-dynamics of (1), namely x = f(¢, x, 0), is locally exponentially
stable, with a given decreasing rate —«. Indeed, the function V (¢, x) = x TP (t)x
can be used as Lyapunov function to establish such stability properties. Since in this
work we are not interested in establishing semi-global results, properties (4) and (5)
will be the only assumptions made on the zero-dynamics (1a). Such assumptions are
indeed milder than those commonly stated in semi-global output regulation results,
where typically the zero-dynamics (1a) is asked to be input-to-state stable (in short,
ISS) or integral ISS (in short, iISS) with respect to e, see, e.g., [11,27,45,51].

3 Main results
3.1 Internal-model based regulator design

The feedback law we propose is made of two sets of tunable parameters:

e an integer n, € N and two positive real numbers o, 1 > 0;
e two sequences of positive real numbers ;¢ and w, satisfying

—2
Y ny = N, < +oo, (7a)
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Nze+1) < Nz VO <Z, (7b)
Lny < mngy Yl,m): 0<m<1¢, (7¢)
Gy < mPng, V(l,m): 0<f<m, (7d)
wy = Lo Ve >0, (7e)

for some @ > 0. Actually, as an illustration or for more specificity, we consider
often the particular case

n; =2,
®
nzg:m, VZ€N>0 86(0, l]
The proposed dynamic controller takes the form
z=@z+Te (9a)
u=—ce+uM N, (z— Me) , (9b)
where z = (z0,...,2,,) € R270+1 g the state of the controller and the matrices
@, N, € RCo+DxCnotD) and ' M € R?"+! are defined as
® := blkdiag(0, @ @ o= 0
A lag( 1) | I n(,)a Z_ _C()[ 0 ’
N; = blkdiag(nzo, Nz,ooo, Nzn,,)v Ny=nylh YE=1,...,n,,
(10)

M=q.M, ... M) My = (1,007 Ve=1,..., n,,

r=—(®+oM.

It can be readily seen from the definition of (10), that regulator (9) is composed of two
parts: an internal-model unit (9a), that s, the z-dynamics, characterised by an integrator
and a bunch of linear oscillators at frequencies wy, and a linear stabilising term (9b)
having embedded the high-gain feedback law —o e needed for stability purposes (see,
e.g., [34,47]). As shown in the rest of the paper, the feedback law (9) guarantees that
(2) holds with any (arbitrarily small) e, chosen a priori and independent of n,, and
moreover

lim limsuple(r)] = O, (11)

no—=>+00 5 oo

when the basic frequency characterising the oscillators @, of the internal-model unit
is selected as @ = 27”, that is wy = EZT” forany £ =1, ..., n,.
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3.2 Approximate regulation

First, we study the interconnection of the finite-dimensional controller (9) in closed-
loop with system (1) and we establish a certain number of properties concerning the
existence and stability of a steady-state trajectory and the norm of the corresponding
regulated output. The proof of the following theorem is postponed to Sect. A.

Theorem 1 Given a triplet (P, P, o) and any fixed o > 1, there exist positive
real numbers x, e, z, 0*, independent of n,, such that the closed-loop system (1), (9),
with any f € . (2x,2e, Py, P, a) and any q € 2(2x, 2e), satisfies the following
statements:

1) foranyo > o*andanyn, > 0, the closed-loop system (1), (9) admits a T -periodic

2)

3)

4)

solution (x,, ep, zp) € %%(R” x R x Rty satisfying

sup |x,()] <x, sup lep(H) <e, sup \/Zp(t)TNzZp(t) =z.

1€[0,T] 1€[0,T] 1€[0,T]
(12)

Moreover, (xp, ep, zp) is locally exponentially stable with a domain of attraction
that includes the set

N en =@ e Il <2x lel <2 TTNz=2) (13

which is independent of n,.

There exists Y1, Wy > 0, independent of n,, o, u, such that, for any o > o* and
any n, > 0, the corresponding T -periodic solution (xp, ep, zp) of the closed-loop
system (1), (9) established in item 1) satisfies

(4] v
sup lep ()] = —, sup |xp(0)] < = (14)
te[0,T] o tel0,T] o
Let 0 > o* and n, be fixed. If, for some € in {1, ..., n,}, there exists an integer

R > 0 such that wg in (9), satisfies
wp = Ko ZE,

then the corresponding T -periodic solution (xp, ep, zp) of the closed-loop system
(1), (9) established in item 1) satisfies

T T
/ sin(Re 2 t)ep(t) = / cos(ReF1)e, (1) = 0. (15)
0 0

Suppose that we have ® = ZT” in (7e). Then, there exists Yo > 0, independent of
Ny, 0, W, such that, for any o > o* and n, > 0, the corresponding T -periodic
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solution (xp, ep, 2p) of the closed-loop system (1), (9) established in item 1) sat-
isfies

T
2 1#2
/0 lep®IPdt = o =5 (16)

T
/0 (‘;f;((;‘)’:;))) ep(dt =0 Vee{l,... n,).

Theorem 1 establishes several properties about the solutions of the closed-loop
system (1), (9). Item 1) states that for o large enough, the closed-loop system admits an
exponentially stable T -periodic steady-state trajectory. Existence, stability and domain
of attraction of such a steady state is robust to model uncertainties and independent of
the parameters of the internal-model unit in (9), that it is independent of n,, and the
sequences n,¢, wy characterising the frequencies of the oscillators of the z-dynamics,
provided conditions (7) hold. Furthermore, it is shown that the initial condition z(0) =
0 for the internal-model unit (9) is always a “good initial solution” as it is always
contained in the domain of attraction (13).

Item 2 establishes that controller (9) preserves the high-gain property of a feedback
without internal model: the infinity norm of the steady-state trajectory of the regulated
output e can be arbitrarily made small by augmenting the parameter o, see (14). In
other words, we do not loose the properties of a simple high-gain feedback u = —oe.
Moreover, such a high-gain property is robust to model uncertainties and independent
of the parameters n;¢, wg in (7).

Item 3 characterises the behaviour of the steady state of the regulated output e when
the frequency of one oscillator is a multiple of the basic frequency 2T7T characterising
the periodicity of the frequencies f, ¢g. In this case, the Fourier coefficient of e cor-
responding to that frequency is zero. Such a property evidently suggests a strategy to
select the parameters w, in (9) when the periodicity T of the functions f, ¢ is known.
This is well established in item 4.

In particular, inequality (16) shows that the L, norm of the steady-state regulated
output e can be made arbitrarily small by augmenting the number of oscillators, if
those are chosen so that their frequency is multiple of the basic frequency ZT” This
is a consequence of the fact that each corresponding Fourier coefficient is zero, as
established by (15). Note that although a similar result was already proved in [4],
[20], the novelty of item 4) is that here we are able to show that inequality (16) is
uniform in the parameters of controller (9). This implies that, from a practical point of
view, one can first fix the parameters u, o, and then arbitrarily increase n, so that to
reduce the L, norm of the regulated output. Furthermore, in doing so, the domain of
attraction is guaranteed to always exist and contain a prescribed set of initial conditions
independent of the parameters of the internal model. In other words, when the period
T is known, the approximate regulation objective (2) can be satisfied by augmenting
the number of oscillators and not the high-gain parameter.
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In the next section, we will show that bound (11) hold when considering the non-
implementable infinite-dimensional case, corresponding to the limit case of regulator
(9) in which n, = 4o0.

3.3 Exact regulation

In this section, we want to study the limit case (non-implementable) in which the
period T is perfectly known and the number of oscillators in regulator (9) is chosen
as infinite n, = oo, with @ = 2, that is @, = 2% for all £ € {0,1,...,00}. In
particular, we aim at establishing that, in such a case, exact regulation is achievable

and (11) is satisfied. To this end, let us define the linear operators @, N,, M, I" as

2 (0 1
N, = (Ng) Ny :=nz0, Ny :=ngy Lo
Z . /) reNy’ zZ0 - z0>» zt - 4 01)° (17)

M = (Me),ey,, Mo:=1, M =(1,0T,

r —(@+0)M

with (n2¢)¢en., being the sequence defined in (7a). We denote with 2 the space of
sequences:

¥ ={z=(20)eeny: 20 €R, z0 €R? LN} (18)

and we define the space .%5_as

o
313,1 = {z eZ: ||Z||%VZ =7 N,z = anz|a|2 <00 (19)
(=0

with N, being defined in (17). This space, being linearly isometric with the standard
£? space, is complete. In this section, we address the specific case in which the
regulator is selected as:

z=®z+ e

U= —cre—i—pLMTNZ(z—Me) , 20)
where z € %, is the state with the initial condition z(0) € . 2_ , and the linear operators
@, M, N, are now defined as in (17). As now the state z is a vector of infinite, but
countable dimension, we will consider only solutions in the space .,?]\2, We have
the following result, showing that exact regulation can be achieved. The proof of the
following theorem is postponed to Sect. A.

Theorem 2 Let the triplet (P, P, ) be given and fix any ;v > 1. Consider the real
numbers x, e,z and o* given by Theorem 1. There exists o}, < o* such that, for
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any o > ok, any trajectory (x(1), e(t), z()) of the closed-loop system (1), (9), with
feF2x, 2, Py, P,, ) and q € 2(2x, 2e), starting in the set

{(x,e,2) eR" x R x L3 @ |x| <2x, le| <2e, |zln, <2z},

is defined and complete forward in time, bounded in R" x R x .Z,%, and satisfies
lim; o0 e(t) = 0 and lim;_, o x(¢) = O. .

Theorem 2 establishes that with an infinite-dimensional regulator, exact regulation
can be achieved if the period T characterising the functions f, g is perfectly known,
and if the regulator embeds an infinite number of oscillators at 2T” and all its multiples.
In practice, such a result confirms property (11) of the finite-dimensional regulator (9).
Itis noticed that in statement we showed that the domain of attraction in terms of (x, ¢)-
coordinates is not reduced with respect to those given by Theorem 1. Furthermore,
for the same values of x, e, the resulting high-gain parameter o can be chosen smaller
with an exact infinite-dimensional regulator. The main motivation to this fact is that,
in the approximate case, the steady-state solution x,, does not coincide with the origin,
thus reducing the stability margins ensured by (5). In turn, o has to be chosen larger
to compensate such a loss.

3.4 Literature review

The problem of periodic output regulation has been studied in the past decades by
many authors with many different tools and ideas. Although various approaches as
ours allow to cope with more general dynamics, for the sake of precision, we restrict
our discussion to systems which admit a normal form like the one at the beginning of
Sect. 2 or more generally like (21). We revisit the following main approaches based
on the use of “smooth regulators”.

— Nonlinear output regulation. Starting from the notable results on the so-called non-
linear regulator equations [10] in a non-equilibrium context, the development of
output regulation theory has been mainly pursued in the context of minimum-phase
systems of form (1). The design of internal models has been focused mainly in the
sense of input cancellation/observation, that is, with the purposes of reproducing
the asymptotic behaviour of the zeroing steady-state input —¢g(¢, 0, 0) for system
(1b), see, e.g., [11,34]. Although these approaches can ensure asymptotic regula-
tion with finite-dimensional regulators, it is not clear whether they can be extended
in a non-matching case, i.e. without the use of a normal form (1). Furthermore, as
discussed in see [7,8], asymptotic regulation is lost as soon as unstructured model
uncertainties are considered. Approximate asymptotic solutions have been also
proposed in [9,18,33], but again, the extension to more general classes of systems
(as in [4]) is not clear.

— Repetitive control. Based on the fact that a delay can be used as auniversal generator
of periodic signal, the repetitive control approach was first proposed at the end of
the 1980s, [23] for linear systems in order to solve periodic output regulation
problems, with remarkable results in the context of discrete-time systems [31] and
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practical applications [30]. Nonlinear extensions were proposed, for instance, in
[2,20,39]. Similarly to our approach, finite-dimensional approximations based on
Fourier approximation were used in [20], based on the fact that a delay can be
equivalently represented by an infinite number of oscillators® In this spirit, our
work contributes also to the repetitive control theory clarifying the uniformity
aspects in terms of basin of attraction of periodic solutions with respect to the
approximation of the internal-model unit.

— Adaptive learning control. An approach similar to repetitive control is also the
one denoted as adaptive learning control, see, e.g., [16,35,49], developed in the
context of minimum-phase systems (1), with the objective of estimating the Fourier
coefficients of the zeroing steady-state input —g (¢, 0, 0) [16], or cancelling it by
means of delays [35,49]. Extensions to systems not possessing a normal forms and
practical implementations issues related to the delay (and therefore the asymptotic
properties of a discretised regulator) have not been discussed.

— Input disturbance observers. Finally, for systems in normal form, input disturbance
observers can be used in output regulation of minimum-phase systems (1), see,
e.g., [22]. Again, the extension of such an approach to more general classes of
systems (as in [4]) is not clear.

3.5 Higher-relative degree case via partial-state feedback

Consider now a system of relative degree higher than one and described by:

x = folt, x. &1
E=&n i=1...r—1 1)
& =qo(t, x,§) +u,

with x € R", & = (£1,...,&)" € R", and suppose that our output regulation
objective is now given by

li;n sup [E1(D)] < &1p. (22)

Following, for instance, [45], we consider the change of coordinates

r—1
E > ei=E+) af

i=1

where a; are chosen so that A" 1 +a A =2+ .. +ap, A+a,_1 is a Hurwitz polynomial.
In the new coordinates, system (21) reads as:

X = f(t,x,e)

e=q(t,x,e)+u (23)

3 This can be shown, for instance, by using Riesz bases, see Example 2.6.12 in [48].
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withx := (x ",y T,y = (...,

So(t, x, Cy)

A= (O’_2’1 Ir—2 ) B:= (0“12’1), C:=(101,-1),

—ayp —ay---—ar_]

r—1 r—2 r—1
q(t,x,e) = qo(t, . &1, ... &—1.e — Y _ai&) + Y aifip1 +ar_1 (6 - Zaifi) .
i=1 i=1 i=1

By construction, if fy, go are C2 and T-periodic, so are g and f. As a consequence, we
can apply the control design proposed in Sects. 3.2, 3.3 to system (23). In particular,
concerning the result of Theorem 1, it is straightforward to see that the control law (9)
applies to system (23) insuring the desired properties for the new regulated output e
of system (23). Then, by linearity of the change of coordinates, the properties on y, e
can be used to analyse the behaviour of &;. Indeed, the r-th derivative of &1, i.e. §, (r),
is given by:

£V = Z“ -1

With A"+ g A 24+, + ar, A + a,—1 being a Hurwitz polynomial, we have

T T
limsup &1 ()| < focep, f £1(1)*dt < f e(t)?dt
0 0

t—00

where the real numbers £, and £, depend only on the a;. The regulation objective
(22) is then satisfied by selecting e, < iﬁ.
R

A formal theorem concerning the design of a regulator for the output regulation
problem for system (21) is therefore not given as it can be directly inherited by com-
bining the computations of this section and the results of Theorems 1 and 2.

4 Example
4.1 Linear Bode analysis
In this section, we provide a numerical example to corroborate the theoretical results of

Sect. 3. First, in order to have a deeper insight of the proposed algorithm, we consider
a simple linear case with no zero-dynamics given by:

é=u+q(t) (24)
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and we analyse the difference between the transfer functions of a high-gain feedback
regulator:

u=—oe (25)

and the internal-model-based regulator (9). Figure 1 shows the transfer function
between the input ¢ and the output e for the closed-loop systems (24), (25), respec-
tively (24), (9), when 0 = 2 and the other parameters are selected as . = 1, ngg
selected as in (8) with ¢ = 0.5, @ = 27, and n, = 10. As expected, it is readily seen
that the effect of the internal model is to add blocking zeros at the desired frequencies
Lo, £ = 0,1,...,10, while preserving the same transfer function of the high-gain
feedback (25) at higher frequencies. In the next section, we will show in a numerical
simulation that this blocking effect is preserved in the nonlinear context, confirming
the results of Theorems 1 and 2.

4.2 Numerical example

Consider here as a simple example a system with unitary relative degree of form (1).
For the simulations, the nominal functions f, g are selected as:

i : —%x1 +3x3 + ]]—0 sin(xp) N ( 0 ) N ( sin(27t) )
t,x,e) = ,
~3x] —x2 + %x% x2e cos(4mt)(1 + sin(27t)) (26)

q(t,x,e) = 1+ x| + arctan(exp) + Z?zl cosk (27 t)

The functions f, g have been randomly chosen “ugly” so that other frameworks for
asymptotic regulation such as [11,34] cannot be explicitly applied. It is readily seen
that, around the origin, the x-dynamics is locally exponentially stable, while for large
values of x, it is unstable due to the term x%. Furthermore, f, g are T -periodic smooth
functions with period T = 1. Hence, the f, ¢ are included in the families .# and 2
of Definitions 1 and 2.

We then evaluated the steady-state performances of a simple high-gain feedback
(25), and the internal-model-based regulator (9), in two scenarios: without any mea-
surement noise, and in the presence of high-frequency measurement noise v. In the
noisy scenario, the high-gain feedback (25) becomes:

u=—o(e+v)
while the internal-model-based regulator (9) reads as:

z=®z+ '(e+v)
u= —Ue+,uMTNz[z — M(e + v)].

We then performed different simulations. Since we are not interested in transient

response, the initial conditions are selected always as x(0) = (1, —2), e(0) = 4
and z(0) = 0. For the high-gain feedback, we selected different values of o =
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{2, 10, 20, 40}. For controller (9), we selected 0 = 2, © = 1 and n selected as
in (8) with ¢ = 0.5. The number of oscillators is varied in the range {0, ..., 4}, with 0
corresponding to a pure integral action, while the basic frequency (7e) is selected as

O = {ZT”, 0.9927”, 0.952T”, ZT”gog} with g, = 1+2‘6 being the golden number. Simu-
lations have been performed with Matlab-Simulink, with a fixed-step time algorithm,
sampling time 1073, over a time length of 150 seconds.

As established in Theorem 1, convergence to a steady-state trajectory e, is guar-
anteed no matter the dimension n, and the frequency ®. Table 1 lists the values of
the Lo, norm and L; norm of the steady-state error e, with the high-gain feedback
(25) for the different values of o. Applying a FFT (fast Fourier transform) on the last
20 seconds of simulations (so that solutions reached their steady state), we identified
the corresponding main frequencies, as shown in Fig. 2, of the steady-state error e,
for 0 = 2, showing that the main Fourier coefficients are at frequencies 2km, with
k=0,1,...,4, as expected since T = 1. Then, Table 2 lists the values of the L
norm and L norm of the steady-state error e, for controller (9) in the different sce-
narios. The corresponding Fourier coefficients for @ = {1, 0.99, 0.95}27” are shown
in Figs. 3, 4 and 5. We can observe that when the basic frequency @ is less accurate,
the errors on the higher 3—4 frequencies become more important, and therefore, the
blocking effect of the zero becomes less useful. As a consequence, when the frequency
is not perfectly known, it may be not so interesting to put only multiple frequencies
of .

From Tables 1 and 2, it is immediately seen the remarkable increase of performances
(in terms of steady-state L, and Ly norms) with the proposed controller, even with
a very bad knowledge of 7', with respect to a pure high-gain feedback: for the same
value of o, we obtain a sensible reduction of both norms when ® = 27”<pg, and to have
the similar performances with a high-gain feedback we should take a much higher
value of o. However, note that when @ is taken very distant from the nominal value
2T”, adding extra oscillators is not very useful: indeed the sup and L, norms are not
reduced anymore. On the contrary, when 7 is perfectly known, with only 4 oscillators
we are already able to achieve almost perfect tracking as the remaining error is nearly
negligible.

Finally, the same scenarios have been performed in the presence of high-frequency
measurement noise v generated by colouring some random white noise with a high-
pass filter. In simulations, we used a Simulink “Band-Limited White Noise” block
with noise power 1073 and sampling time 10~ and the following transfer function

52

H(s) = s24+35+2

with s being the Laplace operator. Simulations show that sup, (o o [v(7)| < 40. The
values of the Lo, and L, norms (computed over one random period 7 among the last
30 seconds of simulations) of the asymptotic value of the error are listed in Tables 1
and 2. Again, simulations confirm the advantages (in terms of L, and L, norms) of
the proposed internal-model-based regulator (9) over a high-gain feedback controller
(25).
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Table 1 Simulation of Example (26) with high-gain feedback control (25), for different selections of o,
with and without measurement noise

No measurement noise With measurement noise
o sup;efo.7] lep ()] L1 lep@)Pdr sup;efo.77 lep (0 L1 lep@)|Pdr
2 1.2555 0.9657 1.3023 0.9743
5 0.6577 0.4083 0.7995 0.4244
10 0.400 0.2166 0.6619 0.2489
20 0.2248 0.1126 0.6201 0.1765
40 0.1181 0.0572 0.6736 0.1735

The noise is generated as random white noise coloured with a high-pass filter

5 Conclusions

In this work, we addressed the problem of exact and approximate periodic robust output
regulation for minimum-phase systems. We investigated the use of an internal-model-
based regulator, which is a straightforward extension of the linear case established by
Francis, Wonham and Davison, and conceptually similar to what is used in practical
repetitive control scheme approaches. In practice, the internal model unit is composed
by a bunch of linear oscillators processing the regulated output.

The main contribution of this work is to establish that the domain of attraction of
an exponentially stable periodic solution is uniform in the parameters characterising
the proposed regulator (i.e. the number of oscillators and their frequencies). The result
is also robust to model uncertainties as only the Lipschitz properties of the system
dynamics (and not the exact expressions) are used in the computations. It is shown
that the quality (in terms of L, norm) of the periodic steady state of the regulated
error improves by augmenting the number of oscillators and that exact regulation
can be achieved when the number of oscillator is infinite and the period is perfectly
known. Simulations confirm the theoretical findings and show the improvements of
the proposed regulator with respect to a pure high-gain feedback controller or a simple
PI controller.
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Bode Diagram
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Fig. 1 Bode diagram of the transfer between e and g for the closed-loop systems (24), (25), in blue,
respectively (24), (9), in red
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Fig.2 FFT (fast Fourier transform) of the steady-state regulated error e, (¢) for Example (26) with high-gain
feedback (25), witho =2

The main results of this work show that the best performances with the proposed
regulator can be obtained when the period characterising the periodicity of distur-
bances/references is perfectly known. This consideration leads to many open questions
concerning the knowledge of the frequencies of perturbations/references in practical
applications, optimal choices of the parameters of the regulator in terms of number of
oscillators and their frequencies, and possible strategies for offline/online identifica-
tion of such frequencies. For all these problems, adaptive, identification or learning
techniques may be a key tool, see [1,9,18,29,36,37,41,45,51] as few examples.
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Fig.3 FFT (fast Fourier transform) of the steady-state regulated error e (¢) for Example (26) with controller

(9), and parameters selected as o =2, u = 1,6 =0.5,n, ={0,...,4} and ® = ZT”
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Fig.4 FFT (fast Fourier transform) of the steady-state regulated error e, (1) for Example (26) with controller
(9), and parameters selected as o =2, u = 1,6 = 0.5, n, = {0, 1,2} and @ = 0.992%. For n, = 3, the
line is nearly overlapped with the one of n, = 2

Finally, from the theoretical point of view, an exhaustive analysis and extension
of the results presented in this article to systems not in normal form and possibly
non-minimum phase, as in [3,4], remain an open problem.

A Proof of Theorem 1

A simple way to establish Theorem 1 could be by showing that the origin of (28) for
q = 0 is exponentially stable and then perturb such solution with a small ¢. Fixed
point theorems and exponential stability arguments would prove the desired result, see,
e.g., Theorem 3.1, Chapter 8.3, in [40]. However, in doing so, all the results would
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Fig.5 FFT (fast Fourier transform) of the steady-state regulated error e (¢) for Example (26) with controller
(9), and parameters selected aso =2, u = 1,6 =0.5,n, = {0, 1,2} and @ = 0.952?”. From n, > 1, the
curves are nearly overlapped

be n,-dependent. Since the objective of this proof is to show that this is not the case,
namely the existence of a stable periodic solution is verified for any choice of n,,
with bounds that do not depend on n,,, we are forced to redo the proof, following the
classical route but re-entering into the details and being careful and precise with the
bounds.

A.1 Preliminaries
First, let us make the following change of coordinates
2> ¢ i=z7— Me 27

which transform the closed-loop system (1), (9) into

X = f(t,x,e) (28a)
é=q(t,x,e) —oe+uM' N.¢ (28b)
{=(®—uMM"N)L — Mq(t, x, e). (28¢)

Our approach to study this system is to decompose it as :

i = 2,000 + [f(t,x’,e’) — 3,0, O)x’]

(29)
et = —ocet + [q(t, x,e7 )+ 77]
where x~ and e~ are inputs and 7 is the output of the system
(= (@ —uMM'N)¢ — Mq(t,x " ,e”), 1 = uM'N (30)
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Indeed, we recover system (28) when inputs (x~, e™) equal outputs (x T, e™), and we
can benefit from the following properties :
e The origin of the subsystem X = f (¢, x, 0) and therefore of X = %(t, 0,0)xt
is locally exponentially stable in light of (4), (5).
e The origin of subsystem é = —oe is exponentially stable.
e The (linear) subsystem (30) with input ¢ and output 7 is linear, and we shall show
in Lemma 1 below it is stable.
We give the ¢ subsystem (30) a special treatment because of its strong dependence on
n,. Annoying features are, for example,

e the dimension of ¢ is 2n, + 1;
o
o trace(® — uMM'N,) = p [1 + ank]
k=1
which, with (7a) and Lemma 1, implies the real part of the eigen values of (@ —

uMMTN.) tends to O as n, tends to infinity.

In the following, we start by studying the ¢-subsystem. Then we show that, with a
suitable choicq of o, u and bounds x, e, arguments of our bounding functions in (3)
and (6) for f, % and ¢, there is a periodic solution (x,, e,) satisfying :

(xp.ep) = (x7,e7) = (xT,e")

Finally we prove it is exponentially stable and study its domain of attraction and its
properties.

A.2 Study of system (30)

Lemma 1 Let @, M, N, be defined as in (10). Then, for any n, € N and any u > 0,
the pair (D, MTNZ) is observable and the matrix (P — MMMTNZ) is Hurwitz. In
particular, there exists a symmetric positive definite matrix P;, depending on n,, and,
for any strictly positive real number |, there exists a strictly positive real number k,
depending on n,, such that we have

(N: +kP)(® — uMMTN) + (@ — uMM T N;) T (N; +kP;) < —uN:MMTN; —«kN.. (31)
Proof The pair (@, M) in (10) is observable. Then, observability of (&, M TNZ) is
a direct consequence of the block-diagonal structure of the matrix @ and the fact that

N, is diagonal. Since the pair (@, M T N,) is observable and N, is positive definite,
there exist a matrix K and a positive definite matrix P; satisfying

Po(® —KM'N)+(@—-KM'N) P = —2N,.

On the other hand, since (10) implies N.® + @TNZ = 0, we obtain adding and
subtracting the term uN,MM "N,

NP — uMM'N,) + (® —uMM"N.)' N, + 2uN.MM "N, = 0.
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By combining these two equations, we get, with k any strictly positive real number,

(N, + k P)(® — uMM "N + (@ — uMM " N,) T (N, 4« P;)
= 2uN,MM "N, — 2k N, — kn(P,MM "N, + N.MM T P;)
+k(PeKMTN, + N, MK T P;). (32)

But, for any matrices A and B and real numbers « and p, we have the following
identity

T 2
K K K

MAAT+K(BAT+ABT)=< ,uA+—B>( MA+—B) _ % BT,
EAT B\t g "

By using previous identity in which A = N, M and B = P;(uM — K), we obtain

—UN.MMTN, — i (P;MMTNZ n NZMMTP;) p: [P;KMTNZ n NZMKTP;]
K K T
=— ,uNM-i——P(uM—K))( uNM-f——P(,uM—K))
(«f z \/ﬁ ¢ f z Ji ¢

2
K
+;P;(MM — K)(uM — K)" P;.

Hence, by combining such identity with (32), we obtain

(N + K Pe)(® — uMMTN;) + (& — uMMTN.)T(N; + k P;)
.
K K
S N M + — P (uM — K N, M + —P;(uM — K
<Jﬁ N e (1 )) («/ﬁ NG ¢ ( )>

—k <NZ — S P(uM — K)(uM — K)TP;) — uN,MMTN, — kN..
“
Finally, by selecting « small enough so that
K T
Nez PeuM = K) (M = K)T P,

we obtain (31). O

Lemma 2 Consider system

{=(® —uMM"N): — Mv (33)
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with ®, M, N, be defined as in (10) and ny, satisfying (7a), e.g., as in (8). The transfer
1

function between v and N.? ¢ satisfies:

no a)2+a)%

E S 5,5,z
2 2\20F

(:0(“)2 w?)

no
w
1+ u? (Z > wznze)

=0 “e

¢(iw) " Ny ¢(iw) =

> o). (34)

Furthermore, there exists kg, k1 > 0 independent of n, such that

C(iw) ' N,t(iw) < (ko + kioH)|v(iw))> VYo eR. (35)
1
Proof Consider the change of coordinates  — y := N/ ¢ giving
1 1 1
¥ =(®—uNZMM'NZ)y — N2 Mv.

By defining with G (iw) the transfer function between v and y, it is readily seen that
it can be computed as:

1

1 T
G(iw) = |:iw1 —®+ MNZZMMTNZZ} NZM
and its transpose conjugate given by
1 1 177!
G*(iw) = M N2 |:—ia)1 + @ + uN2 MMTNZZ}
where we used the fact that ® T = —&. By temporarily using the compact notation

1
A=iwl —®,and T = ,u% N2 M, and by Woodbury matrix identity* (recall that 7"
is a vector), we obtain

1
G*(iw)G(iw) = =TT (—A+TTH'Aa+7rTrH~Ir
n

1+ o, Alrriatt ., AlrrTatt
=TT [N~ AT
" 1+7T(—A"DHT 1+7rTA- 1Y
1 -rTA AY 1 rtaz?r
T oul— TTAI*IT 1+TTA*11T T oul—=(rTATIT)?

_ —MTNZ(iwl — &) *N?M

1 1 :
I — L2(MTNZ (il — @)~ N2 M)?

4 Also known as matrix inversion lemma, the ‘Woodbury matrix identity states that for A invertible and u, v

. : o Ty—1 _ 4—1 _ -1, T 4—1
column vectors, the following holds: (A +uv ') = A 1+vTA_|uA uv' A7
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Now, note that we have algebraically

. ~1 .
- o [iw —wy _ 1 iw wp
(il — @)~ = (a)g iw ) - a)% — w2 (—a)g ia))

Tn2 R SV 2
Ml sz(la)l — @e) NZ[M( = mlMﬂ Ngzg.
l

Moreover,
. -2 2 2 :
. _ iw —w -1 o* + w; —2iow
(wl — ®y)~2 = [ =2—22< [T
wy 1w (@] — @?) 2ivwg w° +
1 1 ? + w?
M N2 (Gl — D) 2NZMy = ————— | My|Pny.
"'z 7l (w% _ w2)2
This yields
1 1 no w
M N2 Gol — @) 'NIMe = iy ——— (M
w? —
=0 ¢
1 1 no a)z +602
M NGl = @) 2NMy = =Y ——— Mgy
o (0 — @?)

which finally gives expression (34) in which we used also the definition My = (1, 0)

and the block diagonal form of the matrix @.

We are left with proving inequality (35). Unfortunately, with the same problem that
Pierre de Fermat faced?, our proof is much too long (and also ugly) to be presented in
this publication. The interested reader will find it in the longer version of this paper

available on ArXiv at [6].
Here is a sketch of our arguments.
By letting x = %, and recalling (7e), the fraction in (34) reads:

i wz—i-w% net <\ 024 x2 net
2 z 2 v2\2°°%
= (f - ?)? = 02 — x2)
57‘()(:) = —

=0

no 2 no
2 w 2.2 1

£=0

2
z@)

(36)

5 Cujus rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas non caperet. P. de Fermat.

@ Springer



Mathematics of Control, Signals, and Systems

We decompose the expression of J (x) as:

. [ x4+ m? P4+ ngmyn
m
_ (x2—m?)?  (m+1)>2—x2)? ngy
fT(JC) a 2.2.2 1 1 Nz(m+1) 2
U wixtng, Sm(x)+x2—m2 S m+ 1) —x2 ng
- Z
i x2 402
5 5ozt
(x2 _ @2)2
=0, R 1
+ SOm At SN7)

1 1 n
24252 - e L
1 + px=nz, <Sm(x)+x2_m2 (m+l)2—x2 Nzm >

where

Sm(x) := S, (x) = Sy (x)

m—1
. 1 Nzyp
S, (x) = ;—xz—ﬂz_nzm’ Sp(x) =0,

no 1

Smx) =Y

l=m-+2

Nzt <
—,  Sp-1(x) =0,
02 — xZng, o

and consider the two cases. In the case where m < x <m + 1 < n, + 1, it is not too
difficult to get upperbounds for S,,, S and for the second term on the right-hand side
of decomposition (37). So we are left with the more complex problem of getting an
upperbound for

) %2 + m? x2 + (m + 1)2 Nz(m+1)
TLa2—m)? T (n+ D2 =222
1 1 n B
sy z(m+1)
1+Mxnzm<Sm(x)+x2_m2_(m+1)2—x2 Nzm )

The problem with this term is with the sign of — _lmz - which changes as

1
(m+1)2—x2
x goes from m4 to (m + 1)_. According to this, S, (x) plays or not a significant role.
This motivates obtaining a bound for the above term separately with x2 in one of the
following 3 interval (m2, X4, [Xa, Xp] and [Xp, (m 4+ 1)%) where X, and X}, have
to be tuned depending on m. This task is very tedious. Another way is to exploit the
known bound S for |Sm (x)| and to see the term above as a family of rational fractions
in x2, with a numerator of degree 3 and a denominator of degree 4, and indexd by S.
The idea is to look for an approximation of its maximising x in (m, m + 1) and an
approximation of its maximal value. But this way is as tedious as the former one. In
the case where and n, + 2 < x, we have simply J (x) < 7 (n, + 2) the latter being
bounded by terms independent of 7,,. O
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Remark 1 Expression (34) can be also rewritten as:

HZO (w% +a)2> nzp |: ﬁ (a),%1 —wz)i|

Z(w) T N, (i) _ =0 m=0,¢

v (i) [? 2 " " 3
|:1_[ (a),zn —wz):| +u.2w2 |:Z ngzy 1_[ (w,zn —wz):|

m=0 =0  m=0,£(

(38)

showing that there is actually no singularity at @ = wy, and we have in particular

L) TNt liw)) 2
|v(i602)|2 ,bL2nZg '

Lemma 3 Consider again system
¢ = (P — uMMTN)E — Mu() (39)
withv € chl (R) and @, M, N, be defined as in (10) and ny satisfying (7a), e.g. as in

(8). For any n, € N, it has a unique periodic solution ), satisfying

T T
n? /0 IMTN.¢,(0)dt < fo lu(r)|%dt, (40)

T 1 ko r 2 ki (T 2
sup 6O TN.Gp(0) < [~ + 0 / ()| dt+—f @) Pdr (@41)
1e[0,T1] w T Jo T Jo

with kg, k1 given by Lemma 2.

Proof According to Lemma 1, the matrix ® — uMM TNZ is Hurwitz. Hence (see
Lemma 4), system (39) admits a unique periodic solution given by:

(p(t) = W(P — uMM T N, —Mv(t))
with ¥ defined below in (53). Then, compute
3Cp (1) N2y (1) = £p(1) TN[® — uMM TN 15, (1) — £, (1) TN Mo (1)

= —ulM TN, (1) = £p() TN Mv(r) (42)
< —5IMTNL, O + 5 v
By integrating and using periodicity, this yields to (40).

In order to show the second inequality of the statement of the lemma, the function
v being in ‘KTl (R) can be expressed as the sum of its Fourier series as:

v(t) = Z Uk exp(isz”t).

keZ
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By using the Bessel-Parseval identity and continuity of the derivative v, we have
20,12 ! 2
(2] Zk oel? < —/0 (o). 3)

We have similarly

17 > 17
= /0 tpO) NGyt = Y T NCpk Cpk = /0 £p () exp(ikFE1)dr.
k=0
(44)

Now, by applying the expression of the transfer function (34) to each element of the
Fourier series of the product ¢, ()TN ¢p(t), we obtain

5o ot +[FPe
2 27 72 2)2 2t

=0 (] = [F] k

o [2_71’22
1+M2<Z T

_FIe
Dol [E] R

Ekaszpk =

As a consequence, by using inequality (35) on previous identity and by using again
equations (43) and (44), we further obtain:

oo o0
D Nt < Z<K0+K1 Z] k2)|vk|
k=0 k=0
Ko/ ) K1 /T Lo
<= v(s)|“ds + — [0(s)|°ds . (45)
T Jo T Jo

We note also that, as a consequence of (42), we have

T . T l/T 2
tes[g,I)T]é‘p(t) N &y (1) tel[%,fT];p(t) N gp(t) < ) [v(s)|“ds.

On the other hand, we have

. 17
tel[roljfncpafzvz;p(r) =< /0 ¢p(1) TN, (1)ds.

This yields

T 1 r T 1 ! 2
sup &) N Lp(t) < 7[ Ep() N gp(nds + —/ [v(s)|“ds , (46)
0 mJo

tel0,7T]
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Finally, by combining (46) with (44) and (45), we obtain (41). O

A.3 Existence of a periodic solution

Proposition 1 For any triplet (P, P. > O), there exist strictly positive real numbers
Xp,€p,8p, Ty, T, U; > 0 (independent of n,) such that, for any n, > 0, any o > o,
and > 1, system (28), with f € F(x ,ep,Fx,ﬂx,a) and q € 2(xp, ep), admits
a T-periodic solution (xp, ep, {p) € %Tf([O, T1; R" x R x R?* 1) satisfying, for all
t € [0, T, the following inequalities

|, ()| <min {xp, %‘} , (472)

. Ie
le,(1)] <min [e,,, ;] , (47b)

VEpOTNEp(1) < p. (47¢c)

Proof Here we exploit the ability of expressing system (28) as in (29) and (30). With
the notations

Sf(t,x,e):= f(t,x,e) — F(t)x, F():= %(I, 0,0), (48)

system (28) reads as follows when (x 7, e™) = (x 7, ™)

it=F@WxT+8f(t,x",e) (49)
=—oet + [q(t, x,e )+ n] , (50)

where
[ = (@—pMM'N); —Mq(t,x",¢7), 1 =uM'NZ (1)

Written this way, we see that we have a mapping from the input functions (x~, e™) to
the functions (x T, e™), solution of (49), (50), with the intermediate function ¢ solution
of (51).

Each subsystem above can be compactly written as:

x=FOx+g) (52)

where F is T-periodic. We have the following very standard result. See, e.g., [21,
Lemma 5.1] or [40, Chapter 8.2].

Lemma4 Consider system (52) with g is in %?(R”). If the matrix [I — ¢p(t,t — T)]
is invertible with ¢ (t, s) denoting the state transition matrix of F, system (52) admits
a unique periodic solution x p, which can be expressed as

t
xp() =W (F(t),81)) :=[I —pr(t, 1 — T)]_I/ T¢F(I,S)g(8)d& (53)
—
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Furthermore, if there exists a T-periodic function Py satisfying

0 < P, I < P(t)< Pyl, (54)
Py(t)+ Py(OF(t) + FT ()P, (1) < —2aPy, (55)
then we have
Kq
sup |W(F(),g@) < — sup |g(®)] (56)
1€[0,T] @ 1€[0,T]
Kot2 T
sup |¥(F(),g(1)| < —= sup / g(t)%dt (57)
1€[0,T] Va eV Jo
where
Py Py
Ky = [— |exp(aT) — 14+ | — | exp(—aT), (58)
P, P
T (14 exp(—aT))
K,» =K . 59
@2 “\/2(1—exp(—aT)) 9

Being interested in periodic solutions for (49), (50) and (51), this leads to the
consideration of the following operators

Ox™. e 1x(t) =W (F(), 8f(t.x" (1), e (1)), (60)
Olx™, e 1e(t) =¥ (=0, qt,x~ (1), e” (1) + nlx ", e71(1)), (61)

where

N, e 1) = uM N (qs —uMMTN,, —Mq(t,x_(t),e_(t)). (62)

When (x7, e7) is T-periodic, (O[x~, e ]y, O[x~, e ]¢) is the unique T-periodic
solution of (49), (50). So to establish our result it is sufficient to show that there exists
a T-periodic function (x—, e™) satisfying

(D[-x_ﬂ e_]X7D[-x_a e_]e) = (x_7 e_)'

Our next step is, omitting the superscript ~ to lighten the notations, to show that
the operator (x, e) — (O[x, ely, O[x, e].) is a contraction on the set of T-periodic
functions satisfying

sup [x(D)| <xp, sup [e(®)| < ep, (63)
t€[0,T] 1€[0,T]

when the bounds x,, e, are chosen small enough, and o is chosen large enough, this
independently of n,,.
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To this end, by recalling the definitions given in Sect. 1, we list inequalities for the
functions g and f, obtained as consequences of the following fact For any C' function
¢ R xR" xR — R"™ we have

19
|(p(t1-xa’e) - ‘P(tsxbs e)' - ‘(/(; %(I,Xb +S(.xa _-xb)v €))dS) ()Ca _xb)

0
< s |22(xe)| I — 3l (64)
(t,x.0)e Sy (x,0) | 0X
forall x4, xp € S (X), e € Sp(e),and all t € [0, T].
First, we have
lg(, x,e)| < q(x,e) (65)
lq(t, xa, €a) — q(t, xp, ep)| < q,(X, €) eg — ep| + q, (X, €) [xg —xp|  (66)
|f(t,x,ea)_f(t,x,€b)| ng(x,e) |ea_eb| (67)

for all x € .7 (X), e € Z(e), (x4, e,) and (xp, €p) in .7 (X, ), and all r € [0, T].
Furthermore, by using the definitions of F' and § f given in (48), we obtain

1 -
/ [(ﬂ(t,sx,O)— ﬂ(:,o, 0))) dsi|x
0 dx ax
= / / ——(t,rx,0)dr | xds | x
0 o | 0xox

By combining the previous bound with (67) in which e, = e, e, = 0, we get for § f
defined in (48),

[f(t,x,0) — F(r)x]

1
< fux(x.0) Ix|2.

1
8/ x, 0] = fe(x,e)le] + Efxx(X, 0) |x|? (68)

forall (x, e) € . (x,e) and all t € [0, T]. With similar computations, we also obtain

1
[8f(t, xa,eq) =8 f(t, xp, ep)| < fe(X,€) e, — ep| + E o (X, 0)[xg — Xb|2

+ [fex (x, €)e + £ (x, 0)X] [x4 — x| (69)

for all (xg, €4), (xp, ep) € .S (x,e) and all ¢ € [0, T1.
Now, by using the definition of Ol[x, e], in (60), and assumptions (4) and (5),
inequality (56) gives

K
sup [O[x, el ()] < — sup [8f(t, x(2), e(?))]
te[0,T] @ 1€[0,T]

K. 1
?a[fe(x,,, ep)ep + Sfux(Xp, 0)xf,] , (70)

A
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in which we used (63) and (68) to derive the second inequality. Then, note that by
definition of (60) and by exploiting the linearity of the function ¥ defined in (53), we
have

Olxa, ealx (1) — Olxp, eple (1) = W (F, 8 (1, x4(1), ea(t))) — W (F, 8 f (1, xp(1), e (1))
= W(F, 81t xa(t), ea()) — 8 f (1, xp (1), ep (1)),

and therefore, by using (56), (69), and sup,¢o 77 [Xa(s) — xp(s)| < 2X,, we obtain:

[Oxa, ealx (t) — Olxp, eplx (1)]

o

=< 7 [ ex(xp ep)ep + fox(xp O)Xp] SUP |xu (S) - )Cb(S)l + e(xp e[l) S[Llp Tl |Ku(s) - eb(s)‘
(71)
Similarly for O[x, e], in (61), with
Olx, el.(t) = lI/( —o0,q(t, x, e)) + lI/( — o, nlx, e](t))
and (57) where
— T(1+exp(—0oT))
P,=P,=1 =0, K, =1, Ky» = ,
ST hxm e #=e R o2 \/2(1 —exp(—oT))
we obtain
KO[,2 T 2 T 2
sup [Olx, ele(t)| < lq(t, x(t), e(t))>dt + Inlx, el(r)|>dt
1€[0.7] NG 0 0
Then, (40) gives
sup |Olx, el (t)| < \// lg(z, x (1), e(r))|?dr.
1€[0,T]
By using fOT lg()?dt < T SUP; 0,77 lg(1)|* and bound (65), we finally obtain
sup [O[x, ele(t)] < B(0)q(xp, €)p). (72)
1€[0,T]
in which g is defined as:
2T (1 +exp(—oT)
(o) = | P Fexp ) (73)
o(l —exp(—oT))
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Note that 8 is a continuous strictly decreasing positive function foro > 0. In particular,
limy s 0 B(o) = 0.

Finally, as done to obtain inequality (71), we can use linearity of the operator ¥
and inequalities (72) and (66) to derive

sup |Olxa, eqle(t) — Olxp, eple(t)]
t€[0,T]

< B(o) (4. (xp,ep) sup leq(s) —ep(s)| +qx(Xp,ep) sup xa(S)_xh(S)>-
s€[0,T] s€[0,T]

(74)
In conclusion, with (70) and (72), we have established that, if X, €, and o satisfy

o

K 1
7 |:fe(xpa ep)ep + Efxx(xp, 0) X%] =Xp, (75a)

Bo)q(xp,ep) < ep, (75b)

with B defined in (73), and if (x, ¢) are T-periodic continuous functions satisfying
(63), then (O[x, ely, Olx, e].) are T-periodic continuous functions satisfying

sup [O[x, el ()| < Xp, sup [O[x, el ()] < €p. (76)
tel0,T] tel0,T]

Similarly, with (71) and (74), we have established that, if (x,, e,) and (xp, ep) are
T -periodic continuous functions satisfying (63),

|D[xas eqlc(t) — D[Xb, eply (1)] SUPse[0,T] |xq (s) — xp(5)] )
<|D[xa, eqle(t) — Olxp, eb]e(t)|> < MEp. ep. ) <Supse[0,T] lea(s) — ep(s)]

with the notation

m(x e O') — mxx(Xp, ep, U) SﬁXe(Xp,ep,a') (77)
prEp> . Sﬁex(Xp, ep, 0) Emee(xp,ep,g)

where 901 is the following matrix with strictly positive entries

K K
My x (Xpa €p, o)= 7¢ [fex(xp, ep) ep + 2fxx(xp, 0) Xp] s im)ce(xpy €p, o)= %fe(xpy ep)

Eme}c(xpsep»(f):/3((7)(1)((Xpsep) s Dnee(xpsep»U):}g(U)qe(Xpsep)

It follows from Perron—Frobenius theorem that there exist strictly positive real num-
bers pyx(Xp,ep,0), pe(Xp,ep,0) and y(X,, €,, o), depending on (X,, €,, o) and

satisfying
s (m) _ (m) ' (78)
Pe Pe
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Here, y is a simple eigenvalue of 97 and the spectral radius of this matrix. It is strictly
smaller than 1 if and only if we have

1 — [9x + Mee] + [MxxMee — MyeMex] > 0,
1 — [y Moe — MyeMex] > 0,
i.e.
L > % [fex (xp,ep)ep + 20y (xp, 0) Xp] + B(0)q.(xp. €p)

+% (fe(xp, €p)q(Xp, ep) — [fex(X]h ep)ep + 2 (xp, 0) Xp] q.(Xp, ep)) . (79a)

Kotg(lf) (

1> fe(xp, ep)qx (va ep) - [fex (Xps ep) ep + 26y (Xpy 0) Xp] qe(xpv ep))

(79b)
With this at hand, (71), (74) and (78) give
px(Xp.ep,0o) sup [Olxg, ealx(t) — Olxp, eplx ()| + pe(Xp,€p,0) sup [DOlxq, eale(t) — Olxp, eple ()]
1€[0,7] 1€[0,7]

< y(xp.ep.0) |:Px (Xp.€p.0) SUD_|xa(t) = xp(D)| + pe(Xp. €p. ) SUD lea(t) — eb(f)\:| : (30)
te[0,T] t€l0,T]
Now, let By, e, (R™*1) denote the closed subset of € (R"*1) defined as

By, e, R ::{(x,e)e%ﬁ(R"“): sup |x(1)] < x,. sup |e(t)|§ep}.

1€[0,T] 1€[0,T1]
This set %, e, (R"*+1) equipped with the norm:
[(x,e)ll := px(Xp.ep,0) sup |x(t)| + pe(Xp,ep,0) sup |e(r)]

1€[0,T] 1€[0,T]

is a complete metric space. Assuming for the time being (see below) there exists a

triple (xp, €p, cr;) satisfying (75) and (79), we have established that, for any o > o7,

we have the following properties.

1. The function (x, e) = (O[x, ely, Olx, e].) maps a functionin P, e, (R"*+1y into
a function in %y, e, (R™+1), since (75) implies (76).

2. The function (x, e) = (Olx, ely, Olx, e].) is a contraction, the gain y (x,, e, 0)
in (80) being strictly smaller than 1 when (79) holds.

We conclude, from the Banach fixed point theorem, that there exists a fixed point

(xp,ep) in By, e, (R™1), namely there exist x,, and e, satisfying O[x, e, = x,

and D[xp, eple = ep. In particular, x, e, are C 0 T -periodic, satisfy

sup [xp ()| < Xp, sup lep(H)] < ep, (81)
1€[0,T] 1€[0,T]
and are solution of
iy =F(0)xp +5f(t,xp. ). (82a)
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ép=—0ep+uM N (1) +q(t,xp, ep) (82b)
where ¢, is the unique T-periodic solution of
Cp = 1@ — WMM TN 15, — Mq(t, x,(1). ¢p(1). (82¢)
as stated by Lemma 3. Also because of F, 8 f and ¢ are C', the periodic solution
(xp, ep) is C2.
In order to determine a bound for £ ,,, we apply Lemma 3 and inequality (41) to the

solution ¢, defined in (82c). To this end, we need a bound for g. It can be expressed
as

0 0
Gt xp(1), (1) = a—f(r, Xp(0). ep(t)) + g(r, K1), ep (D) F(t. xp (1), €p(t))

dq T
o xp (0. p (1) [~oep(t) + M NG 1) +q(t. xp (1), ep(0))]

As a consequence, the previous expression of ¢ yields, using (40), and bounds (81)
for xp, ep,

T
/O |q'p(t)|2dt < 3Tq,(xp, ep)2 +3Tq, (xp, ep)zf(xp, ep)z

T
+9,05p.¢0)° [ [02ep 02+ M T NGy O +1q .5y 0. ep )] ds
< 3Tq,(xp, ep)2 +3Tq, (xp, ep)zf(xp, e,,)2

T T
19, (xp, €p)? [02/0 ep(n)dt + 2/0 lqg(t, xp (1), ep(t))lzdt:| )
On the other hand, we obtain, by integration and using (40) again,

_ (1) —ep(0)°

Zr T T
ep(t)zdt+u/() MTNzgp(t)ep(z)dt—i—/O q(t, xp(1), ep(0))ep(t)dt

o
9 T

o [T 2 1T 2 1 2
=-3 ep()7dt + —u [M " N:&p()|7dt + lg(t, xp (1), ep(t))|~dt
0 o Jo o Jo

0

o (T 2 2 2
< —5/0 ep(t) dt+;/0 lg(t, xp(t), ep(t))|~dt
and therefore

T
I3 Vi ©OPds < 3 [a, %, €)% + 4 (%p. €008y €)%+ 530, €)% [ 350, ep )P

< 3T [q,(xp, ep)2 +q, (Xp, ep)zf(xp, ep)z] + 549, (Xp, ep)qu(xp. ep)2.
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By combining this inequality with (41) and (65), we finally obtain an expression for
the bound ¢ ,, in inequality (47c), that is,

T
L) = [E + K0 + 54K1 G (X epﬂ a(xp,ep)? + 31 [, (xp, €)7 + 0, (Xp, €)*(xp, €)°

with kg, k1 given by Lemma 2. It is independent of ¢ and of u by noting that it is
a decreasing function of p for o > 1, that is, select £ (1) in the statement of the
theorem.

Now, inequalities (81) are parts of the inequalities (47a) and (47b). On the other
hand, with (56) and (68), we obtain

K 1
sup |xp(t)| = — fe(Xpa ep) sup |ep(t)| + _fxx(xpv O)Xp sup |)C[,(t)|
1€[0,T] a 1€[0,T] 2 1€[0,T]

which gives

K f.(x,,¢e,)
sup |xp(0)] £ ————F sup e, (1), (83)
1€[0,T] a — 5 Kofix (Xp, 00X, 1€[0,7]

where the denominator of the right-hand side is strictly positive according to (75a).
Now recall that by definition of (7a) and of the matrices M, N,, we have \/ M TN, M <

N;. As a consequence, inequalities (56) and (47c¢) give

1
sup e, (7)] S;[ sup q(t, xp(1), ep(t)) + sup MTNsz(I)}

tel0,T] tel0,T] tel0,T]
1 /
=— q(Xp, ep)+ MTNZM sup {p(t)TNzgp(t)
o 1€[0,T1]
1

5; (axp, ep) + NZ;P)
This yields the remaining parts of the inequalities (47a) and (47b) with

Kozfe(xp» ep)
..
@ — SKofic (X, 0)X,)

r, = q(thep)_’_Nz;pa ry \=

Finally, to complete the proof, we need to show that it does exist a triple of positive
real numbers (x, €, U;) satisfying (75) and (79), i.e.

Ky 1
Xp z —= [fe(xp,ep)ep + Ef“(xp,O)x%,] , (84)
ep > Blo)q(xp.ep), (85)

K,
1> 7“[fex(x,,,epmp+2fxx(x,,,0)xp]+ﬂ<c)qe(xp,ep)
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K
+ af{(a) (fe(va ep)qy (Xp, ep) — [fex(xpa ep)ep + 20 (xp, 0) Xp] q.(Xp, ep)) . (86)
K
1 > ai(ﬂ) (fe(xp. €p)a, (Xp, €p) — [fex (Xp. €p) €p + 2fxx (Xp, 0)Xp | Q. (X, €p)). (87)

Since the function $ is continuous, strictly decreasing and tends to 0 as ¢ tends to
infinity, it is sufficient to find x,, and e, satisfying :

1
Xp > [fg(xp,e,,)ep + Ef”(x,,,O)xi} ,

Ko
o
Ko
I>— [fox (Xp. €p) €) + 261y (Xp, 0) X, ] -
Since the bounding functions f, are increasing in each of their arguments, we choose

Xp < Xpy, €y < €pi(Xp),

where X is a strictly positive real number satisfying

f ,0
Xpx xx(Xp* ) < 2K,

and e, (xXp) is a strictly positive real number satisfying

o 1
€ps(Xp) fE(Xpa €ps(Xp)) < —Xp — _fxx(Xp» 0) Xf;,
K, 2

o
€pi (Xp)ex (Xp, €ps(Xp)) < . 2xpfyx (Xp, 0).
o

In this way, (84) holds and it remains to find o[’,‘ large enough to satisfy the following
3 inequalities

Blop) < —2
q(xp, ep)

1-Karf, (x,.e,) ep+2f0x (x,.0)x
,B(a;) < o o [EX pl’ P XX 2P P] (88)
q.(xp.ep)+ -5 (fe(quep)qx(quep) [fex(xpvep)ep+2fxx(qu0)Xp]qe(xp»ep))
o

Bloy) < .
P Ko (fe(xp, ep)qx (Xps ep) - [fex (Xps ep) ep + 26y x (th 0) Xp] qe(xp, ep))

Note n, plays no role in this process, implying that the triple (x,, e, a;,‘) does not
depend on n,,. O

Remark 2 We stress the fact that x,, can be chosen arbitrarily in ]0, x«[. Then x,,

being fixed, e, can be chosen arbitrarily in |0, €,+(X,)]. And finally, x,, and e, being
fixed, o, is chosen to satisfy the 3 inequalities in (88)
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A.4 Exponential stability of the periodic solution

Proposition 2 For any triplet (P, P. > °), there exist strictly positive real numbers
Xq, e, > 0 (independent of n,) and, for any £, > 0 and | > 1, there exists o] > 0
(independent of n,) such that, if system (28), witho > o, f € F (x4, eq. P, P, )
and q € 2(x,, e,), admits a T-periodic solution (xp, e,, 7p) satisfying

sup |xp (D] <xq, sup lep(D| <ea,  sup (/¢p(0)TN:Ep(0) <&u, (89)

te[0,T] te[0,T] te[0,T]

then such periodic solution is exponentially stable with a domain of attraction con-
taining the set

Ne(Xa,€a,80) = I(Xve-, §): |x —xp(0)] < 3x4, e —ep(0)] < 3eq, \/({ - (p(o))TNz({ —¢p(0) < 3;«,-
90

Proof The assumed existence of a periodic solution (x,, ep, £,) satistying (89) for
system (28) allows us to consider the following change of coordinates

(x,€,0) > (%,2,0) i= (x = xp(0), € — €,(1), £ = £p(1))
System (28) is transformed into

x = F,(DX +8f(t, %, &)
e=q(t ¢ —oé+uM N 1)
{ = (@ —uMMTN), — M§(t, %, 2),

with the definitions

af
Fp(t) ::a(t,xp(t), ep()) . (92)
Sf(t,%,8) :=f(t,%, 8 — F,(O)X, (93)
ft,5,8) :=f(t,x,e) — f(t,x,(1), ep(t)) (94)
q(t,x,e):=q(t,x,e) — q(t,x,,(t), ep(t)). 95)

Exponential stability of the origin for system (91) can be established from the first-
order approximation. But we want to establish not only exponential stability but also
that the domain of attraction contains .47 (X,, €4, {4) defined in (90). So instead we
go with a Lyapunov analysis.

First, we define x,, e, and o} via a set of inequality. To this end, to any pair (X,, €,)
we associate a pair (Xp, €p) as follows:

P
xp = | 3v2 P—x+2 X, € = 6e,. (96)

—X
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and the real number

P

P0(Xa, €q) = # [fxx (Xa, €a)Xg + fox (Xq, €a)€q + P Ly x(Xp, €4)(Xp + Xa)] .
Lx

o7)
By definition, the function pg is a non-decreasing function satisfying po(0, 0) = 0.

With the above definitions, let x,, e, > 0 be any pair of positive numbers satisfying
the following two inequalities

9Fx2+9e2<lmin Pe(Xp — Xa)2, (e — €4)° (98a)
xX, a=5 Ix(Xp a) s (€p a s a

1
:OO(Xaveu) = §a£x5 (98b)

that depends only on the triplet of numbers (P, P, ). Such x,,e, > 0 always
exists in view of the above definition of x;, €5, in (96) and the properties of pg. Then,
with x,, e, and i > 1 being fixed, for any given ¢, > 0, let 7 > 0 a small positive
number satisfying the following inequality

L ! . 2 2 al,
h < 3 min { AL min {&(xb —X4)°, (ep —€y) } , qu(Xb, )’ } 99)

Finally, with x,, 4, X5, €5, it and & fixed, we select o} as

— 2
oF — [Pxfe(xp. €p) + q, (Xp, €p)] N

2[aP, — po(xas €a) = hap (.52

®
2h

+ 4, (xp. ) + 20, (xp. ). (100)

Again, n, plays no role in the above inequalities. This implies the triple (X4, €4, 07})
does not depend on n,,.

With (89), f € .Z(xp, ep, Py, P.,a)and g € 2(xp, €5), and by using inequality
(64), we obtain

g, X, e)| <q,(Xp, ep)l€] + q, (Xp, €p)|X| (101)
18f(t, %, &)| <fo(xp, €) [&] + f1x (Xp, &) |Z]? (102)
forall (x, e) € S (xp, €p),t € [0, T]. Also, when F), is sufficiently close to F (), we

can still use the function P, defined in (4), (5) to build a candidate Lyapunov function
for the x-subsystem. For this, let us define the function

of of
SF(t) :=Fy(t) — F(t) = a—(t,x,,(t), ep(t)) — —(t,0,0). (103)
X 0x
It is T-periodic and satisfies
[BF@)| < [Fp(t) — F()| < fir(Xa, €)Xq +fox (X4, €4)€4, (104)
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for all t € [0, T]. Therefore, by using (5), we compute

Pe(t) + Py(t) Fp(t) + Fp(t) T Pe(t) < —2a Py + [meaF(r) + aF(rFPx(z)]
-2 <Ol£x - % [fxx (Xa, €a)Xq + fex (Xa, ea)ea]> 1

IA

for all (x, e) € .7 (xXp, €p), ¢ € [0, T]. Hence, by defining V, := X | P, X, we obtain

Ve = 28T Pe(t)(Fp()F 4+ 87 (1, %,8) + 3| Pe(0)X
P -
= _2<a£x - ?x [fxx (Xa, €a)Xaq + fex (Xa, ea)ea])|x|2
Ix
+2P Lo (xp. €) 2] 5] + 2P cfrx (Xp. €a) |%[

< —2[aPy — po(Xa, €a)|IF | + 2P e (xp, €) [¢] |X]

for all (x,e) € S (xp,€p), t € [0, T], where in the last step we used the inequality
|%] < |xp(®)] + x| < x4 + Xp, and pg has been defined in (97). Next, the derivative
of V, := &2 satisfies

Ve < —201é]> + 2uM TN, + 2q,(xp, €p) [€]> + 2q, (X5, &) 7] 2],

for all (x,e) € L (xp,€p), t € [0, T]~, in v&ihich we used (101). Finally, for the E
dynamics, define the function V, = ¢ "N.Z. By using again inequality (101), its
derivative satisfies

Ve =20 TN (@ — uMMTN)E — M1, %, 8)]

- 2 B 2 -
< —uM"NZI* + ;qeo«b, ep)?e* + ;qxo«b, ep)? |5

forall (x, e) € .S (xp,€p), 1 € [0, T]. As a consequence, by collecting all the inequal-
ities together, we conclude that the time derivative of the function

Ui=Vet Vet hVe,  gi=(%] 08, IMTNZDT,

satisfies
U < _XT%(Xaa ey, 0, W, h)X,
with & defined as
Z(aﬂx — p11(Xa, €, |4, h)) —p12(Xa, €q) 0
K (Xa,€q,0, b, h) = —p12(Xa, €q) 2(0 — p22(Xg,€a, 1, h)) —p |, (105)
0 - wh
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and where the functions p11, p12 and py, are non-decreasing functions defined as:

IOII(X(,{’ ea’ M/’ h) = IOO(X(U ea) + ﬁqx (Xb’ eb)z’
P12(Xq, €a) 1= Pxfe(Xp, €p) + 4, (Xp, €5),
/022(Xu, el)? l“l" h) = qe(va eb) + %qe(xbv eb)z'

According to Sylvester’s criterion, the matrix Z is positive definite if and only if the
leading principal minors are all strictly positive, that is, we need to satisfy

aP, = pi >0, (106)
4P, — p11)(o — p22) — piy > 0, (107)
2P, — p11) [2(c = pu)h — ] — hpiy > 0, (108)

where the arguments of the functions p;; have been omitted for compactness. These
inequalities are always satisfied for any o > o) since

e (106) is implied by (98b) and (99).
e (107) is implied by (106) and (108).
e (108) is implied by (100).

As a consequence, for any o > o, there exists a positive real number v > 0, which
depends only on (x,, €4, 0, i, h), so that the derivative of U satisfies the following
inequality

U<—v (|;2|2 18 + IMTszlz) (109)

for all (x,e) € S (xp,€p),t € [0, T].
Next, to make the right-hand side of (109) negative definite, consider the function

Ves =0 (N, +«P),

where « P; is defined in Lemma 1 and depends on 7,. By using inequality (31), we
compute its derivative. It satisfies

g = = = s P d 1/2 -1/2 ~ o~ o~
Ves = —uIM NP = kT TNE —2[ETNM] G0 5.0 - 2 [ETNI] [NV P 7. 0)
K~ = 1 .. - 2 L
= —5ETNE 4 g 5.0 42 VTP pom [ g5 97
<

K~ - 1 ~1/2 2 - -
< —EUNZ;H[;HK\NZ 2P| | e, en) e + dy (3, €)1

for all (x, e) € . (Xp, €p), t € [0, T]. Hence, by letting

v

C =

RV IE
2 |:,% +2¢ ‘Nz Y PéM‘ }max{qe(xbs €s)?, 4, (Xp, €)?}
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we conclude, by using (109), that the derivative of U := U + ¢V,  satisfies

. v/ . - ~ CK ~ ~
Oy = —5 (P + 16 +1MTNE ) = T2 (110)

for all (x,e) € L (Xp,€p), t € [0, T]. At this point is important to note for the
exponential stability that, on the left-hand side we have the time derivative of a function
which, although time dependent via its V, component, can be upperbounded by time-
independent positive-definite quadratic forms of (%, e, Z) and on the right-hand side,
we have a time independent positive-definite quadratic form.

Now, as a consequence of inequalities (98a) and (99), we also have

_ 5
9P X2 + 9e2 + 9hg2 < = min iﬁ(xb —x,)% (e — ea)z} . (111)
Then, with the definitions of x;, and e;, given in (96), let
0= {(%,2,0) 7] <X —Xa. 12| < € —ea},
= {(i,é, £): 15| < (1 +3\/§,/%> Xq, 18] < Seb}.
Our interest in this set is coming from the following implication, given by (89),

x| < 1x] + xpl <Xp,

- 112
lel < 12| + lepl < ey . (112)

(F,e.0)e 0 = {

As a consequence, let (x(t), e(t), E(t)) be an arbitrary solution with [0, 7) as right
maximal interval of definition into the set &' and with initial conditions in the set .47
defined in (90), that is,

Ne =1(xe.8) 2 Ix —xp(0)] = 3Xq, |e —ep(0)] < 3eq, \/(5 —pON TN = £p(0) <384t

Note that by using the definitions of x, e, g: and the bounds on the periodic solution
(xp, ep, £p) in (89), A is a subset of {(X, e, g:) D x| < 4x,, |e| < 4e,} and therefore,
by using the definitions of X, and e, given in (96), .47 is a subset of O.

Now, if 7 is finite, we have

lim [¥(f)| = Xp — Xq, or lim |é(t)| = e, —e,, or limZ (1)  N.Z(t) = oo.
=T =T =T
But because of (112), we can use (109) and (90) to get
U(t) < U(0) < Px(3%a)” + (3ea)” + h(3ta)*
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forall ¢ € [0, 7), and in particular, by using the definition of U and inequality (111),

O < /U0 <% —Xq

le() <ep—e,

FOTNEW = 5 min | s — %00 (e — 0]

for all # € [0, 7). This contradicts the consequences of having 7 finite. So 7 is infinite
and with inequality (110) and the remark following it, we conclude the periodic solu-
tion is asymptotically stable and locally exponentially stable. Its domain of attraction
contains the set .47, defined in (90). This concludes the proof. O

A.5 Proof of Item 1 of Theorem 1

To establish the result of item 1 of Theorem 1, we rely on Propositions 1 and 2. We
start by defining the numbers x, e, z, and o* of the claim. Let x,, e, be given by
Proposition 2. Then letx,, e,, ry, re, & p, 0; be given by Proposition 1, which, thanks
to Remark 2, can be assumed to satisfy

Xp < Xg, e, < e, (113)
We define
X =X, e:=ep, (114)
and
z:=¢p+ Ne, (115)

with ﬁz defined in (7a). We choose i > 1 arbitrary. Then, with
La:=8p+2Nce, (116)

Proposition 2 gives us o;. We select

o* = max{o;, o).

With these numbers defined, we consider system (1), (9) for some given 0 > ¢*
and some given n,,. We apply the change of coordinates (27) to the closed-loop system
(1), (9) to obtain (28). Proposition 1 guarantees the existence of a periodic solution
(xp, ep, £p) to system (28) and therefore a periodic solution (xp, ey, zp) to (1)-(9),
with

ip =Cp+ Mep.
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With (10) and (7a), it satisfies

. r
sup |xp ()] < mm{xp, - } < x,

te[0,T] \/g
()] < '{e re}<e

sup |e < min je, =€

refo.r] Jo
Sup -/ Cp(t)TNsz(t) g
t€[0,T]
sup \/zp(1) TNz, (1) < sup \/(Cp(t)+Mep(t))TNz(§p(t)+Me,,(t)
t€l0,T] t€[0,T]

< sup Jo,(0TNG, 0+ MTNM sup e, (0)]
t€[0,T] te[0,T]

<t,+N.e,=1z (117)

This establishes inequalities (12) and (14) with ¥ :=r,.

Moreover, Proposition 2 guarantees the periodic solution (x,, e, ¢,) is locally
exponentially stable with a domain of attraction that includes the set .4z (X4, €4, £4)
defined in (90). Hence, the domain of attraction of (x, ep, zp) contains the set:

[(re0): 1x =50 = 3%, e =€, O)] < 3e,

\/(z —2(0) — M (e — ¢,(0) TN, (z — 2, (0) — M(e — ¢,(0)) < 3§a}-
But we have the implications

{l=2x & x50 =x} = |x—=xp0)] < [x] +]x,(0)] < 3x
{lel<2e & lep(O) <€} = le—ep(0)] < lel+ep(0)] < 3e

{\/ZTNZZ <2z & /zp(0)TN.zp(0) <z & le|] <2 & ley(0)| < e}

= /e = 2p(0) = M(e — ¢p(0)TN=(z — 2(0) — M(e — e, (0))

=< \/(z —2p(0) TNz (z = 2,(0) + VM TN Mle — e,(0)]

<Vz"N.z+,/zp(0)TN.z,(0) + N_.3e

<3(z+ N.e)=3(, +2N.e) <3¢,

Hence the set ./ (x, e, z) defined in (13) is contained in the above set and therefore in
the domain of attraction of (xp, ep, zp). O
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A.6 Proof of Items 2-4 of Theorem 1

First, note that item 2 of Theorem 1 is a straightforward consequence of inequalities
(47b) and (47a) claimed in the statement of Proposition 1, that is ¥ := r, and
Yy =Ty,

Then, the C? periodic solution (x,, ep, {p) given by Item 1) satisfies (see (28)):

e:p = —0oep + MMTNZQ‘,, +q(t,xp,ep),

118
{p = (@ — uMMTN)E, — Mq(t,xp,, ep). (118)
and it is the sum of its Fourier series, i.e.
ep(t) = Ze,,k exp(ikz%t),
keZ
(1) =Y Cprexp(ikFED),
keZ
q(t, xp(0), ep() = Y qpk exp(ikFF0),
keZ
where the index k in {0, . . ., co} denotes the k-th Fourier coefficient. Because of (118),
epk» {pk satisfy
(kizT”+a)epk=pLMTNszk+ka, (119)

(kiZE — & + uMMN.) ok = —Mqpi

When we are interested in expressing the ¢, dynamics oscillator by oscillator, it is
appropriate to exhibit the corresponding components of ¢, as

gpk = (CpkO» B gpkb cee gpkn(,)a

so where the index £, or m below, in {0, ..., n,} refers to the £-th component of .
With (10), (119) becomes

no

(kl'ZTn +o—)gpk =u Z Mn-l;szfpkm +apk .

m=0
( o ) (120)

o | Goke FMe D My NomCpiom = ~Megpe - VEE€ (0.1, no) .
—wy ki=f m=0

Assume that for some ¢ in {0, 1, ..., n,}, we have
2
T

wy Zﬁ(
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where £ is an integer. With (120), this implies in particular

No
il
‘ﬁez% <_1 i>§pﬁg£ = —M; |:l/~ Z Mn—f[Nngp.ﬁgm +‘1pﬁgi| = Ml(kl +o)epg,

m=0

Then, with the identities

(1_1)<_i1;) —0. (i-1)M = (5)

we obtain finally

T T
0 =¢epg, = / cos(Re t)e,,(t)—i—lf sm(ﬁg ey (t).
0 0

This is (15) in Item 3)
To establish Item 4), we note that (119) gives

¢ (k'2” &+ uMMTN) M (K1 — &)1 M
= (ki - ) Mg = - ‘
P T H ‘ r L+ uMTN, (k2T — o) m
and therefore
epk = (@pr +uM T NCp) ! !
ph =tk ST e 1M NG - o) M KT o T
With definitions (10), where wy = 0, we have
MTN, (il — @)= =20 4 Z (10)n K T o !
KT k1 2t k1 0
T (=1
_71’ nZl
T ZO k2[27‘[ ]2
and therefore,
1 g pk]?
2 p
lepkl” = " T o7 (121)
g2 Ry |
(= 0 kz[ P

Note that the first factor of the right-hand side comes with the presence of the internal
model. Indeed, without this model, we would get:

g p]?

lepkl> = =
k* %] +o
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So now, if we suppose that all w, in (9) are selected as:
2
a)g:ET, Veell,...,n,}.

then, from (121), we obtain
lepkl* =0 VIk| < no,
< mWP VIk| = np + 1.
Parseval’s theorem then gives us:

1 T
7 | tenorar = e

keZ

! 2
=< |ka|
(no + D2[F 2 + 02 k:|k|>2n:u+l

1 1 rT
= +1)2[2—"12+02F/0 la(t, xp (1), (1) Pdt
0 T

_ 1 q(xp,ep)?
T o+ O[FEP

This is (16), with ¥ := [ 17q(x,, €,)°. O

B Proof of Theorem 2
B.1 Preliminaries

A key feature of the infinite-dimensional dynamical regulator (9) is that, when e = 0,
it can reproduce any desired C'! T-periodic function, as stated by the following lemma.

Lemma5 Forany c € ‘KTI (R) and any p > 1, there exists z, € .,?1%, such that the
solution to

=@z, 20 =gz, (122a)
is in %Tl (,,2”1%,7) and satisfies
UM N.z(t) =c(t) VYt>0 (122b)

with @, M, N, defined in (17).

@ Springer



Mathematics of Control, Signals, and Systems

Proof Since ¢ is C! and T-periodic, it can be expressed as the sum of its Fourier series
as:

o0
2
c(t) =co+ Z ¢ cos(kwt) + ¢ sin(kwt), = Tn
k=1

Then, let the k-th component z . of the vector z;, be selected as

)] 1 c
p0 = —,  Zpk= Ck, ck=<’§) Vk=1,...,o00.
7 20,8 Ck

To verify that z, is in the set .,2”1\2, as defined in definition (19), we compute

Zk2|ck| (123)

2 ey kz”z P

2
E nzk |z pk| =—2E e lex|? <—
k=1 k=1

1
Now, supgen_, m is finite by assumption (7d) as well as k|c| is square summable
2

since ¢, being C!, Z—f is square integrable.
To verify (122b) holds, we remind that, component-wise, the elements of z are
given by the solution of the differential equations

20 =0, 20(0) = zp0
Zk = Przk, 2(0) =zp Vhk=1,..., 00,
with @y defined in (17). Hence

20 = 2p0s

_ [ cos(kwt) sin(kwt) _
() = (—Sin(ka)t) Cos(ka)t)) Zpk Vhk=1,...,00.

This implies z € ¢/} (Z7 ). Then, by using the definition of M, N, in (10), we obtain

o0
UM TN-z(0) = pzo(t) + ) naeMy exp(@in)zpn
k=1

o0
= uzpo(t) +p Z Nk [cos(kwt)zf,k + sin(ka)t)z;k]
k=1

o0
=co+ Z c§ cos(kwt) + ¢f sin(kor) = c(t)
k=1

for all > 0. This concludes the proof. O
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Now, let us define
c(t) == —q(t,0,0). (124)

By construction ¢ € ‘KTI ([0, T']; R). Hence, let z,, be given with such ¢ by Lemma 5
and consider the following change of coordinates

> i=z2—27p(0) — Me (125)
which transforms the closed-loop system (1), (9) into
x=F@)x+35f(t,x,e)
é=At,x,e)—oe+uMTN,¢ (126)
{=(®—uMMTN): — MA(t, x, e),

where F, § f are defined as in (48), namely

Sf(t,x,e):= f(t,x,e) — F(t)x, F() = %(r,o, 0),

and A is a C! T-periodic function defined as
A(t,x,e):=q(t,x,e) —q(t,0,0).
and satisfying
|A@, x, e)| = q,.(X, e)le] +q,(x, e)|x] 127)
for any (x, ) € ST (X, e).

The metric space .,2”1%, being complete and all functions being locally Lipschitz, we
are guaranteed about existence of solutions to (126), as stated by the following known
result on existence of solutions for differential equations in Banach spaces proved for
Example in [15, §1.1], [13, Theorem 1.8.3] or [38, Proposition VI.1.2 & Theorem
VIL3.1].

Proposition 3 Let D be an arbitrary open bounded subset of R" x R x Xg]\zh’ then for
any (x(tp), e(ty), £ (to)) in D and any to, system (126) has a unique solution (x(t), e(t),

¢(t)) with values in D, defined either on [to, +00[ or only on an interval [ty, ty + T[
which is maximal in the sense that

lim d((x(2), e(r), §(1)), dD) = 0, (128)
=T
where d is the distance on R" x R x 31\2, and 0D is the boundary of D.
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B.2 Stability analysis

We have the following proposition.

Proposition 4 Given any triplet (P, P 1> @) there exist strictly positive real numbers
Xoo, €0 > 0 and, for any oo > 0 and p > 1, there exists oy, > 0 such that the
following holds.

(i) Solutions of (126) starting from the set

Qunit = [(r.e.0) € R" x Rx 2+ x| < 3xa, lel =3ea, [E1lw, = 3a]
(129)
are complete and bounded in positive times and ¢ (t) € ,,2”]%, forallt > 0.
(ii) The origin of (126) is Lyapunov stable with domain of attraction containing iyt
(iii) Solutions starting from $2ini; satisfies

lim x(t) =0, lim e(t) = 0.
t—0o0 t—0o0

Proof We follow similar steps of the proof of Proposition 2. First, let us define the
non-decreasing function p;° as

P
P (X) = TXf“(x, 0Ox s>0. (130)

Let x;,, e, be parameterised as follows

P
x, = | 3v2 P—x+2 X, € = 6e,. (131)

—X

and let x,, e, be any pair of positive real numbers satisfying

IA

— 1
9x2, P + 9e%, 5 min {P.x2, e},

(132)
P (Xp) < 3P,
Now, given any ¢, > 0, let 4 > 0 be selected such that
1 1 aP
h < ~min{—— min{P x?, e2l, u;x} (133)
3 { (324)? (2% €3] q, (Xp, €p)2

Finally, let 05, > 0 be chosen as

— 2
[Pafe(Xp. €p) + qy (Xp. €p)] L
2 [aﬂx = Po(Xp) — %qx (xp, eb)z] 2h

0% =

h
+q.(Xp, €p) + ;qe(xb, ep)’.

(134)

@ Springer



Mathematics of Control, Signals, and Systems

Then, by following the same steps, consider the functions
Ve = xTPx(t)x, V, = ez, Ve = ;TNZ;“.
By using (5) and (68), their derivatives satisfy, for all (x, ) in .7 (Xp, €p), t € [0, T],

Ve < —2ax Po()x +2x " Py ()8 f (¢, x, €)
< —20P |x|* + 20x|Pofo(Xp, €) ] + Pfrx (X5, 0) |x|®
< —2[aP, — pCxp)1Ix|* + 2P f (X, €5) le] |x]

with p3° defined as in (130), and
Ve < —20le* +2uM " Nefe +2q,(xp. ep)le|* + 2, (x5, e) x| le],
Ve <= uIMTN | + %qe<xb, e)?lel” + q, (x5, €)?[x .
Therefore, collecting all the inequalities together and by defining
U=Vt Vot hVe,  x:=(xllel, IM N7,
with & selected as in (133), the time derivative of the Lyapunov function U satisfies:
U<—x"Z°p, 5,0, 0,0 V(x,e,0) € I7(xp, ) x L,

with Z°° defined as

2aP, — pfy (Xp, €, 11, h)) —pS (xp, €) 0
B (Xp. €, 0. (L, h) = —pf5 (xp. €p) 20 — pSy (Xpoep b)) —p ). (135)
0 — h

and where the functions p{y, p{5 and pg5 are non-decreasing functions defined as:

PY (Kb, €5, 1, 1) = p3° (%) + a1, (x5, €)°,
PT5 (X, €p) 1= Pfe(Xp, €p) + q, (X5, €p),
055 (Xp, €p, b, h) == q,(Xp, €) + %qe(xbs ep)”.

According to Sylvester’s criterion, the matrix Z is positive definite if and only if
the leading principal minors are all strictly positive, that is, we need to satisfy

aP, —p7} >0, (136)
4P, — o) (o — p33) — (075)* > 0, (137)
2P, — piY) [2(0 — pSSHR — 1] — h(p(5)* > 0, (138)

where the arguments of the functions ,ol.‘;.o have been omitted for compactness. These
inequalities are always satisfied for any o > o, since
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e (136) is implied by (132) and (133).
e (137) is implied by (136) and (138).
e (138)is implied by (134).

As a consequence, for any o > o, there exists a positive real number ¢ > 0 such
that

U<—e(xlP+lel + MNP Vix,e.0) € S (xp. ) x Ly (139)
Now, let U be the strictly positive real number defined as:

U= min |x|?Py+ le> + ht TN, < 3%0)* Py + (3e4)> + h(3¢4)?
(x,e,8) ¢ $2init

and define
Pmax = {(x.e.0) eR" x Rx L5 :U(x,e,{,1) <U, t €[0, T]}.

In view of the choices of x4, Xp, £ in (132), (133), we have U < %min {P.x}. e},

and therefore, it is straightforward to see that

max C L (Xp, €p) X gjez'
Now let D be an open bounded superset of §2,,x contained in . (Xp, €p) X 92”1\2, Let
(x(t), e(t), £(1)) be the unique solution to system (126), established by Proposition 3,

with initial condition in £2j,;; and right maximally defined on [0, T[ on D. With (139),
we have established

Ux(n), e), (1), 1) = U(x(0),(0),£(0),0) <v Vi €[00, 1],
and therefore
(x(@),e(®), () € 2max » ¢() € .i”f,z vt € [0, 7[.
But £2nmax being a closed subset of the open set D, we have
d($2max, 0D) > 0
and therefore a contradiction with (128) if 7 is finite. So the solution (x (), e(?), £ (1))
is defined on [0, +o00[ and takes it values in §21,,x. It follows that the function ¢ +—
((x(0),e(t), c(t), MTN,z(1)) e R" x R x 3,32 X .,%,52 is bounded and
lg(z, x(1), e())| = q(x,€) V1 € [0, fo0[.

This shows item (i).
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Next, consider the set of functions (x, e, ¢) so that U is bounded, with U defined
as

Ux, e, 0) = |x*Py + le|> + h¢ TN,¢.

‘We have that \/ﬁ defines a norm. Now, for any € > 0 small enough, let § = ¢ %, and
consider any initial condition (x(0), e(0), £(0)) € £2jy;; satisfying

U(x(0), e(0), £(0)) <.

Using (139) along solutions, we obtain

U(t)<&Ut <5U0)<5U(0 <
=5 ()_P(_P ) < €.

—X —X —X

This shows that the origin of (126) is Lyapunov stable with a domain of attraction,
which includes the set {(x, e, ¢) : U©) < Smax }> wWhere dpmax > 0 is the smallest &
such that U (x*, e*, ¢*) > 8 implies (x*, €*, £*) ¢ $2inir. This shows item (ii) of the
theorem.

Finally, by using (139) along solutions, we obtain

lim /T8(|x(t)|2+e2(t))dt < U(©).
T—>00 0

On the left-hand side, each term in the integrand is a function with non-negative values,
and, since, according to (126), the function ¢ — (x(¢), é(¢)) is bounded, the function
t > (x(t), e(t) is Lipschitz (and therefore uniformly continuous). Hence by applying
Barbalat’s lemma, we get

lim le(z)] =0, lim |[x(r)| =0,
11— 00 11— 00
which shows item (iii) and concludes the proof. ]

B.3 Proof of Theorem 2

The statement of Theorem 2 follows by combining the results of Lemma 5 and Propo-
sitions 3 and 4. To this end, let c(t) = —q(¢, 0, 0) be given as in (124) and apply
Lemma 5 to obtain the initial condition z, € ;2”1\2, By further using (123) and the

properties of n ¢ in (7d), we also have ||z ||y, < Zoo, WithzZy =

59, (0, 0). Now,
nonzi

let e be given by Proposition 4 and select £ oo = 2Zs + 2N €40. With such choice,
we ensure that both initial conditions z(0) = 0 and z(0) = z,, belong to the set £2;y;¢
defined in (129) and are therefore included in the domain of attraction in view of item
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(ii) of Proposition 4. Indeed, following similar computations to those used in the proof
of item 1) of Theorem 1, we can show that

[(e.) e R x R 2]+ 1] = 2%, le] = 26, lzly, = 220} S ini

Note that such initial conditions are of particular interest, since z(0) = 0 corresponds
to the origin of the control law (which is a quite natural choice when the steady-state
solution for z is unknown), while z(0) = z,, corresponds to the origin of the closed-
loop system (126). Now, by applying Proposition 3 and 4, we are guaranteed that, for
o > o, the solution to system (126) to be complete forward in time. Furthermore,
as £(¢) isin .Z}%Z forallz > 0, and M is in .Z}%Z by design, we conclude that also z(r)

is in D%Z\Z,Z for all # > 0. Moreover, x and e converge asymptotically to zero.

Finally, the last part of the proof consists in showing that the domain of attraction
given by Theorem 1 with a finite-dimensional regulator is not reduced in terms of
(x, e)-coordinates with the infinite-dimensional regulator. Moreover, for such a bound,
we want also 0, < o*. In turn, by entering the details of the proof of Theorem 1,
this consists in showing that for Proposition 3 we can select the bounds x,, e, and
¢, given by Proposition 2 and then compare o with the resulting o%,. To this end,
it suffices first to note that the bounds in (132) are less conservatives than (98) for
two main reasons: in the first pair of equations, the right term is less conservative
since we have x,, (resp. ep) and not X, — X, (resp. e, — e,); the second condition is
less conservative in view of the definition of p3° given in (130) compared to that of
po in (97). As a consequence, any selection of x,, e;, £, given by Proposition 2 is
a feasible choice for the statement of Proposition 4. This ensure that the domain of
attraction in terms of (x, ) coordinates for the infinite-dimensional regulator contains
the domain of attraction obtained in the finite-dimensional case and therefore that the
bounds x, e, z of Theorem 2 can be taken from Theorem 1. Hence, to complete that
statement of the theorem, it suffices to show that for a given set of values, 03, < o}
given by Proposition 2. Again, this can be easily proved by noting that the definition
of  in (133) is less conservative than the bound (99), and therefore, for a given &, we
have o, < o since pi°(xp) < po(Xq, €p), see (100) and (134). O
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