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Abstract—A nonlinear observer for surface-mount permanent-
magnet synchronous motors (SPMSMs) was recently proposed by
Ortega et al. (LSS, Gif-sur-Yvette Cedex, France, LSS Internal
Rep., Jan. 2009). The nonlinear observer generates the position
estimate θ̂ via the estimates of sin θ and cos θ. In contrast to
Luenberger-type observers, it does not require speed information,
thus eliminating the complexity associated with speed estimation
errors. Further, it is simple to implement. In this study, the non-
linear observer performance is verified experimentally. To obtain
speed estimates from the position information, a proportional-
integral (PI) tracking controller speed estimator was utilized. The
results are good with and without loads, above 10 r/min.

Index Terms—Motor drives, nonlinear estimation, observers,
permanent magnet machines, permanent magnet motors.

I. INTRODUCTION

POSITION information is required for field orientation con-
trol of permanent-magnet synchronous motors (PMSMs).

In some applications, installing position sensors is troublesome.
For instance, in some vacuum pumps, it is not possible to extend
the motor shaft out of the motor housing due to sealing prob-
lems. In crane and elevator applications, the distance between
the motor and inverter is so large that sensor signal attenuation
and noise interference are high. In some household equipments
such as refrigerators and air conditioners cost constraints stymie
the use of speed sensors. The aforementioned problems moti-
vated the development of sensorless algorithms for PMSMs, for
which numerous works have been published.
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Sensorless techniques for PMSMs are broadly classified into
three types: motion electromotive force (EMF), inductance, and
flux linkage [2]. Matsui [3] pioneered the area of sensorless con-
trols for PMSMs with position- and speed-update algorithms
based on current errors, which originated from coordinate mis-
alignments. Ogasawara and Akagi [14] derived angle estimates
by utilizing the dependence of inductance on the rotor posi-
tion when the rotor has saliency. Tomita et al. [4] introduced a
disturbance observer for an EMF-based estimator. Corley and
Lorenz [5] proposed a sensorless control that operated at zero
speed with a high-frequency current injection and a heterodyne
filtering technique. Aihara et al. [6] combined a signal injection
technique with a back EMF-based position estimation method.
Nahid-Mobarakeh et al. [8] studied the influence of measure-
ment errors and inverter irregularities on the performance of
the sensorless control. Xu and Rahman [10], Liu et al. [12],
and Chen et al. [7] used adaptive sliding-mode observers, and
Bolognani et al. [11] applied the extended Kalman filter and
proposed guidelines for choosing noise covariance matrices.
Bianchi et al. [24] compared two signal injection methods for
zero-speed rotor position detection.

It is widely recognized that back-EMF-based methods per-
form well for middle- and high-speed applications. However, the
major drawback is that they behave poorly at standstill and in the
low-speed region. Further, they are sensitive to inherent motor
torque ripple and noises. However, with high-frequency signal
injection methods, full-torque zero-speed operation is feasible.

Solsona et al. [20] used a nonlinear observer along with non-
linear coordinate transformation for surface-mount permanent-
magnet synchronous motor (SPMSM) and load dynamics. How-
ever, their state contains speed variable and the transformed
equations are complex. Jansson et al. [21] utilized d-axis cur-
rent in proportion to q-axis current to reduce the effect of stator
resistance variation, and showed stable performances in starting
and speed reversal.

Recently, Ortega et al. [17] established some theoretical prop-
erties of a nonlinear observer for SPMSM. Instrumental to our
development was the use of a new state variable representation
of the motor dynamics [18]. The proposed observer used the
flux linkage as the new state variable and the speed dependence
was eliminated. The main interest of the observer of [17] is
its simplicity, which makes it a suitable candidate for practical
implementation. In this paper, a sensorless controller with the
nonlinear observer is constructed, and its practical usefulness is
demonstrated.
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Fig. 1. Schematic diagram of the PMSM.

II. NONLINEAR POSITION OBSERVER FOR SPMSM

Fig. 1 shows a schematic diagram of a PMSM with a sinu-
soidal flux distribution, where d–q axes denote a synchronous
reference frame and α–β axes denote the stationary reference
frame. Note that d-axis is rotated from α-axis by angle θr .

In the stationary α–β frame, the SPMSM dynamics are given
by

Li̇αβ = −Rsiαβ + ωψm

[
sin θ

− cos θ

]
+ vαβ (1)

Te =
3P

4
ψm (iα cos θ − iβ sin θ) (2)

where iαβ = [iα , iβ ]T is stator current, vαβ = [vα , vβ ]T is the
motor terminal voltage, θ = (P/2)θr , ω = (P/2)(d/dt)(θ), Rs

is the stator resistance, L is the stator inductance, ψm is the
permanent magnet flux linkage, Te is the electromagnetic toque,
and P is the number of poles. Suppose that rs and ls are the phase
resistance and inductance, respectively. Then, it follows that
Rs = (3/2)rs and L = (3/2)ls . Note also that since the motor
under consideration is an SPMSM, d- and q-axis inductances
are the same. As a result, L is not dependent on the angle θ.

It is assumed that only current iαβ is available for measure-
ment and voltage vαβ is known. On the other hand, due to the
absence of position/speed sensors, it is assumed that angle θ and
speed ω are unknown.

A. Position Observer Construction

In this study, we utilize the nonlinear position observer for
SPMSM proposed by Ortega et al. [17]. In view of its simplicity,
and for ease of reference, we repeat its construction here. First,
a new state variable is defined as

x = Liαβ + ψm

[
cos θ
sin θ

]
. (3)

Let

y ≡ −Rsiαβ + vαβ . (4)

Note that y does not include any unknown term, thereby is
available for measurement. Then, it follows from (1), (3), and
(4) that

ẋ = Li̇αβ − ωψm

[
sin θ

− cos θ

]
= y. (5)

The current dynamics is then reduced to the simplest form ẋ =
y.

To construct the nonlinear observer, define a vector function
η : R

2 → R
2 as

η(x) = x − Liαβ . (6)

In view of (3), its Euclidean norm is equal to

‖η(x)‖2 = ψ2
m . (7)

Consider the nonlinear observer

˙̂x = y +
γ

2
η(x̂)[ψ2

m − ‖η(x̂)‖2 ] (8)

where x̂ ∈ R
2 is the observer state variable and γ > 0 is an

observer gain. Note that ψ2
m − ‖η(x̂)‖2 is the distance squared

between η(x̂) and the circle of radius ψm .
From observation of x, it is possible to reconstruct θ in the

following way. First, note that from (3), we get

1
ψm

(x − Liαβ ) =
[

cos θ
sin θ

]
.

Hence, defining [
cos θ̂
sin θ̂

]
≡ 1

ψm
(x̂ − Liαβ )

we get

θ̂ = tan−1
(

x̂2 − Liβ
x̂1 − Liα

)
(9)

where θ̂ is the estimate of θ. Note that even when the denomi-
nator is near to zero, arctangent function is not sensitive.

Define the observation error by x̃ ≡ x̂ − x. Then, the error
dynamics directly follows from (3)–(8) such that

˙̃x = −γa(x̃, t)
{

x̃ + ψm

[
cos θ(t)
sin θ(t)

]}

a(x̃, t) ≡ 1
2
‖x̃‖2 + ψm [x̃1 cos θ(t) + x̃2 sin θ(t)]. (10)

It is shown in [17] that (10) satisfies the following stability
properties.

P1 (Global stability): For arbitrary speeds, the disk

{x̃ ∈ R
2 | ‖x̃‖ ≤ 2ψm}

is globally attractive. This means that all trajectories of (10)
will converge to this disk.

P2 (Local stability under persistent excitation): The zero equi-
librium of (10) is exponentially stable if there exists constants
T,∆ > 0 such that

1
T

∫ t+T

t

ω2(s)ds ≥ ∆.

P3 (Constant nonzero speed): If the speed is constant and
satisfies

|ω| >
1
4
γψ2

m
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Fig. 2. Speed observer construction utilizing position estimate, θ̂.

then the origin is the unique equilibrium of (10) and it is
globally asymptotically stable.1

Remark 1: It is also proven in [17] that at zero speed, the
vector x is not observable; hence, it is not possible to reconstruct
the position with an observer; therefore, other techniques, e.g.,
signal injection, should be tried.

Remark 2: It should be noted that the observer (8) does not
require speed information, which is a strong advantage. Nor-
mally, Luenberger-type observers cannot be constructed without
knowing ω. For example, see [8] and [9].

Remark 3: A similar nonlinear observer was utilized in [20].
However, the state variable, z does not contain any current vari-
able. In contrast, it contains speed ω. Thus, the model includes
the mechanical dynamics, so that it depends on the load charac-
teristics. Correspondingly, the full description is quite complex.
However, in this paper, only the motor model is dealt. The state
variable, x does not contain ω. Hence, the original motor dy-
namics (2) are transformed succinctly into a simple form (5).
If there is no angle error, then ψ2

m = ‖η(x̂)‖2 . The difference,
ψ2

m − ‖η(x̂)‖2 is used as the driving term that forces the error
to vanish.

B. Speed Observer

To construct a speed controller or to compensate the cross-
coupling voltages, ωLid and ωLiq , it is necessary to estimate
the speed. However, it is not desirable to obtain a speed estimate
through numerical differentiation of the position estimates. In-
stead, we utilize a tracking-controller-type speed estimator of
the form [19]

ż1 = Kp(θ̂ − z1) + Kiz2 (11)

ż2 = θ̂ − z1 (12)

ω̂ = Kp(θ̂ − z1) + Kiz2 (13)

where Kp and Ki are proportional and integral gains, respec-
tively. The speed estimator block diagram is shown in Fig. 2. The
loop bandwidth can be made wide by selecting proper PI gains,
Kp and Ki . Then, z1 tracks θ̂, if θ̂ is not changing fast compared
with the loop bandwidth. Since z1 ≈ θ̂, the node value prior to
the integral block, 1/s implies a speed estimate ω̂. Application
study of the similar PLL-type speed estimator was shown in [22]
and [23].

1Note the presence of the free adaptation gain γ on the lower bound.

Fig. 3. Overall sensorless control block diagram with the nonlinear observer
and the speed estimator.

C. Sensorless Control

The dynamic model of SPMSM in the synchronous frame is
given by

Li̇ed = −Rsi
e
d + ωLieq + ve

d (14)

Li̇eq = −Rsi
e
q − ωLied − ωψm + ve

q (15)

where superscript “e” signifies a variable in the synchronous
frame. The sensorless control block for an SPMSM that includes
the nonlinear observer is shown in Fig. 3. The nonlinear observer
outputs angle estimate θ̂ based on which the field orientation
control is established. A conventional PI controller is utilized
for d- and q-axis current control along with the decoupling and
the back-EMF compensation. The speed controller utilizes ω̂
that comes out from the speed estimator.

Jansson et al. [21] pointed that injection of d-axis current en-
hanced the robustness of the sensorless system against Rs varia-
tion. They applied d-axis current in proportion to q-axis current.
However, we inject d-axis current pulses in a low-frequency re-
gion. To generate such current pulses, we apply a voltage pulse
train, as shown in Fig. 3. In this experiment, the pulse frequency
is 200 Hz, the peak level is 50 V, and the pulse duty is 0.2 ms.
Note that no d-axis current is injected if |ω| > 100 r/min.

III. SIMULATION AND EXPERIMENTAL RESULTS

Simulation was performed with the MATLAB Simulink using
the motor parameters listed in Table I. Fig. 4(a) shows the speed
command ω∗

r and the shaft speed ωr . In the speed control block,
a torque limit and a field weakening were set up. In addition
to the inertial load caused by speed changes, extra load torques
were applied, as shown in Fig. 4(b). The speed response looks
satisfactory even under the load torque step change. Fig. 4(c)
and (d) shows estimates, sin θ̂, cos θ̂, and θ̂ in an expanded time
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TABLE 1
PARAMETERS OF SPMSMS FOR SIMULATION AND EXPERIMENTS

Fig. 4. Simulation results of (a) real speed and the estimated speed. (b) Load
torque and the torque response. (c) Estimated trigonometrical functions, sin θ̂

and cos θ̂. (d) Real position and its estimates.

scale. A good tracking performance was shown after a transient
period.

Experiments was performed with a dynamo test bench that
was made from two SPMSMs. The shafts of the two motors
were connected via a coupler, as shown in Fig. 5(b). All the
nonlinear observer and control algorithms were implemented in

Fig. 5. Photos of the experiment setup. (a) Inverter for the test motor.
(b) Dynamo test bench.

Fig. 6. Comparison between the real and the estimated position data under
no-load condition at (a) 80 r/min and (b) 300 r/min.
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Fig. 7. Comparison between the real and the estimated position data under a
full step load at (a) 100 r/min and (b) 600 r/min.

Fig. 8. Speed responses with a full step load at (a) 100 r/min and
(b) 500 r/min.

Fig. 9. Speed and the corresponding torque responses at 1000 r/min when a
full-load torque is (a) applied and (b) removed.

Fig. 10. Speed control response with a step full-load torque.

a TMS320vc33 DSP board shown in Fig. 5(a). The pulsewidth
modulation (PWM) switching frequency was set to be 8 kHz and
the dead time 2 µs. The dead time was compensated, and voltage
command values were used for vαβ in the nonlinear observer
(8). The current control algorithm was carried out every 125 µs,
and the speed control loop was activated every 1.25 ms.

Fig. 6 shows sin θ̂, cos θ̂, and θ̂, along with real position θ
measured by a 6000 pulses per revolution encoder under no
load when (a) ωr = 80 r/min and (b) 300 r/min, respectively.
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Fig. 11. Experimental result at start-up.

Fig. 12. Experimental result during speed reversal from 100 to −100 r/min.

Trigonometrical functions as a simple observer output are also
shown in Fig. 6. Note that the position errors at 300 r/min are
smaller than those at 80 r/min. Fig. 7(a) and (b) show behaviors
of the position estimates when full step loads were applied
when ωr = 100 and 600 r/min, respectively. Also the steady
state position errors at a higher speed are smaller.

Fig. 8(a) and (b) shows the changes of the speed estimates
when the full step load is applied and removed at ωr = 100
and 500 r/min, respectively. Fig. 9(a) and (b) shows the re-
sponses of the speed estimates and the corresponding torque
at the time of full-load loading and removal when ωr = 1000
r/min, respectively. Fig. 10 shows a macroscopic view of the
behavior of speed and angle estimates when the speed changes
from ωr = 100 to 900 r/min with a full-load step.

As predicted by the theory, the performance of the system
was strongly degraded when the speed approached zero. Fig. 11
shows the plot of angle estimation error and d-axis current when
the motor is starting. In the starting, no extra starting algorithm
was utilized. Fig. 12 shows the angle estimation error during a

Fig. 13. (a) Experimental results under half load (1.5 N·m) at 10 r/min.
(b) Expanded plot of the region A with iq in (a).

speed reversal (from 100 to −100 r/min). Note that as the speed
approaches to zero, the angle error oscillates to a great extent.
However, as the speed builds up, the angle error vanishes. Note
also that the envelope of id oscillates around zero speed, since
the inaccuracy in the reference frame angle is also amplified.
Fig. 13 shows a stable performance at 10 r/min (0.01 p.u.) with a
1.5 N·m (0.5 p.u.) load. Fig. 13(b) is an expanded plot of real and
estimated angles shown in Fig. 13(a). Note that d-axis current
has a shape of pulse train and that a nonzero q-axis current
(2.2 A) is flowing for torque production.

IV. CONCLUDING REMARKS

The proposed nonlinear observer is simple and performs well
in practical sensorless applications. In general, the speed ω ap-
pears as a parameter in the observer, which is a major obstacle in
the estimation of angle θ. However, the proposed observer does
not require speed information. The speed is estimated separately
using a PLL-type PI tracking controller. The controller is robust
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with the addition of d-axis current in the low-speed region. Ex-
periments showed stable performances at 10 r/min (0.01 p.u.)
with 0.5 p.u. load, as well as at the rated speed (1000 r/min)
with a full rated torque.
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