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Invariance-Like Theorems and “lim inf”
Convergence Properties
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Abstract—Several theorems, inspired by the Krasovskii-LaSalle
invariance principle, to establish “lim inf” convergence results are
presented in a unified framework. These properties are useful to
“describe” the oscillatory behavior of the solutions of dynamical
systems. The theorems resemble “lim inf” Matrosov and Small-
gain theorems and are based on a “lim inf” Barbalat’s Lemma.
Additional technical assumptions to have “lim” convergence are
given: the “lim inf’/“lim” relation is discussed in-depth and
the role of some of the assumptions is illustrated by means of
examples.

Index Terms—Krasovskii-LaSalle invariance, Lyapunov theo-
rems, Matrosov theorem.

I. INTRODUCTION

HE qualitative study of asymptotic properties of trajec-

tories of nonlinear systems is a key problem in systems
and control theory, see, e.g., [1]-[5]. Among these asymptotic
properties, the most important is attractiveness, which is often
established by means of Lyapunov functions. Although this
formulation is convenient from a practical point of view, it is
in general hard to find a function that fulfills the sufficient (and
in some cases necessary) conditions of the Lyapunov theorems.
It is somewhat easier to find a weak Lyapunov function, i.e.,
a positive definite function with negative semi-definite time
derivative along the trajectories of the systems. In this last case,
for time-invariant systems, the Krasovskii-LaSalle invariance
principle allows to establish attractiveness, under additional
assumptions on the 2-limit sets of the solutions (see, e.g.,
[6]-[9D).

Another tool that is used to replace the negative definiteness
condition of the Lyapunov theorem and, in addition, can be
used for time-varying systems is Matrosov Theorem (see e.g.,
[10]-[12]). This theorem allows proving attractiveness of equi-
librium points, provided that a linear combination of positive
semi-definite functions is positive definite and their time deriva-
tives along the trajectories of the system have a triangular
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structure. However, to apply Matrosov Theorem it is necessary
to assume stability of the equilibrium point.

In [13], the authors posed the question of what can be estab-
lished if this stability assumption and the positive definiteness
assumption are removed from Matrosov Theorem. The answer
to this question is that it is still possible to establish some
convergence result, although, with reference to the positive defi-
niteness assumption, not as strong as one could think borrowing
from the Krasovskii-LaSalle invariance principle. We call this
convergence “lim inf” convergence, in the sense that we cannot
establish asymptotic stability of the equilibrium point, but we
can show that there is an oscillating behavior with some “nice”
asymptotic properties.

Since (the classical) Matrosov Theorem relies upon the study
of a triangular system of two differential inequalities, it can be
extended in different directions. A straightforward extension
consists in the so-called nested Matrosov Theorem [12], in
which several inequalities are considered. Another extension,
which changes radically the reach of the theorem, consists in
removing the triangular structure of the system of differential
inequalities. In this case the Matrosov inequalities, which can
also be interpreted within the framework of vector Lyapunov
functions (see [14] for instance), lead (assuming additional
hypotheses) to the Lyapunov formulation of the Small-gain
Theorem [15].

The Small-gain Theorem is an important tool to assess the
asymptotic properties of the trajectories of a system resulting
from the interconnection of two or more subsystems. The
Small-gain Theorem has been developed in different formu-
lations depending on which property is used to describe the
input-output behavior of each of the subsystems. For linear
systems the L, Small-gain Theorem has been successfully
used in input-output formulations of the problem (see e.g., [16,
Chapter 6] and [17]). For nonlinear systems versions based on
L,-gains (see [18]), but using Lyapunov functions, have been
presented in [19]—[21]. In this paper, the Lyapunov formulation
given in [15] and derived from the property of input-to-state
stability (ISS) (see [22] and [23]) is used. Note that within
this framework other formulations in which interconnections
between possibly non-ISS subsystems are considered (see, e.g.,
[24]-[26]), have been proposed. While the Small-gain Theorem
is usually formulated for two interconnected subsystems it is
often interesting, for practical applications, to study its large-
scale version. A large-scale version of the theorem for linear
systems can be found in [16], whereas a nonlinear formulation
has recently been presented in [27] and [28] (see also [14]).

Preliminary versions of our work have been published in
[13], [29], and [30]. One of the contributions of this paper
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is to generalize the results given in those papers. In addition,
the proofs of the lemmas and theorems are presented, together
with new technical results that are of independent interest.
Finally, this paper sheds light on some of the problems left
open in the preliminary versions. In fact, the role of some of the
assumptions (e.g., the boundedness assumption), the meaning
of the results (e.g., the “lim inf”/“lim” relation) and some
connections with stability theory (e.g., Barbalat’s Lemma) are
analyzed in detail in this paper.

The outcome of this series of papers is a class of theorems
inspired by the Krasovskii-LaSalle invariance principle that can
establish “lim inf” convergence results, thus can “describe”
the oscillatory behavior of the solutions of dynamical systems.
These theorems lead to “lim inf” Matrosov and Small-gain
Theorems which are based on a “lim inf” Barbalat’s Lemma.
In addition, technical assumptions to have “lim” convergence'
are given, and the “lim inf”’/“lim” relation and the role of some
of the assumptions are discussed. Applications of the results of
this paper are currently under investigation.

The rest of the paper is organized as follows. This section
continues with the formulation of the problem and with a
discussion on the connections with Matrosov Theorem and the
Small-gain Theorem. In Section II some properties of the so-
called M-matrices are recalled. We also give a small-gain-like
condition and we extend the concept of irreducibility to non-
constant matrices. Section III presents a series of technical
lemmas which forms the core theoretical part of the paper. The
irreducible case is analyzed and connections with Barbalat’s
Lemma are drawn before studying the general reducible case.
In Section IV the use of “linear gains” as opposed to “non-
linear gains” is justified and supported by a series of counter-
examples. In Section V the theorems are applied to the study
of the asymptotic behavior of solutions of dynamical systems.
Sections VI and VII contain examples illustrating the theoreti-
cal results and Section VIII gives some concluding remarks.

Notation: We use standard notation. R, denotes the
set of non-negative real numbers. A continuous function
o : Ry — Ry is said to belong to class K, if it is strictly
increasing, «(0) =0 and «(s) — 400 as s— +oo. Id
denotes the identity map, i.e., Id(s) = s. [v]; denotes the i-th
component of the vector v and the notation v < v has to be
understood component-wise.

A. Problem Formulation

Motivated by the attempt to add a new tool to “comparison
theory” for studying the behavior of the solutions of dynamical
systems, we consider the following problem.

Problem 1: Letie€ {1,...,p}and j € {1,...,p}. Leta; :
Ry — [—a,a] be absolutely continuous functions and b; :
Ry — [0,b] be continuous functions. Consider continuous,
positive definite functions «; : Ry — R and continuous func-

1“lim” convergence is an abuse of language that we use to indicate the usual
concept of convergence and that allows to clarify the distinction between the
two “types of convergence.”

tions f;; : Ry — Ry, with 7 # j, satisfying §;,;(0) = 0, such
that the differential inequalities

IN

a1 < —aq(br) + Pra(be) + - - + B1p(by),

—az(b2) + Ba1(b1) + -+ + Bap(bp),

IA

a2

ap < —ap(bp) + Bp1(b1) + -+ + Bpp-1)(bp-1), (1)

hold for almost all £ in R .

The “lim inf”/“lim” convergence problem consists in de-
termining the asymptotic properties of the functions b;, more
precisely, in determining conditions on the functions «; and 3;;
such that

P
h{gglf 2 bi(t) =0, ()
or
P
Jim > bi(t) = 0. 3)

The key feature of the inequalities (1) is, in line with the
approach followed in [13], [29], and [30], that the arguments
b; of the functions «; and f3;; are not related a-priori with the
functions aj, in the left-hand side. To illustrate this statement
we recall the (simplest) formulation of the Matrosov Theorem
and of the Small-gain Theorem.

Consider a nonlinear system described by the equation

&= f(z), “)

where x € R", is the state of the system and the function
f:R™ — R™is locally Lipschitz. Assume there exists an equi-
librium point which, without loss of generality, we choose as
the origin of the coordinate system, i.e., f(0) = 0.

Theorem 1 (Matrosov Theorem [10]—[13]): Consider sys-
tem (4). Let i € {1,2}. Assume there exist

1) a differentiable, positive definite and radially unbounded
function 1V : R®™ — R such that Vo <0 along all the
solutions of system (4);

2) two differentiable functions V; : R — R and two con-
tinuous, positive semi-definite functions h; : R* — R
such that the function hq + hs is positive definite;

3) a continuous function fo;: Ry — Ry, such

P21(0) = 0;

satisfying, along all the solutions of system (4), the inequalities

that

‘/1 S _h/la
Vo < —hg + Ba1(h1). 5)

Then the equilibrium x = 0 of system (4) is globally asymptot-
ically stable.
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Theorem 2 (Small-gain Theorem?® [15], [29]): Consider sys-
tem (4). Let i € {1,2}. Assume there exist

1) two C' functions V; : R® — R, such that the function
V1 + V4 is positive definite and radially unbounded;

2) two class K, functions «; : R;. — R and two contin-
uous functions 12, f21 : Ry — R, such that 512(0) =
B21(0) = 05

satisfying, along all the solutions of system (4), the inequalities

Vo < —as(Va) + Ba1(V2)- (6)
If the small-gain condition
Boroai! o fizoay’ <Id, (7)

holds, then the equilibrium x = 0 of system (4) is globally
asymptotically stable.

Note that in Problem 1 and Theorem 1 and 2 differential
inequalities with similar structure are studied; in Theorem 1
and 2 the inequalities must hold when the functions are eval-
uated along any solution. Instead in Problem 1, we restrict our
attention to those particular solutions which are bounded.

We are also interested in generalizing Theorem 1, removing
the stability assumption and not requiring that a linear com-
bination of positive-semidefinite functions be positive definite
(in the spirit of LaSalle invariance principle), and Theorem 2,
allowing the arguments h; of the functions «; and j;; to be
not related a-priori with the functions V}, in the left-hand side
(in the spirit of Matrosov Theorem). Note that as anticipated
in [29] and illustrated in detail here, the result that we prove
may not hold when the nonlinear functions «; and (3;; satisfy
the nonlinear small-gain condition (7): a more restrictive linear
small-gain-like condition may be required.

II. PRELIMINARY RESULTS ON THE TEST MATRIX

In this section we define the notion of “test matrix™ associ-
ated to the inequalities (1) and we recall or prove properties
which are instrumental to establish the results of the following
sections.

Definition 1: A principal minor of order j of an n X n matrix
A is the determinant of the j X j sub-matrix obtained from A by
deleting n — j columns and n — j rows with the same indices.

A leading principal minor of order j of a matrix A is the
determinant of its upper-left j by j sub-matrix and is indicated
by the notation M ;(A).

Definition 2 [31]: A Z-matrix is a matrix with non-positive
off-diagonal elements.

Definition 3 [31, Condition Fi7, Theorem 6.2.3]: A
Z-matrix having all its leading principal minors strictly positive
is called a non-singular M -matrix.

2The Small-gain Theorem is usually applied in the study of the stability
properties of the equilibrium point of an interconnected system. In this paper,
following the Lyapunov formulation given in [15], we abuse the terminology
saying that the Small-gain Theorem holds for the inequalities (6), ignoring if
these arise as the result of a composition of systems.
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Definition 4 [31]: A matrix is reducible if, after some
permutation of the rows and the columns, it can be written
in a lower block triangular form. Otherwise it is said to be
irreducible.

Lemma 1 [31, Theorem 6.2.7]: The inverse of a non-singular
M-matrix A has non-negative entries. Moreover, if A is irre-
ducible, the inverse has strictly positive entries.

In the following we call test matrix the matrix @ with the
(1,7) element equal to —f3;;(b;),if ¢ # j, or to a;(b;), if ¢ = j,
namely?

ai(by)  —pBi2(be)

_ﬁlp(bp>
—521(b1) a2(b2) :

Q=

—ﬁ@f.l)p(bp)
O‘p(bp)

ap-1(bp-1)
_613(11*1) (bpfl)

—Bp-1)1(b1)
—Bp1(b1)
Note that () is a Z-matrix.

When, for all k=1,...,p,l=1,...,p, with k # [, there
exist non-negative real numbers -y; satisfying

Bri(s)
sup
s€(0,5] M (S)

< Ykl (8)

we associate to the test matrix () a matrix I" defined as the
matrix with off-diagonal elements equal to — sup¢ o 5 (Bki(s)/
a;(s)) and diagonal elements equal to one. Again I' is a
Z-matrix.
Lemma 2: Assume the following.
1) The test matrix @ satisfies the following linear small-
gain-like condition: there exists a strictly positive real

number & such that, for all j=1,...,p and all
(b1,...,bp)in [0, b]?, we have
J
Mj (Q(bl,...,bp)) ZEHak(bk)- )
k=1

2) Each function s — (Bg;(s)/aq(s)) is bounded.
Then the matrix I satisfies

M;([T) > e, Vi=1,...,p. (10)
Proof: Condition (9) is equivalent to
1 1 _
M (Qdiag (,,)) >e¢e, Vj and Vb; € (0,0].
(651 ap

By definition of supremum, there exist p sequences {b;,,} such
that
Bri (b)) <
ar(bin) ~ seo, uls)

Bri(s) _ Brilbm) 1
i = aq(bin) i n’

Since a minor is a polynomial in the entries of the matrix and
the b;,, are bounded, this yields
n

1
Mj(r)2€+p< >7 vj:]‘7"'7p7

3Omitting the arguments of Q.
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where p(1/n) is a polynomial in 1/n that goes to zero as n —
00, i.e., p(0) = 0, hence the claim. [ |

Another way to make sure that (10) holds when the second
assumption of Lemma 2 is satisfied is by defining a matrix T’
with off-diagonal elements equal to some —~g; satisfying (8)
and diagonal elements equal to one and check if we have

M;T)>z>0, Vj=1,...,p.

Indeed in this case, we have
M;(T) > My(T).

This follows from the fact that Lemma 1 implies that M (T) is
a non-increasing function of ~y;.

We show now that, when the small-gain-like condition (9) is
satisfied, the irreducibility of ) implies the boundedness of the
functions s + (B;;(s)/a;(s)) on (0,d].

Lemma 3: Assume the test matrix () satisfies the linear
small-gain-like condition (9). If, for some index j, there exists
a vector (by,...,b5 1, b3, ...,b5) in (0,b]""" such that, for
all b; € (0,b], the matrix Q(b5,. .., bi 1,05,b5 ..., by) isir-
reducible then, for all ¢ # j, the functions s — (5;;(s)/;(s))
are bounded on (0, b].

Proof: By definition, the small-gain-like condition (8)
implies that Q (b1, . . ., by) is an M -matrix for all (b1,...,b,) in
[0, b]P. Tt implies also that det(Q(b1, . . ., by)) is strictly positive
for all (by,...,b,)in (0,b]?.

Letjand (by,...,05 1,05, ...,b,)in (0, b]P~! be such that
the matrix Q(b7,...,b5 1,s,b7, 1 ...,b;) is irreducible for all
5 in (0, b]. Omitting the argument (b}, ..., b5 1, 5,b5, ..., b%)
when it is not necessary, let gy, for all k, be the k-th entry of the
j-throw of adj(Q) = det(Q)Q~!. From Lemma 1 g is strictly
positive. Also g, does not depend on s. Indeed the row j of QT
depends only on s, and gy, is the determinant of the sub-matrix
formed by deleting the j-th row and the k-th column of Q7.
Finally, the j-th diagonal element of the matrix identity

det(Q)I = adj(Q)Q,
yields

0 < det(Q) = qj( 1o b1, ;H,...,b;) a;(s)

P

=D (O b5y b By) Br(s) Vs € (0,8,
k=1
k#j

Since for any ¢ # 7, g; is strictly positive, this implies

P g (brs bbb
5ij(8)+z%(l’ Ll v)

Br;j(s)

g (bf, . by by )
k#j,1
i (b5, bbb )
QJ(: Zl i+1 f)aﬂ'(s)’ Vs € (0,0], Vi#j
qi(bla"'7bj,17bj+1...7bp)
and therefore
ij i (b5, bbb B
Bij (s) < qj(: i 1 1+1 f)v Vs € (0,b], Vi £ .
aj(s) g (b, by by bn)

In view of this result we define what we mean by the fact that
@ as a function of (by, ..., b,) is irreducible.

Definition 5: A test matrix is said to be irreducible as a func-
tion if, for each index j, there exists a vector (b7,..., bi_q,
biyy...,by) in (0,6]P7" such that, for all b; € (0,b], the
matrix Q(b7,...,b5_1,b5,b5,4 ...,by) is irreducible.

The outcome of Lemma 3 is that if the inequalities in (1)
cannot be re-written in triangular form by means of a permu-
tation of rows and columns or more precisely if the associated
test matrix is irreducible as a function, then the linear small-
gain-like condition implies the existence of the matrix I" with
no additional hypotheses. In other words, when () is irreducible
as a function and (9) holds there is no need to assume that the

functions s — (5;;(s)/a;(s)) are bounded.

III. MAIN TECHNICAL RESULTS

In this section we present lemmas which constitute the core
theoretical part of the paper. They will be used to establish the
results of the following sections dealing with the study of the
behavior of solutions of ordinary differential equations which
are known to exist on [0, +00), and taking values in a compact
set, as detailed in Problem 1. For this reason we assume,
without loss of generality, that all functions are bounded.

We begin with the irreducible case in the first subsection,
we study the triangular reducible case in the second and we
conclude with the triangular block reducible case in the last.

A. Irreducible Case

Lemma 4: Let i € {1,...,p} and j € {1,...,p}. Let a; :
R, — [—a,a] be absolutely continuous functions and b; :
R, — [0,b] be continuous functions. Consider continuous,
positive definite functions «; : Ry — R and continuous func-
tions f;; : Ry — Ry, with 7 # j, satisfying §;,;(0) = 0, such
that the following hold.

1) The differential inequalities

ap < —ai(by) + Bra(b2) + - 4 Bip(by),

A

ay < —ap(bz) + B21(by) + -+ + Bap(by),

IN

ap < —ap(bp) + Bp1(b1) + -+ Bypp-1)(bp-1), (1D
hold for almost all £ in R_..

2) The test matrix () associated to (11) is irreducible as
a function and satisfies the linear small-gain-like condi-
tion (9).

Then we have

P
lim inf Z; bi(t) = 0. (12)
If the functions b; are uniformly continuous then we have
P
tl;rglo 2 bi(t) = 0. (13)
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To prove Lemma 4, we observe in the next statement, given
without proof to save space, that Cesaro’s summability implies
the “lim inf” convergence.

Lemma 5: Let o : R — R be a continuous function. If

lim —
t—oo t

then

h){r_l)gjlf lo(t)] = 0.
Remark 1: If o has constant sign then it is sufficient that o
be piecewise continuous.
Proof of Lemma 4: By Lemmas 2 and 3 we know the
defined in (8) exist and the inequality (10) holds. Hence the i-th
line in (11) gives

P
a;i < —ai(bi) + Y i (by). (14)
=
To rewrite this inequality in more compact notation let
a b1 a1 (1)
a= , b= , a(b) =
Qp by o (bp)
Then (14) reads
ai < [vir - Y-y =1 Vit --- Yip) @(b). (15)
With the definition of the matrix I', this reduces further to
[a]z < [—Fa]i. (16)

Since, by (10), I" has all leading principal minors with strictly
positive determinant, by Lemma 1, I'! has all positive entries,
hence the relation

T tal; < [-ali, (17)

holds. In fact each of the inequalities in (17) is obtained as a
weighted sum, with positive weights, of the inequalities in (16).
Integrating from O to ¢ each of these relations yields

t t

[lawnds < - [ )] ds

0 0
< [T (a(t) — a(0))], .

3

Since the functions a; are bounded, there exists a positive real
number @ such that, for all ¢

[l as<a
0
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By adding all the above inequalities we have that

t
/ o (bi(s)) ds < +oo, (18)
0 =1

7=

hence, by Lemma 5, we conclude
p
lltrgglf Z; (67 (bl(t)) =0.

Since the functions «; are positive definite, this implies (12).
When the functions b; are also uniformly continuous, the func-
tions ¢ — «;(b;(t)) are uniformly continuous. So in this case,
by Barbalat’s Lemma, (18) gives

lim Z (07 (bz(t)) =0

t—00 4

and therefore (13) follows. |

B. Triangular Reducible Case

Lemma 6: Let p >3, i €{l,...,p} and j € {2,...,p}.
Let a; : Ry — [—@,a] be absolutely continuous functions and
b; : R, — [0, b] be continuous functions. Consider continuous,
positive definite functions «;; : Ry — R and continuous func-
tions 3;; : Ry — Ry, with j < 4, satisfying (3;;(0) = 0, such
that the differential inequalities

a1 < —aq(b),

Gz < —aa(b2) + Ba21(b1),

ap < —ap(by) + Bp1(br) + - Bpp-1) (bp-1),

hold for almost all £ in R . Then

1
th%rrolc n 0/; bi(s)ds =0 (19)
and therefore
p
liggf; bi(t) = 0. (20)

Remark 2: As opposed to the irreducible case given in
Lemma 4, in the triangular reducible case boundedness of the
functions s — (3;;(s)/;(s)) does not play any role.

To prove Lemma 6 we use the following sufficient condition
to have Cesaro’s summability of an integral [32], i.e., conver-
gence of the mean, stated without proof to save space.

Lemma 7: Let 0 : R — R be a locally integrable function.
If, for all € > 0, there exits a positive number x such that

t

/a(s)ds <et+pu,
0

2
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forall t > 0, then

Remark 3: Lemma 5 and 7 provide a weaker version of
Barbalat’s Lemma (see e.g., [S]). In fact, the classical Barbalat’s
Lemma can be recovered when the function o is uniformly
continuous and (21) holds for € = 0.

Another notion that we need to introduce concerns a function
 associated with a pair of functions («, /3).

Let b be a non-negative real number. To a continuous positive
definite function o : Ry — R and a continuous function f3 :
Ry — Ry, satisfying 5(0) = 0, we associate the function ¢ :
[1,+00) — R defined as

¢(p) = max (B(b) — (p— D)a(b)).

be(0,b]

(22)

Lemma 8: The function ¢ takes non-negative values and is
non-increasing, Lipschitz and such that lim,,, ., ¢(p) = 0.
Proof: Since o and 3 are continuous and [0, b | is compact,
for each p € [1,+0c) there exists (at least one) b(p) in [0,b]
such that

p(p) = B(b(p)) = (p = D) (b(p)) -

As aresult, forany p/ > p” > 1

e(p") =B (b(p")) — (p" — D (b(p"))

> B (o) = (" = 1) (b))

> B(b(p) — (" = D (b))

=¢(p')

> B (b(p")) = (p' = D)o (b(p")) -
This yields

0< (") —0(p) < (= p")

where

i.e., the function ¢ is Lipschitz and non-increasing.

Note now that, since « is continuous and positive definite, for
any sequence {py, }, such that lim,, , { o, p,, = +00, there exists
N > 0and a sequence {b,} C [0,b], satisfying lim,, . b, =
0, and «(b,) =1/np,, for all n > N. In addition, since
b(pn) € [0,0],

B(bn) + a(bn) — = < 0(pn) = B (b(pn)) — (pn — 1

and therefore

0<pn  (b(pn))+B(bn)+a(bn) <5 (b(pn))+a (b(pn))+

(b(Pn))

This implies that lim,,_,~, a(b(p,,)) = 0 and, since « is continu-
ous and positive definite, that lim,, ., b(p,,) = 0. Finally, since
[ is zero at zero and continuous

li =
Jim o(p) =0,
which also proves that ¢ takes non-negative values. |

Note that Lemma 8 holds also for a linear combination of
functions /(). In this case we use the notation

max (8;(b;) — (p — D) (by))
b;€[0,b]

vilp) = (23)

with 3;(b;) = > %_, kiBij(b;), where the weights k; are non-
negative. .
We are now ready to prove Lemma 6.
Proof of Lemma 6: The claim is proved by contradiction.
To simplify the discussion consider the case p = 3, which
contains all ingredients necessary for the general proof.
Let 9 : [1,4+00) — R be defined as

max (B32(b2) — (p — 1)az(b2)) .
bo€[0,b]

pa2(p) =

Let also € be an arbitrarily chosen strictly positive real number.
Since by Lemma 8, 5 is non-increasing and lim,,, o 2(p) =
0, we can select 12 (¢) in [1, +00) such that

2(2(0) < <.
[1,400) — R be defined as

max (2(e)B21(b1) + Ba1(b1) —

b2€[0,b]

Let ¢ :

e1(p) = (p—Dai(b1)).

Similarly, for all € >0 we can select ¢1(¢) in [1,+00)
such that

P1(1(9) < 5.

Note now that

’lﬁl (5)a1 + w2(€)a2 + as
< —i(e)ai(by) + a(e)Ba1(b1) + Bar(br)
— a(e)az(bz) + PB2(b2) — az(bs)
< (o1 (P1(€)) +p2 (Y2(€))) — (a1 (br)+az(b2) +az(bs)) -

As a result

L3

[ > aiwiis)as

< (1 (¥1(e)) + @2 (¢a(e)))
+ (¥1()a1(0) + 1h2()az(0) + a3(0))
— (1(e)ar(t) + va(e)az(t) + as(t))
< (1 (¥1(e)) + w2 (a2(€)) t+ 2 (Yu(e) + 92(e) + 1)@
Set+2(u(e) +92(e) + D a

Since ¢ is arbitrary, the claim follows by Lemmas 5 and 7.
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In the case p > 3 the claim can be proved along the same
lines defining p — 1 functions ;. |
Remark 4: If in Lemma 6 we assume that the functions
Bij/c; are bounded and the functions b; are uniformly contin-
uous, then we have the “lim” convergence result

In fact in the previous proof we can pick

=0, tYo=1+4v1, P1=1+7v31+ 73292

and follow the same arguments as in the proof of Lemma 4.

C. Triangular Block Reducible Case

We are now ready to study the triangular block reducible
case that can be regarded as a generalization of the previous
results. To this end, let s; = r; — r;_1, with sg = r9 = 0, be
the dimension of the column vectors

a; = [a(rl—1+1) A(r_1+2) 70 Ay

T
bl = [b(rlfl—&-l) b(T171+2) e brl]
and define

al(bl)

T
= [a(rl—1+1)(b(7‘l71+1)) a(rl—1+2)(b(7‘l71+2)) O‘Tz(bm)} )

O(r_1+1)5(b5)

Z 5(Tl—1+2)j (b.])
5(r1)j (bJ)

itk =,

if k # 7,

Tm

with

s
5kj = {ﬁkjj

Him (bm) = l’l’lm(bj)
j:(rm,1+1)

B(Tl,—l“l’l)j (bj)
_ i B(TL—1+2)j(bj)

J=(rm-1+1)

@mﬂ%)

Proposition 1: Let i € {1,...,p} and j € {1,...,p}. Let
a; : Ry — [—a,a] be absolutely continuous functions and b; :
R, — [0,b] be continuous functions. Consider continuous,
positive definite functions ¢; : Ry — R and continuous func-
tions B;; : Ry — Ry, withi # j, satisfying /3,;(0) = 0. Let a;,
bi, d;, and p;,,, be vectors of dimension s;, with components
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obtained from the a;’s, b;’s, a;’s, and f3;;’s, such that the
following hold.
1) The differential inequalities

ar <94:(b1),
as < o (b1) + 82(b2),

ag < prg1(b1) + prga(b2) + -+ 54(by), 24

with r4 = p, hold for almost all £ in R .
2) The matrix @); for each diagonal element §; is irreducible
as a function and satisfies the linear small-gain-like con-

dition (9).
Then
. t
gg;/E:@@ms_O (25)
0 i=1
and therefore
p
hgglf 2 bi(t) = 0. (26)

Remark 5: As expected, (26) holds with no additional re-
strictions on the off-diagonal elements p,,,. However, as dis-
cussed in Remark 4, if all functions (3;; / v in the off-diagonal
element p;,, are bounded and the b; are uniformly continuous
then (26) can be replaced by

p

t—00 4
=1

27)

Proof: We consider the case with ¢ = 3 blocks, namely
a; < 61(by),
az < pgy(br) + 62(b2),
a3 < p3;(b1) + pra(b2) + d3(bs),

which contains all the ingredients necessary for the general
proof. Define I'; as the matrix corresponding to the test matrix
@, attached to the vector §; and 1, as the row vector with s;
elements equal to 1. Let also € be an arbitrarily chosen strictly
positive real number. In a way similar to the one followed to get
(16), we obtain

4:(b) < —-T1au(by)
and therefore
L,16,(by) < —a(b).
This leads to
I'i'ay < —aa(by),
Uolas < Tyt pg (by) — aa(ba),

Tylas <T5 gy (by) + Tyt pge(by) — as(bs).
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To deal with the terms in bs, we define so functions ¢, :
[1,400) — Ras

max

(1305 g (bry 1)
by +1€[0,0]

Pri+1 (ﬂ) =

- (,0 - 1)ar1+1 (bT1+1) )7

Pra (P) = mnax_ (13F§1M32 (bT2> - (p - 1)ar2 (brz)) .
by, €[0,0]

(28)

By Lemma 8, the functions ¢; are non-increasing and
lim,, 4o @i(p) = 0. As a result, we can select a vector ¥, (¢)
of size s with components ; () in [1, +00) such that

ro

D> ei(ile) <

i=ri+1

| ™

This gives
_ €
1375 35 (ba) — o (e)a(b2) < 5~ 1o (ba).

Similarly, to deal with the terms in by, we define s; functions
w; :[1,+00) = Ras

max (9o (e)T5 " pay (b1)

e1(p) = <
ble[O,b]

+ 1575 gy (b1) — (p — 1)a1(b1))

©ry (,0) = , mz[ié%] (1/’2(5)F51H21 (bn) + 13F§1N31 (bn)
- €10,

- (p - 1)a7“1 (brl)) :

Again, by Lemma 8, the functions ¢; are non-increasing and
lim,, 4 i(p) = 0. So we can select a vector 1, () of size
s1 with components 1);(g) in [1, +00) such that

(29)

| ™

> i (Wile)) <
i=1

This gives

P (e)05 " a1 (b1) + 1315 gy (br)

—P(e)an(br) < 5 — Liai(by).

N ™

So we have obtained

131"51('13 + 1/;2(5)1"51(12 + 1/’1(5)1—‘;1"11
< e —1303(b3) — 1aaa(ba) — 11y (by)

3
<e-— E (78
i=1

The claim follows by integrating both sides of (30) from 0 to ¢
and applying Lemmas 5 and 7. |

(30)

IV. ON THE LINEAR SMALL-GAIN-LIKE CONDITION

In this section we discuss the linear small-gain condition and
explain why it is necessary to use this in the assumptions of
Proposition 1 instead of the nonlinear condition. The discus-
sion, for simplicity, is limited to the case p = 2, in which (9)
yields

Y(by,b2) € 0,02
(€1

Br2(b2)B21(b1) < (1 — e)aa(ba)ay (br),

To simplify the discussion we restrict ourselves to consider the
case in which the functions «; are invertible and the above
inequality (31) holds for all non-negative real numbers b; and
bs. Then, from the theory of interconnected nonlinear systems,
we would expect that stability properties be related to the
nonlinear small-gain condition
BoroajtofBaoayt(s)<s,  V¥s>0. (32
Lemma 9: 1f P15 (P21 respectively) is positive definite, con-
dition (31) implies, but it is not implied by, condition (32).
Proof: We first show that the linear condition implies the
nonlinear one. Pick any pair (b1, b2) in ]0,b]? and note that the
linear condition (31) yields

[512 o 0451(1)2)] [/821 o a;l(bl)] S (]. - 6)[)11)2.

In particular, the selection

S>O, bgzs, b1:[31200z£1(8)7

yields
by a1 © al’l o120 a;l(s) < (1 —¢€)bys,

which implies condition (32).

To show that the converse is not true, let ay (s) = s, S12(s) =
52, az(s) = s and Ba1(s) = v4/s. The nonlinear small-gain re-
duces to ys < (1 — €)s which holds for all 0 < 7 < 1, whereas
the linear condition reduces to ~y(ba/v/b1) < (1 —€) which
does not hold whatever the positive value of 7 is. |

As usual for small-gain conditions it is difficult to establish
the true necessity of (31). We now show that violation of the
non-strict inequality yields the existence of functions a; and b;
such that the convergence result of Lemma 4 does not hold.

Lemma 10: Assume there exist strictly positive real numbers
b14, b2y and by, such that

B12(b2p) P21 (b1a)
az(bay) o (bia)

Br2(b2c) 21 (b1a)

< 1.
Oé2(bzc)041(b1a)

> 1, (33)

Then there exist functions a; and b; such that the convergence
result in Lemma 4 does not hold.
Remark 6: Condition (33) says that, with by = by,, the in-
equality (31) holds for by = b, but does not for by = by,
Proof: Assume for the time being that we can find strictly
positive real numbers €; and €2 such that there exist strictly
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positive real numbers 73 and 7. satisfying the linear equations

BlZ(be) - 041(61) [312(52c) - 041(61)} {Tb}
az(bay) — Bai(e1)  az(bae) — Bar(er) | | Te

_ _[ﬂ12(52) —a1(b1a)
az(e2) — P21(b1a)

Then, let b; and by be piecewise constant and (1 + 7}, + 1.)-
periodic functions defined as

] . (34

bi(t) = b, ifte|0,1],
YW e iftel, 14T, + T,

es iftel0,1],
bo(t) = { boy ift €)1, 1+ Ty,
by, ift E]1+Tb,1+Tb+TC[.

As a result

ar(1+ T, + 1) — a1(0)
< —[ai(bia) — Pra(e2)] + [—ai(er) + Biz(baw)] Tp
+ [—ai(e1) + Bra(bae)] Te
=0
and
as(14+ T, +T¢.) — a2(0)
< —loz(e2) = Bar(bra)] + [—a2(bae) + Ba1(e1)] T
+ [—aa(bae) + Fa1(e1)] Te
=0.
Therefore the result holds with a; any constant function.

Now to prove that T, T, do exist we note that when ; and
€9 are both zero, the solution of the equations (34) is

T az(bge)ar(bia) — Bia(bae)B21(b1a)
’ 042(b2c)512(b2b) *042(b2b)512(52c ’

)
T Br2(bap) P21 (b1a) — 2 (bap) 1 (bra)
¢ Oéz(bzc)ﬁm(bzb) - a2(b2b)B12(b2c)

By condition (33) 7}, and T, are strictly positive if the de-
nominator is strictly positive. This is indeed the case since,
multiplying the inequalities in (33), yields

512(5%)521 (bla)az(bzc)al (bla)
> g (bap)a (b1a)B12(b2c) B21(b1a),

where 1 (b1,) > 0, since by, > 0 and S12(bay) > 0 because of
(33). Therefore, by continuity, 73 and T, are strictly positive
when ¢1 and €5 are strictly positive, and sufficiently small. W

Thus, (31) is necessary to guarantee that there do not ex-
ist functions b; and by such that the convergence result of
Lemma 4 does not hold.

V. “LIM INF” ASYMPTOTIC PROPERTIES
IN DYNAMICAL SYSTEMS

Proposition 1 can be applied to study asymptotic properties
of the solutions of dynamical systems. In particular the follow-
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ing theorem solve Problem 1 and gives conditions to establish
the “lim inf” or “lim” convergence of such solutions.

Theorem 3: Leti € {1,...,p}andj € {1,...,p}. Consider
system (4) and let V; : R™ — R be C' functions and h; : R™ —
R, be continuous functions. Consider continuous, positive
definite functions «; : R — R4, continuous functions (3;; :
R4+ — Ry, satisfying §;,;(0) = 0. Let V', hy, §;, and p,,, be
vectors of dimension s;, with components obtained from the
Vi’s, h;’s, a;’s, and 51-]-’5,4 such that the following hold.

1) Along the solutions of system (4), we have

Vi(z) < 81 (hi(2)),

Va(z) < poy (h1()) + 02 (ha(2)),

+ 64 (hq(2))
(35)

V(@) < gy (R1(2)) + pyg (ha(@)) + -

Yz € R", withry, = p.

2) The matrix @Q; for each diagonal element §; is irreducible
as a function and satisfies the linear small-gain-like con-
dition (9).

Then, for any bounded solution ¢ — X (x, t) of (4)

and therefore
(36)

Moreover,

3a) if all functions 3;;/«; of all off-diagonal elements p,,,, are
bounded,

or
3b) if the largest invariant set #,, contained in the set

Qnyyoon, ={r €R™: hy(x) = ho(x) = -+ = hy(x) = 0}
is stable,
then
P
tlgrglo 2 hi (X (x,t)) = 0. 37)

Proof: Property (36) follows directly from Proposition 1
with h; (X (x,t)) playing the role of b;(t).
If 3a) holds, (37) follows directly from Remark 5 with
h;(X(x,t)) playing the role of b;(t). Note that the uniform
continuity of ¢ — h;(X (x,t)) follows from the continuity of

4In particular

v ]"

he ]t

V= [V(Tzfﬁrl) Vir_142)

hy = [h<n—1+1) hir, 442
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h;, and the boundedness of the locally Lipschitz function ¢t —
X (x,t) (since f is continuous).

If 3b) holds suppose that all the blocks have dimension
one and p = 3. This contains all ingredients necessary for the
general case.

Since V7 is bounded and decreasing along all the trajectories
of the system by assumption, the first inequality in (35), namely
Vi < -y (hy) implies that

tli}rglo hy (X (z,t)) = 0.
Since the solution is bounded, X (z, ¢) has an w-limit set Q(z)
which is invariant and compact, the previous limit implies

Qx) CQp, ={x €R": hy(z) =0}.

For every xz,, € Q(z), hi(x,,) =0 which, by the second
inequality in (35), implies

lim hs (X (z0,,1)) = 0
t—o0
and similarly to the previous discussion, this implies
Q(2w,) C Uy, ={z €R™: hy(z) = ho(x) =0}.

For every x,, € Q(zw, ), h1(Zw,) = ha(zw,) = 0 which, by
the third inequality in (35), implies
lim hs (X (2w,,t)) =0

t—o0

and again, this implies
Q(Twy) C Uy by ={x € R™ : hy(z)=ho(z)=hs(z)=0}.

This proves that, if the differential inequalities (35) are in
triangular form and Qp, h, is stable, then (37) holds. Note
that, if the first block of the differential inequalities (35) has
dimension greater than one, then (37) follows directly from
Lemma 4 applied to that block. The proof of the general
triangular block case can be derived from this last fact and the
discussion carried out for the triangular case.

Now we prove that it is sufficient that the largest invariant
set ‘H,, contained in th,whp is stable. Again, for simplicity,
consider the case p = 3. Assume, by contradiction, that there
exist z in R", e strictly positive and a sequence t,, going to
infinity with m such that

d(X (2,tm), Hs) > e.

Since H3 is stable there exists ¢ strictly positive such that, for
any y in R" satisfying

d(x, Hs) <6, (38)

we have

d(X(x,s),Hs) <e, Vs > 0. (39)

Then, since (z) is a closed invariant set we have (z,,) C
Q(x) and since Hg is the largest invariant set contained in
the set Qp, h,.hs One has Q(x,,,) C Hs. Now because of the

convergence of X (z,,,t) to its w-limit set (x,,, ), hence there
exists 75 such that

IS

d(X (20, T2) s H3) < d(X (Twy, T2) , 2 (7)) <

and
X (Twy, T2) € Q(24,,) C Q(z).

This means that X (z,,,, T») is an w-limit point of X (z, t), there
exists 7" such that

N

(X (2,T) = X (20, T2)| <

As a result the triangular inequality yields
d(X(z,T),Hs)
<NX (2, T) = X (T, T2)| + d (X (w0, T2) , H3)
<.

Therefore x = X (x,T) satisfies (38), which by (39) yields a
contradiction. [ |

Remark 7: The fact that (37) is implied by the stability
of th___,hp is a restatement of a well-known result, see for
instance [23, Lemma [.4]. The fact that (37) is implied by the
stability of the largest invariant set ,, contained in 2y, .. p, is
a new result.

Remark 8: 1f 3b) holds then (37) implies that #,, is asymp-
totically stable.

VI. AN ELEMENTARY EXAMPLE

In this section we present an elementary example which gives
a simple illustration of how the results of the paper can be
used. Of course, the convergence properties we obtain could
be established with classical tools. A more involved example is
presented in the next section.
Example 1: Consider the 2-dimensional system describing
the Duffing oscillator, namely
.1"1 = T2
iy = azy — Bry — Y75 (40)

with (21, 75) € R%, a > 0, 8> 0 and y > 0. The equilibrium
points are (z1,x2) = (0,0), (z1,x2) = (£+/a/7,0). Let

1 xd x? x3
Vi(zi,22) = (’71 —aTh+ 2)

3\ 2 T
and
Va(zy,x9,23) = — (aml - ’yx:f) To.
Then
T
Vy = —(a—3ya?) 23 — (axy — vo:ff)Q + B (axy — ya?}) za.

(41)

Since V; is radially unbounded, the first equality in (41) implies
that all trajectories are bounded. Then, selecting

¢ > sup | X(x1,22,t)|,
t
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(41) yields

. 1 2
Vo < —5 (aws — i)+ (3%2 —a+ 2) a3,

which motivates the choice

ﬁQ
Bi2(s) =0,  fai(s) = (3762 —a+ 2) 5,

by = x%, by = (a:cl — 73:?)2.
Note that we have a triangular structure and that
Bo1(s)  6vc? — 2a + 32
sup =
s>0 1(s) 2

is finite, hence Theorem 3 yields

. 2
tl}glchg(Jfl, 29, 1)+ (a Xy (21, 22, 1) =y X1 (21, 22, 1)%) " =0,

which implies that the solutions of the system are converging to
at least one equilibrium point.

VII. A MORE ELABORATE EXAMPLE

Consider the class of systems described by the differential
equations

iy =nay (1 —af —23) ah + kg [y ) + 28],

iy =naxs (1 — 2] — 23) 2f — kizy [U(z14) + 28],

i3 = —kox§, (42)
where (21,79, 73) € R, 214 = max{x1,0}, ¥ is a positive
definite function, p and r > p are positive even integers, ¢ is a
positive odd integer, k1, ko are positive and 7 > 0. The set of

equilibrium points is given by {(x1,z2,x3) : x14+ = 3 = 0}.
Note that

—_——
o} +aj +af = - (of +a3) (oF +2F — 1) 2 — ko

This shows that all solutions are bounded. Let

Vilar, o2, 5) = 25
T1,To,T3) = —>
11, 2, 23) = 50
and
x
VQ(mlaanx3) :?2
1
Then
Vi = —af™,
Vy = kﬂ zg (1 —af —a3) ah — x1 [W(z14) + 2f]
1

= —x1¥(x14) + b [—xl + kﬁlxg (1 — a7 — x%) xg—P}

<o W) o8 o (1), 557).

(43)
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where z1_ = —min{z;,0}. These inequalities motivate the
choice
d1(s) = a1 (s) zqul, d2(s) = aa(s) = s,
o1 (s) = PBa1(s) = cs?,
hi(z) = by = a3, ho(x) = by = 211V (214),
where

e>z+ (z2 (1 =27 —23)) a5 *.
k1 +

Note that we have a triangular structure and that, for any strictly

positive b, we have

Bai(b) <1 c

- p qa—p )
beo.) @1(0)  be(o.5 bE

which is finite for p > ¢+ 1 and infinite otherwise. By
Theorem 3

t

. 1
tgglxg/[X:z(m,xz,x?nt)z
0
+X1+(171’;E2’x37t)\11(X1+($1,932,173,t))} =0.
Since

t——~4o00

t
lim /X3($1,$2,.’E3,t)q+1(7')d’7' < 400,
0

tLHJZIOO Xs3(x1, @2, 23,t) =0,

then

tl}grnoo Xy (21,20, 23, 0)V (X4 (21, 22, 23, 1))

liltm-i{nf X1+(.131,$2,J}3, t)\l’ (X1+($1, xg,xg,t))
—400

=0, otherwise. 44)

In what follows we focus on the case p = ¢ — 1 and we show
that the asymptotic property expressed by the second of equa-
tions (44) cannot be improved. To this end re-write the system
using polar coordinates (6, p) in the (21, x2)-plane, i.e.,

p=np(l - p*)a3,

6= ki (W (pleos0)s) +a8 ),
.’I'Jg = —]{?Ql’g.
From the first equation, we obtain

p(0) exp (77 Il atg(s)’"ds)

\/1 —p(0)2 4 p(0)? exp (277 Iy :cz(S)TdS) |

p(t) =
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This implies
n=20 = p(t) = po
n >0, x3(t)" integrable = min(1, po) < p(t)
< maX(17 PO)
n >0, x3(t)" notintegrable = p(t) — 1.

From the second equation
t
0(t) < 6(0) — k1 /xg(s)q’lds
0

and from the third equation

dxg

= —koxd dt
x3

and then

¢

1

1 (1og (aa(t)) — log (aa(0))) = — [ aa(s)7 1ds,
0

that can be directly substituted in the right hand side of 6(¢). As

aresult

0(0) < |0(0) — T10g <x3<o>>} + 1 g (z3(1)

and, since lim;_,, 23(t) = 0, 6(¢) tends to —oo modulo 27, i.e.,
6(t) does not converge. Hence the vector (x1(t),z2(t)) does
not stop turning around the origin. This implies that

limsup 14 (t) # 0,

t——+o0

for all (z1(0),22(0)) € R?/{0}. This last equation shows that
the asymptotic property expressed by the second of equations
(44) cannot be improved.

A. “lim inf” Convergence Case

Letp=2,9=3,k = ko =1, ¥(s) =|s| and consider the
three cases n = 0; n = 1 with » = 2; and n = 1 with r = 4.
Fig. 1 shows the trajectory of the system with initial condition
2(0) =1[0.5 0 1] for the three cases, whereas Fig. 2 shows
the time histories of the states x1, 9, and x3. Note that the
time axis is in log-scale. Fig. 2 highlights that all trajectories
with initial condition off the (21, 2)-plane have an oscillatory
behavior with a period that tends to infinity.

Note that trajectories with initial conditions such that
x3(0) = 0 converge to the set

{(z1,22) | 27 + 23 = 21(0)> + 22(0)*, 21 <0},

i.e., to a semi-circle centered at the origin, the size of which
depends upon the initial conditions. This set is not stable, hence
condition 3b) does not hold.

1.2

Fig. 1. The trajectory of system (42), with p =2, ¢ =3, k1 = k2 =1,
¥(s) =|s|, z(0) = [0.5 0 1], for the three considered cases. The trajectory
converges to the circle of radius pg = 0.5 for n = 0 (red/dotted); of radius
min(1, po) < p < max(1, pg) forn =1 and r = 4 (blue/solid); of radius 1
forn = 1 and » = 2 (green/dashed).

Remark 9: The w-limit set of the trajectories of the system
starting off the (x1,xs)-plane is, as detailed in [33], a chain
recurrent set, which strictly contains the w-limit set of the
trajectories of the system starting in the (x1,xs)-plane, con-
sistently with the results in [33] and [34] on asymptotically
autonomous semiflows.

Remark 10: As a consequence of the discussion in this
section, the (z1,x2)-subsystem of system (42), with p = 2
and ¢ = 3, and x3 regarded as an input, does not possess the
converging-input converging-state property, see [35]-[37]. This
does not contradict the result in [35], which highlights (among
other things, and similarly to what is done in this paper) the
importance of asymptotic stability (of an equilibrium, or of a
set) to establish asymptotic properties of solutions.

Remark 11: In [13], further connections with the results in
[38] are drawn for one particular case of systems (42).

B. “lim” Convergence Case

Let p=2, ¢ =3, U(s) =|s|, n =0 and consider the two
cases k1 = ko = 1; and k; = 1000, ko = 1. Fig. 3 shows a
trajectory with initial state 2(0) = [1 0 1]’. Unlike the previous
case x1(t) and z5(t) converge to a point such that z1, = 0.
Note that this is the case also if x; and x undergo fast
transient (solid line). Finally, Fig. 4 shows the projection of
the phase portrait on the (x1, x2)-plane forp =2, q =3, k1 =
ko =1, U(s) = |s| and 7 = 0 and the set of initial conditions
{(21(0),2(0), 25(0)) : 21(0)% + 22(0)* <1, 25(0) =1},

VIII. CONCLUSION

A class of theorems inspired by the Krasovskii-LaSalle in-
variance principle has been presented in a unified framework.
The contribution of the paper is a tool to study “lim inf” con-
vergence properties of solutions of dynamical systems. In par-
ticular the theorems give sufficient conditions to determine the
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Fig. 2. Time histories of the states of the system (42) with p =2, g =3, k1 = k2 = 1, ¥(s) = |s| and z(0) = [0.5 0 1]’: n = 0 (red/dotted); n = 1 and

r = 4 (blue/solid); 7 = 1 and r = 2 (green/dashed).
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Fig. 4. Projection of the phase portrait on the (x1,z2)-plane for p = 2,
q=3, ki =ka=1, U(s)=|s| and =0 and the set of initial con-
ditions {(z1(0),22(0),23(0)) : 1(0)2 + 22(0)2 < 1, 23(0) = 1}. The
final states are represented by stars.

convergence in the mean and the “lim inf” convergence. These
theorems are derived by a relaxation of Matrosov and Small-

time

Time histories of the states of the system (42) withp =2, ¢ = 1, U(s) = |s|,n =0and z(0) = [1 0 1]’: ky = ko = 1 (blue/dashed); k1 = 1000,

gain Theorems, and they are based on a “lim inf” Barbalat’s
Lemma (Lemma 5 and 7). Additional technical assumptions to
have “lim” convergence are given. The “lim inf”/“lim” relation
and the role of some of the assumptions are illustrated by means
of examples.
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