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1. Introduction

A preliminary step is often required in the construction of
observers for controlled nonlinear systems. It consists in finding
a reversible coordinate transformation, allowing us to rewrite the
system dynamics in a target form more favorable for writing and/or
analyzing the observer. For example, the dynamics of a control-
affine single output system of dimension n which is uniformly
observable (see Gauthier & Kupka, 2001, Definition 1.2.1.2) and
whose drift system is differentially observable of order m (see
Gauthier & Kupka, 2001, Definition 1.2.4.2) with m = n can
be written with appropriate coordinates in a Lipschitz triangular
form appropriate for the design of a high gain observer (Gauthier
& Bornard, 1981; Gauthier, Hammouri, & Othman, 1992). Such
a property is no more true when the order m is strictly larger
than the dimension n. Indeed in this case, we may still get
the usual triangular form but with functions that may not be
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was recommended for publication in revised form by Associate Editor Ricardo
Sanfelice under the direction of Editor Daniel Liberzon.
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Lipschitz (Bernard, Praly, & Andrieu, submitted for publication).
A particular case of this is when there is only one nonlinear
function (in the last line). This is the so-called phase-variable
form. It has been known for a long time, in particular in the
context of dirty-derivatives and output differentiation, that a
high gain observer can provide an arbitrary small error as long
as the nonlinearity is bounded (Tornambe, 1989 among many
others). We also know since Levant (2001) that a sliding mode
observer can achieve finite-time convergence under the same
assumption. In this paper, we want to build observers for the more
general triangular canonical form where non-Lipschitz triangular
nonlinearities can appear on any line. As far as we know, this
form has not received much attention apart from its well-known
Lipschitz version and the convergence results holding for the
phase-variable form do not extend trivially.

This paper follows and completes (Bernard, Praly, & Andrieu,
2016). We show here that the classical high gain observer may
still be used when the nonlinearities verify some Hoélder-type
condition. Nevertheless, the asymptotic convergence is lost and
only a convergence with an arbitrary small error remains. When
the nonlinearities do not verify the required Holder regularity, it
is also possible to use a cascade of high gain observers, but once
again, the convergence is only with an arbitrary small error.

Fortunately, moving to a generalization of high gain observer
exploiting homogeneity makes it possible to achieve convergence.
It is at the beginning of the century that researchers started
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to consider homogeneous observers with various motivations:
exact differentiators (Levant, 2001, 2003, 2005), domination as a
tool for designing stabilizing output feedback (Andrieu, Praly, &
Astolfi, 2009; Qian, 2005; Qian & Lin, 2006; Yang & Lin, 2004 and
references therein (in particular Andrieu, Praly, & Astolfi, 2006)),
etc. The advantage of this type of observers is their ability to face
Holder nonlinearities.

With the tools introduced in Andrieu, Praly, and Astolfi
(2008), we have at our disposal a Lyapunov design to obtain
a homogeneous observer with degree in | — 1,0[ for the
triangular form mentioned above. By construction, convergence
is guaranteed if the nonlinearities verify a Hélder-type condition.
We show here that the same Lyapunov design can be extended
to the case where the degree of homogeneity is —1. This is
interesting since the constraints on the nonlinearities become
less and less restrictive when the degree gets closer to —1. It
turns out that, in the absence of nonlinearities, the observer we
obtain is actually the exact differentiator presented in Levant
(2001) and which is defined by a homogeneous differential
inclusion. But as opposed to Levant (2001) where convergence is
established via a solution-based analysis, in our case, convergence
is again guaranteed by construction since the design gives also
a homogeneous strict Lyapunov function. Moreover this function
enables us to quantify the effect of the observer parameters on
the behavior in presence of Hélder nonlinearities and disturbances.
Of course, knowing the convergence of the exact differentiator
from Levant (2001), we could have deduced the existence of such
a Lyapunov function via a converse theorem as in Nakamura,
Yamashita, and Nishitani (2004). But with only existence, effect
quantifications as mentioned above is nearly impossible. Actually
many efforts have been made to get expressions for Lyapunov
functions but, as opposed to Lyapunov design, Lyapunov analysis is
much harder. As far as we know, expressions of Lyapunov functions
have been obtained this way only for m < 3. See Ortiz-Ricardez,
Sanchez, and Moreno (2015).

Finally, to face the unfortunate situation where the nonlineari-
ties verify none of the above mentioned Holder type conditions, we
propose a novel observer made of a cascade of homogeneous ob-
servers whose maximal total dimension is @ We prove that
it converges without requiring anything on the nonlinearities (ex-
cept continuity) in the case where the system trajectories and the
input are bounded.

All along our paper, we sometimes use stronger assumptions
than necessary in order to simplify the presentation of our results.
We signal them to the reader with a (%) symbol as in “the
trajectories are complete (%t )”. We discuss how they can be relaxed
later in Section 7, in particular when we restrict our attention to
compact sets.

Notations

(1) We define the signed power function as
la1® = sign(a) |al’,

where b is a nonnegative real number. In the particular case
where b = 0, [a]° is actually any number in the set

{1 ifa >0,
S(a) = {[—1,1] ifa=0, 1)
(-1}  ifa<Do.

Namely, writing ¢ = |a]° means ¢ € S(a). Note that the
set valued map a +— S(a) is upper semi-continuous with
nonempty, compact and convex values.

(2) For (z1,...,z) and (Z4, ...,Z) (resp. (Zi, ..., Z;)) in R, we
denote
Zi=(z1,...,2)
2= (z,...,z) (resp.z = (zi1,---,Zi))
€j = zjj — zj, e =2z — 1, e =17 — Z.

2. Continuous triangular form

Consider a nonlinear system of the form

721 =2+ D1(u, z9) + wy

zi = zipn + Oi(u, z1, ..., Z) + W

Zm = Pp(U, 2) + wy
y :Z1+Us

where z is the state in R™, y is a measured output in R, @ is a
continuous function which is not assumed to be locally Lipschitz.
w can model either a known or an unknown disturbance on the
dynamics and v is an unknown disturbance on the measurement.
Given locally bounded measurable time functions t +— u(t) and
t — w(t), we denote Z(z, t; u, w) a solution of (2) going through
z at time 0 which, to simplify the presentation, is assumed to be
defined for all t > 0 (i.e. the trajectories are complete (3t)). We
are interested in estimating Z(z, t; u, w) knowing y and u.

As mentioned in the introduction, this kind of triangular
continuous form, as we call (2), appears when we consider systems
which are uniformly observable and differentially observable but
with an order larger than the system’s dimension. An example is
given in Section 8.

The only existing observer we are aware of able to cope with
@ no more than continuous is the one presented in Barbot,
Boukhobza, and Djemai (1996). Its dynamics are described by a
differential inclusion (see Appendix A):

ZeFEy,u

where (Z, y, u) — F(Z, y, u) is a set valued map. In the disturbance
free context (ie. v = w; = 0), it can be shown that any
absolutely continuous solution gives in finite time an estimate of
z under the only assumption of boundedness of the input and
of the state trajectory. But the set valued map F above does not
satisfy the usual basic assumptions (upper semi-continuous with
compact and convex values) (see Filippov, 1988; Smirnov, 2001).
It follows that we are not guaranteed of the existence of absolutely
continuous solutions nor of possible sequential compactness of
such solutions and therefore of possibilities of approximations of
F.That is why, in this paper, we look for other candidate observers
for the triangular form (2).

In doing so, we might have to restrict the possible nonlinearities
allowed to obtain the existence of an observer. The restriction we

will impose can be described as follows. For a positive real number
. m(m+1) . .
a, and a vector « in [0, 1] P , we will say that the function @

verifies the property & («, a) if:

Property P (a, a) (3t): Foralliin {1, ..., m}, for all zj; and z;, in
R! and u in U, we have':

1
@i (u, Zia) — Di (U, Zip)| < @) |Zja — 2|V (3)
j=1

This property captures many possible contexts. In the case in which
o; > 0, it implies that the function @ is Hélder with power «;;.
When the o = 0, it simply implies that the function @ is bounded.
In the following, our aim is to design an observer depending on the
values of «.

1 Actually @; can depend also on z;; to z,, as long as (3) holds. It can also depend
on time requiring some uniform property (see Section 7).
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Table 1
Holder restrictions on @ for arbitrarily small errors with a high gain observer.
j 1 2 m—2 m—1 m
i
—2
1 =
-3 -3
2 = 2
Qijj >
1 1 1
m—2 2 2 2
m—1 0 0 0
m Qpj = 0 0 0

It is possible to employ the degree of freedom given in (2) by
the time functions w to deal with the case in which the given func-
tion @ (u, z) does not satisfy & (a, ). In this case, an approximation
procedure can be carried out to get a function @ satisfying  (a, @)
and selectingw = & (u, z) — @(u, z) which is an unknown distur-
bance. The quality of the estimates obtained from the observer will
then depend on the quality of the approximation (i.e. the norm of
w). This is what is done for example in Moreno and Vargas (2000)
when dealing with locally Lipschitz approximations. We will fur-
ther discuss in Section 7 how to relax assumption 2 (a, «).

In Section 3, we start by showing the convergence with an
arbitrary small error of the classical high gain observer when the
nonlinearity @ verifies the property & for certain values of ;. We
deduce in Section 4 the convergence with an arbitrary small error
for a cascaded high gain observer when the input and the state
trajectories are bounded. On an other hand, in Section 5, we show
that replacing the high gain structure by a homogeneous structure
enables to obtain convergence under a slightly more restrictive
Holder restriction. Then, a cascaded homogeneous observer is
presented in Section 6, which ensures asymptotic convergence
when the input and the state trajectories are bounded. As already
mentioned, in Section 7, we indicate how the assumptions, marked
with (%t) in the text, can be relaxed. Finally, we illustrate our
observers with an example in Section 8.

3. High gain observer

We consider in this section a classical high gain observer:

21 =+ 01U, 2)+ W —Lki G —y)
2y = 234+ Qy(U, 21, 2) + 2 — P ky 21 — )

(4)

2m = q)m(u» 2) + ﬁ)m -L" km (21 _.y)
where L and the k;’s are gains to be tuned, y is the measurement.
The w; are approximations of the w;. In particular, when wj;
represents unknown disturbances, the corresponding w; is simply
taken equal to 0. In the following, we denote
Aw=w— w.

When @ satisfies the property & («, a) with o; = 1 for all
1 < j < i < m, we recognize the usual triangular Lipschitz
property for which the nominal high-gain observer gives an input
to state stability (ISS) property with respect to the measurement
disturbance v and dynamics disturbance w. It is well known that
the ISS gain between the disturbance and the estimation error
depends on the high-gain parameter L. Specifically, we have the
following well known result. See for instance Khalil and Praly
(2013) for a proof.

Proposition 1 (Nominal High-Gain). There exist real numbers
ki, ..., km, L*, A, B and y such that,

(a) for all functions @ satisfying ) for alli and for all z;, and z;, in
RI

i
|Di(u, zia) — Di (U, Zp)| < a > |zia — zip| + b; (5)
=1

(b) for all L > max{al*, 1},

(c) for all locally bounded time function (u, v, w, w), all (z,Z) in
R™ x R™,

any solution Z(, z, t; u, v, w, W) of (4) verifies, for all ty and t such

thatt > to > 0,and foralliin {1, ..., m},

Z(0) = zi(0)| < max{ L7 B|Zi(to) — Zi(to)| e,

y sup {Lf‘l lu(s)l,

1<j<m
s€lto,t]

|Aw;(s)| + b;

where we have used the abbreviation Z(t) = Z(z,t;u, w) and
Z(t) =Z(z, 2, t; u, v, w, W).

Since the nominal high-gain observer gives asymptotic conver-
gence for Lipschitz nonlinearities, we may wonder what type of
property is preserved when the nonlinearities are only Holder. In
the following proposition, we show that the usual high-gain ob-
server can provide an arbitrary small error on the estimate provid-
ing the Holder orders «;; satisfy the restrictions given in Table 1 or
Eq. (7).

Proposition 2. Assume the function & verifies #(«, a) for some

(o, a)in [0, 11™% x R, satisfying, for 1 <j <i

m—i—1 <1 fori=1 1
— < ori=1...,m—1,

m—i v= (7)

0< O nj <1.

Then, there exist real numbers kq, ..., kp, such that, foralle > 0
we can find positive real numbers A, B, y, and L* such that, for all
L > L*, forall locally bounded time function (u, v, w, w) and all (z, )
inR™ x R™, any solution Z(z, z, t; u, v, w, W) of (4) verifies, for all
toand t suchthatt >ty > 0, and foralliin {1, ..., m},

Zi(t) —Zi(t)) < max{e, I8

Zi(ty) — Zi(fo)‘ e MH(t—t),

i—1 [ Aw;(s)]
v sup {L Ol —
seltg,t]
where we have used the abbreviation Z(t) = Z(z,t;u, w) and

Z2(t) =2(z, 2, t; u, v, w, ).

Comparing this inequality with (6), we have now the arbitrarily
small non zero ¢ in the right hand side but this is obtained under
the Holder condition instead of the Lipschitz one.

Proof. With Young’s inequality, we obtain from (3) that, for all o
inR, and all Zand z in R™

i
|Di(u, Z) — ®i(u, z)| < ajlzj — 7| + by, (8)
j=1

with a; and bj; defined as

ajj = 0, IJ,'] =a, lfOl,] =0

L % 1—a; .
aj = a*V ooy ©, bjj = ] ifo <o <1 (9)
Uijl—aij
aj = a, bj =0 ifoy; = 1.
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With (8), the assumptions of Proposition 1 are satisfied with
b = Z}zl by. It gives ki, ..., kn, L*, A, B and y and, if L >
max;>;j {azL*, 1}, the solution satisfies the ISS inequality (6). The
result will follow if there exist L and oy such that

L>max{aiL*, 1},  max ) ybpl™7 " <e. (10)
= M=t

At this point, we have to work with the expressions of a;; and bj,
given in (9). From (7), o can be zero only if i = m. And, when

ome = 0, we get
Yome LT = pal T < ?_

Say that we pick o, = 1 in this case. For all the other cases, we
choose

2i ) 1—ajp
O}Z = <%(] — Oljg)[.(m_]_l)> ,

to obtain from (9)

- 1 1
i1 _
ybjeL < €j o’
So, with this selection of the oj,, the right inequality in (10) is
satisfied for L sufficiently large. Then, according to (9), the a; are
i

independent of L or proportional to L(m T . But with (7) we
have

1-— Olij

O<(m—-i—1) < 1.

o
This implies that aLl tends to 0 as L tends to +00. We conclude that
(10) holds if we pick L sufficiently large.

It is interesting to remark the weakness of the assumptions
imposed on the last two components of the function . Indeed,
(7) only imposes that &,,_; be Hoélder without any restriction on
the order, and that @, be bounded ( %*).

4. Cascaded high gain observer

According to Proposition 2, the classical high gain observer
can provide an arbitrary small error when the last nonlinearity
is only bounded and when there is no disturbance. We exploit
here this observation by proposing the following cascaded high
gain observer to deal with the case where the functions &; do not
satisfy (7):

Zn = o hikn@uzz)
Zn = Zn+ &1 zZn) + Wi — Lkey (2 —21)
I = W Lkn@uzz)
.;\ ----------- A. ------------ /: ----------- A. ------------- FURRRRREN ( ‘1‘1)
Zm = Zm + P1(U, Zgn-1)1) + W1 — Ly k1 (Zm1 — 21)
Zma = Zms+ P2(U, Zen—1)1, Zm—1)2)
+Wy — L2 kmz (Zm1 — 21)
2mm = ﬁ)m - er?, kmm (2m1 - 21)

with the gain k; chosen as in a classical high gain observer of
dimension i, w; are estimations of w; and L; are the high gains
parameters to be chosen.

Assuming the input function and the system solution are
bounded, it is shown in the following that estimation with an

arbitrary small error can be achieved by the cascaded high-gain
observer.

Proposition 3. Assume @ is continuous. For any positive real num-
bersz and, for any strictly positive real number ¢, there exist a choice
of (Ly,...,Ln), aclass XL function B and two class K, functions
yy and vy, such that, for all locally bounded time function (u, v, w, W),
forall (z,z) in R™ x R™ and for all t such that |Z(z, s; u, w)| < z
and |u(s)| < uforall0 < s < t,any solution (21(2, z,tu, v, w, W),
.. .,2m(2,z, t;u, v, w, w)) of (11) verifies, foralliin {1, ..., m},

1Zi(t) — Z;(t)] < max {8, B <zl: 12 — 71, f> ,
=1

sup {71 ([v(s))), )/2(|Aw(5)|)}}
sel0,t]

where Z is the state of the ith block (see Notation 2) and we have
used the abbreviation Z;(t) = Zi(Z,z,t;u, v, w, w) and Z;(t) =
Zi(z,t;u, w).

Proof. This result is nothing but a straightforward consequence of
the fact that a cascade of ISS systems is ISS.

Specifically the error system attached to the high gain observer
in block i has state e; (see Notation 2) and input v and §;; defined as

8j = [Dj(u. Z4-1)) — Pj(u, 2-1))] + [ — w)]

8i = —zip1 — iU, z) + Wi — w;

with z,17 = 0. With Proposition 1, we have the existence of
ki1, ..., ki, A;, Bi and y; such that we have, for all L; > 1, all
t >t >0,alljin{1,...,i} and with e;(t) denoting the jth error

in the ith block evaluated along the solution at time t,

leg(D)| < max{ L' B; le;(;)] e HH ),

j—1 8ie (5)|
v sup {L]i lv(s)l, L_é_jﬂ
selty.t] 1

But the continuity of the @; implies the existence of a function? p of
class X such that, foralljin {1, ..., m} and for all (z¢—_1y, Zi—1, )
in R~ x RI=! x U satisfying |2g_1)| < Zand |u| < T,

|P;(u, Zi-1)) — Pj (U, Zi—1)| < p (le-1) -

This implies

[8ie($)| < p(lei—1($)]) + [Awe(s)],
18i(S)] < Ziy1 + & + [Aw;i(9)],

where ®; = maxy|<q,|z|<z |Pi(u, z;)|. Hence, we have the existence
of ¢; independent of L; such that

e=1,...,j—1,

lei(t)] < cimax { Li7" [e;(t;)] e ML), sup L ()l
tj,t

plei—1(s)]) [Awe(s)] Zipr + P;

—i 9 —1 bl
seltj,t] le ! 15[653 Lf 1 Li
seltj,t

This makes precise what we wrote above that we have a cascade
of ISS systems. Hence (see Sontag, 1989, Prop. 7.2), for each i

2 Simply take p(s) = MAaX|u| <v,[z)|<z le|<s |®(u, zj + e) — @j(u, Z))|.
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in {1, ..., m}, there exist a class KL function Bi and class KX
functions y,; and y,,;, each depending on L; to L; and such that we
have, forall t > 0,

le(t)] < max {Bi ( max (&0, t) ,

Jjell, ...,
i, S[L(l)pt]{ym(lv(S)l),J/m(IAw(S)I)}}

where @; is a positive real number defined by the sequences

Zip1 + @ p(wisq)
Lot

, wij =cimax{

Then by picking L; > L} where L} is defined recursively as:

. 1 €it1
€n = €, € =min|e€, o ﬁEH‘l
Ci+1Llif

I* = Cmam ¥ — Ci[2i+1 +$i]
" Em ' ' Ei

we obtain @; < € for all i, hence the result.

This observer has the advantage of working without any
assumption on the nonlinearities besides their continuity. Note
however that it requires the knowledge of a bound on the system
solution and on the input. Also we may not need to build m blocks,
since according to Proposition 2, we need to create a new block
only for the indexes i where @; does not verify Property & («, a)
for any a > 0 and with « satisfying (7). Unfortunately, as it appears
from the proof of Proposition 3, the choice of (Ly, ..., L) can be
complicated. Besides, only a convergence with an arbitrary small
error is obtained. It may thus be necessary to take very high gains
which is problematic in terms of peaking and most importantly in
presence of noise (see Section 8). In the following two sections, we
move our attention to homogeneous observers, and show that they
enable to obtain convergence.

5. Homogeneous observer

Homogeneous observers are extensions of high gain observers
able to cope with some non Lipschitz functions. As mentioned in
the introduction, they already have an old history (see Andrieu
etal., 2006, 2008, 2009; Levant, 2001, 2003, 2005; Qian, 2005; Qian
& Lin, 2006; Yang & Lin, 2004). In our context they take the form:

R R R R n
=2+ P1(u,z1) + W1 — Lkq |21 —y|"

©N
R\
|

A 3

2y = 23+ DU, 21, 2) + 1y — [P kg |21 — y|7 (12)

"m+1
Zm = P, 2) + Wm — L™k |21 —y] 7

where r is a vector in R™1, called weight vector, the components
of which, called weights, are defined by

Tj:]—do(m—i), (13)

and where L and the k;’s are gains to be tuned, dy is a parameter to
be chosen in [—1, 0]. We refer to Notation 1 for the case dg = —1,
for which the dynamics (12) must be understood as a differential
inclusion. When dy = 0, we recover the high-gain observer
studied in Section 3. As mentioned in Proposition 2, the usual high-
gain observer can provide an estimation with an arbitrary small
error provided the nonlinearity satisfies the property & (¢, a)
with the «; verifying (7). In the following proposition we claim
that asymptotic estimation may be obtained with homogeneous

Table 2
Holder restrictions on @ for a homogeneous observer with dg = —1.
j 1 2 m-—2 m—1 m
i
m—1
1 e
m—2 m—2
2 “m m—1
Qjj =
2 2 2
m-—2 n = 3
1 1 1
m—1 i = 2
m 0 0 0

correction terms and when considering nonlinearities which
satisfies # («, a) with the o;; verifying

1—do(m—i—1) riy
oj=————"=
1—do(m—)) T

, 1<j<i<m. (14)

Those conditions in the extreme case where dy = —1 are summed
up in Table 2. On top of that, finite time estimation may be
obtained.

Proposition 4. Assume that there exist dy in [—1, 0] and a in Ry
such that @ satisfies P (a, a) with « verifying (14) (3). There
exist (ki, ..., kn), such that for all w,, > O there exist L* > 1
and a positive constant y such that, for all L > L* there exists a
class K L function § such that for all locally bounded time function
(u, v, w, w), and all (z, 2) in R™ x R™ system (12) admits absolutely
continuous solutions 2(2, z,t; u, v, w, w) defined on R, and for any
such solution the following implications hold for all ty and t such that
t>ty>0,andforalliin{1,...,m}:

If do > —1:

1Zi(t) — Zi(t)| < max{ B(Z(to) — Z(to)|, t — to),

i
[Awj(s)| 71

sup J L), 15
v sup {17 G| T (15)
seltp,t]
where i = (G — i+ 1)6%, and we have used the abbreviation

Z(t) =Z(z t;u,w)and 2(t) = 2(z, 2, t; u, v, w, ).

Moreover, when dg < 0 and v(t) = wj(t) = 0 for all t and
j = 1,...,m, there exists T such that 2(2,2, t) = Z(z,t) forall
t>T.
If dg = —1and | Awn(t)| < Wiy

1Zi(¢) — Zi(t)] < max 3 B(Z(to) — Z(to)], t — to),

i

. I |Aw;(s)] T+1
y sup (L' ‘Iv(S)I'l,i| usl
1<j<i-1 LHi

s€lto.t]

(16)

where p;, Z(t) and V4 (t) are defined above.
Moreover, when v(t) = wj(t) = Oforalltandj = 1,...,m,
there exists T such that 2(t) =Z(t) forallt > T.

Note thatjisin {1, ..., i} in(15)whereasitisin{1,...,i— 1}
in (16).
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The proof of Proposition 4 for the case dy €] — 1,0] and
without disturbances is given for example in Andrieu et al. (2008).
Actually Andrieu et al. (2008) give a Lyapunov design of the
observer (12) with a recursive construction of both Lyapunov
function and observer. Here we are concerned with the case dy =
—1. In this limit case, the observer (12) is a differential inclusion
corresponding to the exact differentiator studied in Levant (2001),
where convergence is established in the particular case in which

=0forj =1,...,m— 1and &, is bounded. We prove in
Proposition 6 that the Lyapunov design of Andrieu et al. (2008) can
be extended to this case. This allows us to show that the observer
(12) still converges if, for each i, @; is Holder with order «;; equal
to the values given in Table 2, where i is the index of @; and j is the
index of e;. We also recover the same bound in presence of a noise
v as the one given in Levant (2001).

Actually some effort has been devoted to Lyapunov analysis for
establishing the convergence of the observer proposed in Levant
(2001). But, as far as we are aware of, this more difficult route has
been successful for m < 3 only. See Ortiz-Ricardez et al. (2015).

Finally, it is interesting to remark that in the case dg = —1
the ISS property between the disturbance w,, and the estimation
error is with restrictions as defined in Teel (1996, Definition 3.1). If
|Awy(t)| < wy and Lis chosen sufficiently large, then asymptotic
convergence is obtained. However, nothing can be said when
|Awy| > wy,. Moreover, it may be possible for a bounded large
disturbance to induce a norm of the estimation error which goes to
infinity. We believe that this problem could be solved employing
homogeneous in the bi-limit observer as in Andrieu et al. (2008). It
is shown to be doable in dimension 2 in Cruz-Zavala, Moreno, and
Fridman (2011).

Proof. The set-valued functione; — |e;]° defined in Notation 11is
upper semi-continuous and has convex and compact values. Thus,
according to Filippov (1988), there exist absolutely continuous
solutions to (12).

Let .£ = diag(1,L, ..., L™ 1). The error e = 2 — z produced by
the observer (12) satisfies

éclSye+ 8+ LLA(G +v) (17)
where S, is the shifting matrix of order m,
S=0W,2)+w—dWu,z) —w

and R is the homogeneous correction term the components of
which are defined as

(R(en)i = —kile] 7T

where (kq, ...,
n(13).

Let also e be a vector in R™ with components e; and V : R™ —
R, be the function defined as

V@) = Z I

|_91+1] rl+1

where dy and ¢; are positive real numbers such that dy, > 2m —
1. Note that V is a homogeneous function with weight vector
r. It is nothing but the one proposed in Andrieu et al. (2008,
Theorem 3.1) for designing an observer homogeneous in the bi-
limit with dy in | — 1, 0]. There it is shown that, by appropriately
selecting the parameters £; and k;, V is a strict C! Lyapunov function
homogeneous of degree dy for the L-independent auxiliary system
with state e:

k) are positive real number and r; is defined

o] (e

e — leipq] 1 dx +

. (18)

Vv

€ € Spé + R(ey). (19)

With this result in hand a robustness analysis can be carried out
on a system of the form (17). In fact, the same approach can be

followed for the case dy =
proved in Appendix B.

—1 and the following technical result is

Lemma 1. For all dy in [—1, 0], the function V defined in (18) is
positive definite and there exist positive real numbers ki, ... kn,
L1, ... 4m, A, cs and c, such that foralle in R™, § in R™ and v in R the
following implication holds:
if 18] < V@ % , Vi, and [5] < c,V@® then®

dy +dg

max {%(é)(smé +35 + A6y + D))} < -—AV(@E) W

This lemma says V is a ISS Lyapunov function for the auxiliary
system (19). See Sontag and Wang (1995, Proof of Lemma 2.14) for
instance. Consider now the scaled error coordinates ¢ = £L7'(Z —
z). Straightforward computations from (17) give the error system

1
zéesm8+c®L+ﬁ(81+v)

with D, = L£718. Since & satisfies 2
we obtain, forall L > 1

(o, @), with (14) and % <1,

i T T
a G- oipr L [Aw
|Dri| < IZ]L i lg] T+ T

ad Tig1 .
+
< 05 1gl T 4 B,
L5 L

< %V(e)Tv +

where ¢ is a positive real number obtained from Lemma 3 in
Appendix D. With Lemma 1, where §; plays the role of D, ;, v the
role of v and e the role of &, we obtain that, by picking L* sufficiently
large such that & < %, we have, forall L > L*,

L* J— 2 ’
Aw; fit1
CL V( Y, Vi
if L
I
[v] SCUV(S)HV
‘l av dy+dg
= I max {a—(s)é} < —AV(e) Oy (20)
e

Now, when evaluated along a solution, ¢ gives rise to an absolutely
continuous function t +— g(t). Similarly the function defined by
t > v(t) = V(e(t)) is absolutely continuous. It follows that its
time derivative is defined for almost all t and, according to Smirnov
(2001, p174), (20) implies, for almost all t,

Aw; C, Tit1
[awi] < Due)d, Vi
if{ L
n
[v] <)
1 dy+dg
= 90 < —hv(D) Sy (21)

Here two cases have to be distinguished.

(1) Ifdgisin]—1, 0], with Lemma 5 in Appendix D (see also Sontag
& Wang, 1995), we get the existence of a class K £ function S8y

3 Here the max is with respect to sin|(é; + v)]° appearing in the mth compo-
nent &,(e; + v) of R(e; + v).
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such that*

V(e®) = max § By (V(e(0), 2L0),

sup
s€[0,t]

dy dy
<4|Awi(5)|>ﬁ [v(s)| "
Lics oo,

The result holds since with Lemma 3 there exist a positive real
number c¢; such that

< V(o).

€
=
Moreover, when v(t) = Aw;(t) = b =0forj =1,...,m,
(21) implies finite time convergence in the case in which dy <
0

(2) Ifdg = —1, then r,11 = 0. We choose L* sufficiently large to
satisfy
W _G .
rsHm — 4

We obtain that the first condition in (21) is satisfied fori = m
when L > L*. With Lemma 5 in Appendix D (see also Sontag
& Wang, 1995), the implication (21) implies the existence of a
class X £ function By such that see footnote 4

V() = max {Bu(V(E), Ao,

dy dy
<4|Awi(s)|)n‘+1 [v(s)| ™
sup - )
sel0,t] L'cs Cy

And the result holds as in the previous case.

6. Cascade of homogeneous observers

When we cannot find dy in [—1,0] and a such that the
nonlinearities satisfy & («, a), with « defined in (14), we may lose
the convergence of observer (12), or the possibility of making the
final error arbitrarily small. In such a bad case, we can still take
advantage of the fact that, for « verifying (14) with dy = —1,
P (a, a) does not impose any restriction besides boundedness of
the last functions &, (see Table 2).

From the remark that observer (12)

(1) can be used for the system
z1 =z + Y1 (D)

Ze1 = Ze+ Y- ()
2 = @i(t)
provided the functions ; are known and the function ¢y is

unknown but bounded, with known bound.
(2) gives estimates of the z;’s in finite time,

we see that it can be used as a preliminary step to deal with the
system

Z1 = 25 + Y ()

Z'kfl =z + l[/kfl(t)
Zk = Zkpr + Qr(U, 21, -5 21)
Zkp1 = Qe (U, 21, - ooy Zig1)-

4 . —do %L
According to Lemma 5, By (s, t) = max{0,s v —t} %

Indeed, thanks to the above observer we know in finite time the
values of zy, . . ., z, so that the function &, (u, z1, . . ., zx) becomes
a known signal v, (t).

From this, we can propose the following observer made of a
cascade of homogeneous observers:

21] € ﬁ)] — L k]] 5(211 _.y)

..... s
Z1 =Zn + P1(u, 211) + wy — Lo ko |21 —y]2
Zyp € Wy — 3kyn S(Z1 — )

Zm1 = Zma + P1(u, Z11)
+W1 — Lip k1 pml _ﬂT

(22)

B
IR

ém(m—]) = 2mm + &, 1(u, 2(1’11—1)17 e, 2(m—l)(m—1))
. Fm1 — L7 km(m—1) [Zm — y] ™
Zmm € Wm — L kin SGim1 — ¥)
where the k;; and L; are positive real numbers to be tuned.

As adirect consequence of Proposition 4 and following the same
steps as in the proof of Proposition 3, we have

Proposition 5. Assume @ is continuous. For any positive real num-
bers z, U W, we can find positive real numbers k; and L;, two class
K functions y; and y, and a class KL function 8 such that,
for all locally bounded time function (u, v, w, W), and all (z,Z) in
R™ x R™, the observer (22) admits absolutely continuous solutions
(21(2, Ztu, v, w, W), ..., ZeG,z, t:u, v, w, &))) which are de-
fined on R and for any such solution we have for alliin {1, ..., m}
and for all t such that |Z(z, s; u, w)| <z |u(s)| < uand |Aw(s)| <
wforall0 <s <t:

1Zi(t) — zi(o)] < max{B(lz — 21, 1),
sup {11V, va(1Aw;()) }}

1<j<i—1
selto.t]

where 2,- is the state of the ith block (see Notation 2) and we have
used the abbreviation Z;(t) = Z;(Z,z,t;u, v, w, W) and Z;(t) =
Zi(z, t; u, w).

Moreover, when v(t) = Aw; = 0, there exists T such that
Zi(2,z,t) = Zi(z, t) forallt > T.

This observer is an extension of the cascaded high gain observer
(11) presented in Section 4. The use of homogeneity enables
here to obtain convergence without demanding anything but the
knowledge of a bound on the input and on the system solution.
A drawback of a cascade of observers is that it gives an observer
with dimension 2V in general. However, as seen in Section 4,
it may be possible to reduce this dimension since, for each new
block, one may increase the dimension by more than one, when
the corresponding added functions &; satisfy & («, a) m for some
« verifying (14) with dy = —1 and for some a.

Finally, note that the result of Proposition 5 does not mean
that the observer is ISS with respect to Aw. Indeed, Aw must be
bounded to obtain this ISS-like inequality: the system is ISS with
restrictions. Again, we believe that this problem could be solved
employing homogeneous in the bi-limit observer as in Andrieu
et al. (2008).

7. Relaxing the assumptions marked with (3t)

First, if System (2) is not complete, every ISS inequalities still
holds for any solution Z(z, t; u, w) butonlyon [0, T(z)[ where T (z)
is its maximal time of existence.
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The global aspect of boundedness, Holder, £ («, a), ..., can be
relaxed as follows. Let U be bounded and let .M be a given compact
set. We define @, to be used instead of @ in the observers, as

é\sl—(ua Zyyevns Zi) = Sat(¢i(u7 21y ees Zi)5 c_Dl) (23)

where ®; = maxXyeyzen(Pi(U, 21, ...,2)) and the saturation

function is defined on R by
sat(x, M) = max(min(x, M), —M).

It can be shown that, for any compact set .M strictly contained in
M, there exists a such that (3) holds for @ for all (z4, z,) in R™ x M.
Then, since ® = & on M, we can modify the assumptions

- in Proposition 1, so that (5) holds only on the compact set M ;

- in Propositions 2 and 4, so that @ verifies #(«, a) only on the
compact set M;

- Propositions 3 and 5 remain unchanged.

In this case, the results hold for the particular system solutions
Z(z,t; u, w) which are in the compact set M for ¢t in [0, T(z)[.
Precisely, for these solutions, the bounds on Z-(t) — Z;(t) given in
these propositions hold for all t in [0, T(z)[.

Note also that if #(«, a) holds on a compact set, then for any &
such that & < o for all (i, j), there exists @ such that (@, @) also
holds on this compact set. It follows that the constraints given by
(14) or Table 2 in Proposition 4 can be relaxed to or;; > %,
and the less restrictive conditions one may ask for are obtained for
do = —1.

Finally, in Propositions 1, 2 and 4, it is possible to consider the
case where @ depends also on time as long as any assumption
made on @ is satisfied uniformly with respect to time.

8. Example

Consider the system

. . 5 .
X1 = X2, Xy = —X1 + X3Xq, X3 = —X1X2 + U,

y=x

(24)

withu as input. It would lead us too far from the main subject of this
article to study here the solutions behavior of this system. We note
however that, when u is zero, they evolve in the 2-dimensional
surface {x € R® : 3x7 + 3x3 + x§ = c®} which is diffeomorphic’to
the sphere S2. Thanks to Poincaré-Bendixon theory, we know the
solutions are periodic and circling the unstable equilibria (x; =
X, = 0,x3 = =£c). So we hope for the existence of solutions
remaining in the compact set

Cre={xeR*: X+ >€ 35 +35+x5 <1}

forinstance when u is a small periodic time function, except maybe
for pairs of input u and initial condition (x1, X2, x3) for which
resonance could occur. Moreover, due to their periodic behavior,
such solutions are likely to have their x3; component recurrently
crossing zero.

8.1. Uniform and differential observability

On 8 = {xeR®:x}+x +#0}, and whatever u is, the
knowledge of the function t — y(t) = X;(x, t) and therefore of

5A diffeomorphism from the unit sphere to the set is x — xp(x) where p is the
unique positive solution (hint: x3 < 1) of px§ 4+ 3p*(1 —x3) — 1=10.

its three first derivatives

y=%x

.. S

y=—Xx1+ X3X1

Y = —x — 5x3x3%; + x3x + 5x3x;U

gives us x1, X, and x3. Thus, System (24) is uniformly observable on
4. Besides, the function
X1
X2
—X1 + xgxl
—Xy — 5x‘3‘xfx2 + xgxz

Hy(x) =

is injective on 4 and admits the following left inverse, defined on
{zeR: 22 +22 #£0}:

21
23

Ui

H;'z) = 3.4
s O= @t zn + @tz 3@ + 21z 3z 2

z? + z2

However, H, is not an immersion because of a singularity of its
Jacobian at x3 = 0. So the system is differentially observable
of order 4 on 4 but not strongly. According to Bernard et al.
(submitted for publication), it admits a triangular canonical form
of dimension 4 but with functions @ maybe non Lipschitz.

8.2. Triangular form and property & («, a)

The triangular canonical form of dimension 4 mentioned above
is

21 =2

22 = Z3

23 = z4 + D3(U, 21, 25, 23) (25)
24 = ¢’4(U,Z)

Yy = zy.

where ®3(u,z1,2,z3) = b5ulzz + 21|g Lzﬂ% and @, is a
continuous non-Lipschitz function the expressions of which is
complex, fortunately with no interest here. The function &5 is not
Lipschitz at the points on the hyperplanes z3 = —z; andz; = 0
(image by H3 of points where x3 = 0 or x; = 0) known to be
visited possibly recurrently along solutions. This example thus falls
precisely into the scope of the paper.

The function @, is continuous and therefore bounded on any
compact set including H4(ér,€). Besides, for Z; and z3 in a compact
set including Hg(ér,e), there exist ¢; and c3 such that

|®3(u7 2]522923) - ®3(U,Z‘1,22,Z3)|
A 1 A 4
< qulzy — z1]5 + csulzz — z3)5.

This implies that @5 is Holder with order .

Hence the nonlinearities @3 and &, verify the conditions of
Table 1. This implies that for L sufficiently large, convergence
with an arbitrary small error can be achieved with the high gain
observer (4). However, @3 does not verify the conditions of Table 2.
Thus, there is no theoretical guarantee that the homogeneous
observer (12) with dy = —1 will provide exact convergence.

8.3. An observer of dimension 4?

We consider the solution to system (24) with initial condition
x = (1,1,0) and u = 5sin(10t). This solution is periodic and
regularly crosses the Lipschitzness singularities x3 = 0 or x; = 0,
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Fig. 1. Trajectory of system (24), with the noised measurement y.
Table 3

Decrease of the final error in the z-coordinates (e, ; = Z; —
a high gain observer and in the absence of noise.

z;) with the gain L, with

L e e;2 €3 €4 Peaking
2 0.15 4 60 200 300
5 6-1074 0.04 1.5 30 4000
8 5.107° 4.1073 0.25 7 1.5-10*
10 8.1076 1-1073 0.1 4 3.5.10%
15 1.5-107 3.107* 0.03 2 1.2-10°
Table 4

Final errors in the z-coordinates given by a homogeneous observer of degree —1 in
presence of noise.

L ez,l €z.2 ez,3 €z.4
25 0.15 35 30 18
3 0.15 3 35 25
4 0.1 2 25 50
5 0.1 2 30 80
6 0.1 2 35 120

as illustrated in Fig. 1. In the following, we use the same noised
measurement y, shown in Fig. 1, in every simulation with noise. It
is a filtered gaussian noise with standard deviation 0 = 0.03 and
1st order filtering parameter a = 50.

We first implement a high gain observer of dimension 4, in the
absence of noise, initialized at X = (0.1, 0.1, 0), and with the gains
ki = 14, k, = 99, k3 = 408, k, = 833. As an illustration
of Proposition 2, the convergence with an arbitrary small error is
achieved and is illustrated in Table 3. However, we observe that the
decrease of the errors, especially for e, 4, is very slow compared
to the increase of the peaking and a very high gain is needed to
obtain “acceptable” final errors. In presence of noise, the tradeoff
between final error and noise amplification becomes very difficult:
with the noised measurement of Fig. 1, the smallest final error e, 4
is 200, achieved for L = 2. Of course, there might exist a choice of
the gains k; giving better results. But overall a high gain observer
may not be a systematic solution in practice for non-Lipschitz
triangular systems, especially when the solution regularly crosses
the Lipschitz-singularities.

Let us now implement a homogeneous observer of dimension
4 with an explicit Euler method with fixed measurement and
integration steps equaling 10>, and with the Matlab sign function.
The degree is dg = —1, and the gains are chosen according to
Levant (2005), i.e. k; = 5, k, = 8.77, ks = 4.44, ks = 1.1. For
a gain L = 3, the convergence is achieved with a final error of
8.107% on z4, even though the Hélder restriction of Proposition 4
is a priori not satisfied around z; = 0. Unfortunately, the final

errors are heavily impacted in presence of noise, as illustrated in
Table 4. This may also come from a lack of ISS property. Notice
that the amplification of the noise by the gain L is not as rapid as
expected from the bound in Proposition 4. The final errors remain
nonetheless too large, although, once again, we did not optimize
our choice of gains k;.

8.4. Cascaded observers

In the absence of noise, the cascaded observers presented in
Sections 4 and 6 give similar results to the corresponding observers
in dimension 4, i.e. arbitrary small asymptotic error and finite time
convergence respectively. However, they seem to provide better
accuracies in presence of noise.

In the case of a high gain cascade observer, the errors, although
smaller than in the high gain observer of dimension 4, remain
too large to consider it a viable solution. On the other hand, the
homogeneous cascade observer:

Z11 =212 — Li ki1 211 — Y]
2y = Z13 — LT kia 211 — y]
Z13 € —L3ki3SE1 —y)

W= WIN

2y =1Zp — Lk |21 — J/]%

Zoy =Zy3 — L3 kyy |201 — J/]% :
Zy3 = 24 + sat(g3 (211, 212, 230U — L3 ko3 |21 — y]*
Zos € —L5k2sS(Zo1 — y)

with the coefficients ky; chosen, according to Levant (2005), as
ki1n = 3, ki = 2.6, ki3 = 1.1, and ky; as above, and with the
gains L; = 2.5 and L, = 3, gives the following final errors:

11 = 0.05, €,12 = 0.4, ;13 = 2.5, €224 = 12.

Comparing to Table 4, we see that implementing an intermediate
homogeneous observer of dimension 3 enables to obtain much
better estimates of the first three states z;, which are then used in
the nonlinearity of the second block, thus giving a better estimate
of z.

Unfortunately, the presented results are still unsatisfactory in
presence of noise, which leaves the question of the construction of
robust observers for such systems unanswered.

9. Conclusion

To summarize the most important ideas, we provide in Table 5 a
synthetic comparison of the four observers studied in this paper, in
the usual case where the system state and the input are bounded.

We have shown the convergence with an arbitrary small error
of the classical high gain observer in presence of nonlinearities
verifying some Holder-like condition. The same result could
probably be obtained for the high gain-like observer presented in
Besancon (1999). Also, for the case when this Holder condition is
not verified, we proposed a novel cascaded high gain observer.
Under slightly more restrictive assumptions, we proved the
convergence of a homogeneous observer and of its cascaded
version with the help of an explicit Lyapunov function.

Our numerical experience indicates however that to improve
the performances in presence of measurement noise, it is very
difficult to tune the gains of both high gain and homogeneous
observers, although it is slightly simpler for the latter since smaller
gains are sufficient to ensure convergence. Simulations on our
example suggest that the situation may be more favorable with
the cascaded homogeneous observer. Our ISS bounds in this paper
being far too conservative, it is necessary to carry out a finer study
if we want to optimally tune the gains of the observers. It may
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Homogeneous (12) Homogeneous cascade (22)

gzlrﬂ:asrison between observers when the system state and the input are bounded.
High gain (4) High gain cascade (11)
Assumption on g; Holder with order greater thanin ~ Continuous
Table 1
Convergence Arbitrary small error Arbitrary small error
Advantages Easy choice of gains No constraint on g;
Drawbacks Large gains necessary to obtain Same as for high gain, but also

small error = numerical
problems (peaking) and
sensitivity to noise

large dimension

gains difficult to choose and

Holder with order greater thanin ~ Continuous

(14) or Table 2 for dg = —
Asymptotic convergence Asymptotic convergence

Not necessarily large gains
because convergence

No constraint on gj,
convergence, apparently better
in terms of noise

Large dimension and a lot of
gains to choose

Implementation of the sign
function if dy = —1 (chatter etc.)

also be appropriate to use on-line gain adaptation techniques since
large gains should be necessary only around the points where the
nonlinearities are not Lipschitz. About these two aspects, we refer
the reader to the survey in Khalil and Praly (2013, Sections 3.2.2
and 3.2.3) and the references therein.

Appendix A. Barbot et al.’s observer

The set valued map proposed in Barbot et al. (1996) to obtain
an observer for a triangular canonical form where the functions
are only locally bounded is defined as follows. Given (z,y, u),
(v1, ..., vm) isinF(Z, y, u) if there exists (Zs, . . . , Zn) in R™ ! such
that:

n=2+mdu

Z; € Sat(fz) —kq S(y — 2])
Vi =Zip1+0iV, 22, ..., Z)u
Zip1 € sat(Zi) — kiS(Zi — Z)

Un € OV, 225 .-, Zm)
+ (.22, ... Zm) U — ki SGin — Zim)

where sat is some saturation function.
Appendix B. Proof of Lemma 1

The proof is based on the following proposition the proof of
which is given in the following section for the case dy = —1
and can be found for dg in ] — 1, 0] in Andrieu et al. (2008). This
proposition establishes that for a chain of integrator it is possible
to construct homogeneous correction terms which provide an
observer and that it is possible to construct a smooth strict
homogeneous Lyapunov function.

Proposition 6. For all dy in [—1, 0], the function V defined in (18) is
positive definite and there exist positive real numbers ki, ...kp,
L1, ... Lm, X such that for all e in R™, the following holds:

dy+dg

max {2—‘;(@) (Sm(é)—l—ﬁ(é]))} <—ivE v (B.1)

Let &(é1, s) be the function defined as
(R@1,9)), = (®E@));, iell,m—1],
and,

kns, whendy = —1
(R@1,9), {(ﬁ(ﬁ))m, whendy > —1.

Note that £ is a continuous (single) real-valued function which
satisfies for all e; in R

R(&) = {R(@1,9), s € SE).

Consider also the functions

dy+dg

(e, 8, v,s) = —(e)(Sm(e)+8+ﬁ(el +1,9) + V(e) A ,

and

dy +dg dy+dg

v (@, v)—2|5| ool 0

i=1

With (B.1), we invoke Lemma 3 to get the existence of a positive
real number c; satisfying:

av _ _ S~
55 ©Gn@ + A+ R@E+1.5)

dy+dg m__dy+dp dy+dg
<_,V(e) T oy 5T 4l 0
i=1

This can be rewritten,

N (S (®) 5+ RE 4 v.9)) < —— v
e 2(m+2)
# 3 (bl - S ve)
P O
2(m+2)
Consequently, the result holds with A m s ¢ =

n
o\ dy+dy
cq .

Appendix C. Proof of Proposition 6 when dy = —

In this section, we denote E; = (e;, .. ., en). Let dy be an integer
such that dy > 2m— 1 and the functions &; recursively defined by:

Tit1

e

Bm(em) = —Lem-|0» i (LK e ﬁrll )

Ri(e) =

Let Vi,(en) = % and for all i in {1,...,m — 1}, let also V; :
R?> — Rand V; : R™ ! — R be the functions defined by
- v dy—rj dy—ri
Vv, €)= /L .1 1T~ Lo T d,
eit1 ]!

Vi(Ey) = Z Vi(tiej, ej11) + Vim(em).
j=m—1



P. Bernard et al. / Automatica 82 (2017) 301-313 311

With these definitions, the Lyapunov function V defined in (18) is
simply V(e) = V;(e) and the homogeneous vector field &(e;) =
R1(e1) with

ritl Tit1 Titl  Tig1

) n
VAR

Note that the jth component of &; is homogeneous of degreer;; =
m — j and, for any e; in R, the set £;(e;) can be expressed as

Rie)) = {Ri(er, 5), s € Sen)},

where & : R x [—1,1] — R is a continuous (single valued)
function.
The proof of Proposition 6 is made iteratively fromi = m

toward 1. At each step, we show that V; is positive definite and we
look for a positive real number ¢;, such that for all E; in R" !

(C.1)

aV; dy—1
max {7(E)(Sm 1+lE + Rl(eh 5))} _Civi(Ei) dv 5
seS(e;) ( OE

where ¢; is a positive real number. The proposition will be proved
once we have shown that the former inequality holds fori = 1.

Step i = m: At this step, E;;, = e;;. Note that we have

dy—1
_lEm|V s

E
sg(aef:) {aEm (Em) Bim (em, S)}

dy—1
—CmVm (Em)T

dy—1
with ¢, = dvd" . Hence, Eq. (C.1) holds for i = m.
Step i = j: Assume Vj is positive definite and assume there
exists ({j41, ..., £m) such that (C.1) holds for j = i — 1. Note that
dy—rj dy—rj
the function x e [x] T —|ejrq] Y+ isstrictlyincreasing, is zero

i
iffx = |ej41] 'J“ , and therefore has the same sign as x — |ej 1] 7+1.

Thus, for any ejy; fixed in R, the function v V (v, €+1) is non

s

i _
negative and is zero only for v = |ej] 1. Thus, V; is positive and
we have

N Vig1(Ejp1) =0
VE) =0 {Vj(zjejv ei+1) =0

Eii1=0
< i
tiej = [ej1] 771 =0

so that V; is positive definite.

On another hand, let V;(v, Ej11) = Vi1 (Ejr1) + Vi(v, €j41) and
let T; be the function defined

Ti(v,Ejq) = sems%z() {T1(V, Ejr1, S)}
with T; continuous and defined by
Ti(v, Ejs1,5) =

Y
@(Ej—o—l) (Sm—i—1Eit1

)) + ﬂvw Epn)

v—1

- Ti+1
+ Rin (LUT E

Let also T, be the continuous real-valued function defined by

v fi1
L (v, Eip1) = —E(V’Eiﬂ) (ej+1 — vl ¥ ) .

Note that T; and T, are homogeneous with weight r; for v and r;
for e; and degree dy — 1. Besides, they verify the following two
properties:

- forall Ej4q inR™ 7, vin R
(v, Eiy1) =0
Tt dv -1y dv—rj
(since ([v] 5 — ejyq) and ([v] % — |ejr1] 7+ ) have the
same sign)

- for all (v, Ej+q) in R™7T1 \ {0}, and s in S(v), we have the
implication

T, Ey) =0 = Ti(v,Ey1,5) <0

i1
since T, is zero only when [v]

- i1
Tl <\_ej+'l—‘ i 7Ej+15 S>

_ Wi
= 3E (Ej+1)(5n iEir1 + Rir1(e41,9)
i+

Cit1 dy—1
+ %Vj+l(Ej+l) W

=ejr1and

C dy—1
i1
< -5 Vig1(Ejy1) &

where we have employed (C.1) fori =j — 1.

Using Lemma 4 in Appendix D, there exists ¢; such that

Tl(v’ Ej+1) V(U,Ej+1).
Finally, note that

— ¢ (v,Eq) <0,

v s
[nax {aij(Ej)(Smmej + Ri(ej, S))}

-1
];—1 V (E )7—

= Ti(¢je;) — £T2 (L€, Ejv1) —

Hence, (C.1) holds fori = j.
Appendix D. Technical lemmas

Lemma 2. Let 1 be a continuous function defined on R"*! and f a
continuous function defined on R". Let C be a compact subset of R".
Assume that, for all x in € and s in S(f (x)),

n(x,s) <O0.
Then, there exists « > 0 such that for all x in € and s in S(f (x))

nx,s) < —a.

Proof. Assume that for all k > 0, there exist x; in € and s in
S(f (xx)) C [—1, 1] such that

0 > n(xk, sk) = —1.
k

Then, n(xy, sx) tends to 0 when k tends to infinity. Besides, there
exists a subsequence (k) such that x;, tends to x* in ¢ and
Sk, tends to s* in [—1, 1]. Since n is continuous, it follows that
n(x*,s*) = 0 and we will have a contradiction if s* € S(f(x*)).
If f (x*) is not zero, then by continuity of f, s* is equal to the sign of
f(x*), and otherwise, s* € [—1, 1] = S(f(x*)). Thus, s* € S(f (x*))
in all cases.

Lemma 3. Let 1 be a function defined on R" homogeneous with
degree d and weight vector r = (ry, ..., Ip), and V a positive definite
proper function defined on R™ homogeneous of degree dy with same
weight vector r. Define @ = V~1({1}). If there exists « such that for
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allxin @
nx <a,

d
then for all x in R™ \ {0}, n(x) < aV(x) .

Proof. Let x in R" \ {0}. We havex = —*— in €. Thus n(X) < «
vx) v

and by homogeneity
1
— ) <«
V(x)w
which gives the required inequality.

Lemma 4. Let 1 be a homogeneous function of degree d and weight
vector r defined on R" by

X) = max 7(x,s
n) SesW))n( )

where 7 is a continuous function defined on R™! and f a
continuous function defined on R". Consider a continuous function y
homogeneous with same degree and weight vector such that, for all x
inR"\ {0} and s in S(f (x))

y(x) =0,
yx =0 =

Then, there exists kg > 0 such that, for all x in R" \ {0},

nx,s) < 0.

nx) —koy(x) <0.

Proof. Define the homogeneous definite positive function V(x) =

d
>, Ixi| and consider the compact set € = V~1({1}). Assume
that for all k > 0, there exist x; in € and s in S(f (x,)) such that

(X, sK) = ky(x) =0

7 is continuous, and thus bounded on the compact set € x [—1, 1].
Therefore, y(x;) tends to O when k tends to infinity. Besides,
there exists a subsequence (kn) such that x;, tends to x* in C
and sy, tends to s* in [—1, 1]. It follows that y (x*) = 0 since
y is continuous. But with the same argument as in the proof of
Lemma 2, we have s* € S(f(x*)). It yields that 5(x*,s*) < 0 by
assumption and we have a contradiction.
Therefore, there exists kg such that

nKx,s) —koyx <0

for all x in € and all s in S(f (x)). Thus, with Lemma 2 there exists
a > 0 such that

nx,s) —koy(®) = —«a

so that

nx) —koy(x) <0

for any x in C. The result follows applying Lemma 3.

Lemma 5. For a positive bounded continuous function t +— c(t) and
an absolutely continuous function t — v(t) satisfying

for almost all t such that v(t) > c(t) then v(t) < —v(t)? with d in
10, 1[. Then, for all t in [0, T[

v(t) < max {0, max{v(0) — ¢(0), 0}~ — t}l/(lfd) + sup c(s).
sel0,t]

Proof. This is a direct consequence of the fact that we have for
almost all t such that max{v(t) — c, 0} is C'

max{v(l:) —¢, 0} < —max{v(t) — c, 0}.
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