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1. Introduction

The problem of controlling a system in such a way that its state
follows a reference trajectory has been widely studied in control
theory and it is still an active field of research (see [1-3]). When
only the output is available for measurement, it can be formulated
as follows. Given:

1. asystem n = f(n, u) with output y = h(n),
2. a bounded state and input reference trajectory (n;,u;),
available at each time but not ahead of time

design an output feedback w = 6(w, y, n;),u = ¢(w, y, n,) which
ensures global convergence or, asymptotic closeness (in a sense to
be specified) of n to n,.

This problem is challenging since, as shown in [4], controllabil-
ity and observability are not sufficient to guarantee the existence
of a solution, as is the case for linear systems. Hence, some restric-
tions have to be imposed on the nonlinear function f.

Given a state feedback controller, the key step to design an
output feedback controller, is the synthesis of an appropriate
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observer (see [5] for more details). The observer problem is solved
in [6-8], for instance by requiring the nonlinear function f to be
linear in the unmeasured variable, or in [3] where f is required to
be globally Lipschitz with a Lipschitz constant depending on the
output.

Recently, the problem of practical tracking has been solved
in [2] for a class of systems not globally Lipschitz in the unmea-
sured state components, under the assumption the reference tra-
jectory is bounded and this bound is known. The aim of this paper
is to extend this result to achieve asymptotic tracking while not re-
quiring knowledge of an upper-bound for the reference trajectory.

To illustrate the key ideas of the design and to relate our
contribution to existing results we first consider an illustrative
example':

I=—z4+x"

k]ZXZ

R T (1)
Xp=u+x"" +2,

y =X,

where y in R is the available measurement, u in R is the control
input and d is a real number in [0, 1). Given a bounded time

1 For any real numbers w # 0 and r, w" denotes sign(w) |w|".
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function t > (x,1(t), x;2(t), u,(t)), together with a solution of
=z +x¢

we define a state and input reference trajectory ((z;, Xr.1, Xr2), Uy),
which is an approximate solution of (1), i.e. it solves

. 1+d
Zr = —Zr +X2,r s
Xr1=xr2+8rla (2)

1d
Xr2—ur+x+ +2z+ 62,

where (6,1, 6 2) quantifies the approximation error. The problem
is to find an output feedback such that the state (z, x1, x,) of (1)
approaches (in a sense to be specified) (z;, x; 1, X; 2) despite the
presence of (8.1, & 2)-

Note that system (1) is neither linear nor globally Lipschitz with
respect to its unmeasured state components due to the presence
of the term x2+ Hence, none of the tracking results developed in
[6-8,3] can be used. Moreover functions z,, X 1, X; 2, Ur, 6r,1 and 6, »
are not required to be bounded in norm by some known quantities,
and this impedes the use of the technique proposed in [2].

In this paper, the tracking problem is recast into the problem of
finding i = u — u,, depending on (z;, X, 1, X 2) and X; = x; — X, 1
such that the solutions of the error systems

I=-7+ (Xr2 + %) T — X:Ed,

)? 7~< - 8r 1

Xo =+ (o + %) T — x5+ 7 — 65,
asymptotically converges to a ball centered at the origin, with
radius depending only on the asymptotic behavior of §; 1 and §; ;.

To solve this problem we follow a domination approach based
on homogeneity. This leads to regardmg the term (x, 5 + %)+ —

”d + Z — §, 5 in the definition of X, as a perturbation which can
be upper bounded as:

|2 + %) — x5+ 7 — 5,5

< (1 + Dol + ol + 121 + 181.2]. (3)

This bound is composed of four terms each of which motivates
some particular features of the proposed design.

1. The term (1 + d)|x,2|*|X,| is a known time function which
multiplies a linear function of the tracking error. To deal with
this kind of term we follow an idea introduced in [9] and design
a high-gain output feedback with a dynamic scaling with gain
updated from the reference signal x; ;.

2. The second term, namely |X,|'*9, is a power of the norm of
the tracking error |x;|. To deal with this term, we use the
homogeneous in the bi-limit output feedback design tool we
have introduced in [10] (see Appendix A for the definition of
homogeneity in the bi-limit).

3. The term |z| depends on the state of the appended dynamics.
We deal with this one by imposing a minimum phase
assumption and invoking a small gain argument. Note that the
gain obtained is time-varying (it depends on x, ), and this
requires, in the design, to rely on a time-varying small-gain
argument.

4. Finally, the term |6, ;| coming from the approximation error
of the reference is a perturbation which does not necessarily
vanish at the origin. This implies that exact tracking cannot
be obtained. Nevertheless, the use of high gain allows one to
reduce the effect of this disturbance.

In conclusion, the solution to this tracking problem is based on
a domination approach and combines high-gain with dynamic
scaling and homogeneity in the bi-limit.

In Section 2 the main result of the paper is stated, commented
and compared with existing results related to this topic. Section 3

is devoted to the proof of the main result. More precisely, in
Section 3.1 we introduce a homogeneous in the bi-limit output
feedback design for a chain of integrators compatible with the use
of dynamic scaling. With this tool in hand, we propose an output
feedback and adjust some of its parameters by studying the closed-
loop system in Section 3.2. A brief summary of homogeneity in the
bi-limit theory is given in Appendix A, while some technical results
are proved in Appendix B.

2. Main result of the paper

2.1. Problem statement and assumptions

Consider a system whose dynamics are described by:

z="F(z,x),
X1 =x +fi(z, %),

X =x3+f(z,%), y=x1, (4)

Xn =u+fa(z, %),

where x = (x4, ..., x,) isin R", y is the output in R, u is the input
in R and z in R™ is the state of some appended dynamics.?

Lett — (x.(t), u,(t)) € R" x R be abounded function to which
corresponds a bounded>solution t > z.(t) € R™ of the appended
state dynamics

Zr = F(Zr, Xr)~ (5)

We consider t — (x,(t), z:(t), u,(t)) € R" x R as a state and input
reference trajectory. It is a solution of (4) up to an approximation
error t > &,(t) = (8;.1(t), ..., 8;n(t)) € R", defined as:

(Sr,l =Xr2 +fl(zrs Xr) - ):cr,l»
82 =% 3+ f2(zr, ) — X2,

ar,n—l = xr,n +fn71(zr» Xr) - kr.n—lv
ar,n =Ur +fn(zr7 Xr) — Xr.n,

we wish to design an output feedback controller for system (4) to
ensure the convergence (or closeness, see inequality (15)) of the
solutions (x, z) toward this state reference trajectory (x:, z).

In the design, the z part can be “neglected” provided the
appended dynamics with f; as output and x as input are incremental
ISS (see [11]). Specifically, we make the following assumptions.*

Assumption 1 (Minimum-Phase). There exist non-negative C!
functions Z; and C° functions y;, such that,

(1.1) foreachc > 0, the set {Z : 3z, : |z:| + Y 1, Zi(zr, 2) < c}is
compact.
(12) G2 DF @, %) + 5 (2, 2) [F@r + 2, +5) —

< —Zi(z:,2) + vi(z, X, X).

F(ZT’ xr)]

As shown in [4] in the context of global asymptotic stabilization
of the origin, the tracking problem under consideration might be
unsolvable. Consequently, we need to impose some restrictions on
the functions f;. In this regard, we make the following assumption.

2 Depending on the structure of the functions F and f;’s these dynamics are
usually referred as “inverse dynamics”. For instance, this is the case if F(z,x) =
F(z,x1).

3 with Assumption 1, boundedness of z, is implied by the boundedness of ;.

4 See Section 2.3.2 for some discussions on Assumptions 1-3.
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Assumption 2 (Nonlinear Bound). : There exist positive real
numbers q; and g5, a real number d in [0, nl—l) a positive
real number c,,, a non-negative continuous function 2, and non-
negative functions u; such that:

(2.1) the functions w; are zero at zero, C' on (0 4+ oco) and
continuous at 0, the functions ,u?‘ are convex and:
Sii(s) < qapi(s) Vs > 0; (7)

(2.2) foralliin{1,...,n}andall (z, Z, x,, X) in RZz+2",

iz + 2. % + %) — fi(zr. %) < 2. %) Y _ 1%

=1

i . 1=2c0@=i=1) 5
+ oo »_ IR D 4 pi(Zi(zr, 7).
j=1

Finally, for the appended dynamics, we impose a bound on the
gain between its input x and its outputs f;.

Assumption 3 (Bound on the Gain). There exists a strictly positive
real number v such that, for alliin {1, ..., n} and all (z,, x;, X) in
R™12" we have,

w1+ VYR, 21, %)) < 22, %) Y 15|
j=1

i _ 1-do(m=i=1)
+ Coo E |Xj| 1—000 (n—j)
Jj=1

where the functions y;, ;, §2 and the positive real number c,, are
as in Assumptions 1 and 2.

2.2. Main result

For systems satisfying Assumptions 1-3, the high-gain output
feedback we propose to solve the tracking problem is expressed
as:

u=u +L""Ppe'R),

R . . Xx—Wy—x

%= 8%+ BL"Pp(£7'%) + LEK (%) , (8)
where

¢ =diag(Lb, ..., [T, 9)
& denotes the left shift matrix of order n, i.e.

8% = (Rps ..., 81, 0)",

and b is a positive real number chosen to satisfy,> for1 <j <i < n,
1—0,(n—i—1) i+b i

- < 7 < 7 s

1—0(n—J) j—1+b j—1

forall1 < j < i < n and with 0, as given in Assumption 2.
Similarly to [10], the functions K and ¢ are designed by following

(10)

5 This choice is always possible since, for 1 <j <i < n, we have:
i+b i

- + <—— Vb>0,

j—1+b j—1

and

1—0(n—i—1 i 1
PP .E Uk e S VA
1—0(n—1J) ji—1 n

the procedure described in Section 3.1.3. Unlike [ 10], the high-gain
parameter L is updated on line as:

[=—aqL+Lmax {0, ar(a +1—L°) + a32(z. x)} (11)
where:
dy+ooo
_ 2(z . X T—000 (1—2)
.Q(Zr,xr):max{i(r ’),1} :
Co

and where dy, a4, a;, and as are positive real numbers to be defined,
with a; sufficiently small and dy, a, and a3 sufficiently large, and €
is selected to satisfy,for 1 <j <i <n,
O<e<itbo(btj_1 =iz D (12)
1—0(n—}))
The update law (11) is a modification of the one introduced in [9,
(24)] and in [1, (3.12)] or [12, (134)]. Its right-hand side depends
only on the state reference trajectory (x,, z.). Since the reference
trajectory is bounded by assumption, L is upper bounded along any
1

closed-loop solution. Moreover, if L(0) > azz, L(t) remains larger

1
than a; along any closed-loop solution. In particular, L(t) > 1 if
we select a, > 1. Finally the presence of the term —ayL allows one
to recover the main property of [9, (24)], i.e. L “follows” its driving
term. Specifically, as established in Appendix B, we have:

1

limsup L(t) < [az + 8 im sup{.()(zr(t),xr(t))}:| , (13)
t—+00 a; t—+oo

1
liminfL(t) > |:a2 + & liminf{.Q(zr(t),x,(t))}] . (14)
t— 400 ay t—+oo

We are now ready to state the main result of the paper (proved
in Section 3).

Theorem 1. Under Assumptions 1-3, given any strictly positive real
numbers b satisfying (10) and a sufficiently large real number dy,
there exist a positive real number c, and functions K and ¢ such
that, for all sufficiently small strictly positive real number a; and
sufficiently large real numbers a, and as, the following holds.

For any bounded state and input reference trajectory t i+
(%, (t), z; (t), u,(t)), with bounded approximation error t +> &,(t)
given by (6), the solutions of system (4) with the output feedback (8),
(11) are bounded in positive time and satisfy

n—1
4 - . |5r i(t)|
I 1 — X 1 oY
‘Ef‘oﬂp [£7(x(t) — % (1) < ¢ ltriligop :; L(t)ith
|8r,i(t)| m |8r,n(t)|
i (L(t)"“’) +2L(t)"+b] v

with £ defined in (9).
2.3. Some remarks

2.3.1. About the result

If the reference trajectory is an exact solution of (4) (i.e. if
8:(t) = 0) or if §,(t) converges to zero as t goes to infinity,
the output feedback given in Theorem 1 ensures that (x(t), z(t))
converges to (x;(t), z-(t)).

In general, (15) implies

lim sup L(t)?
limsup [y(t) — x,1(0)| < CrLHb
t—>+o0 lim inf L(t) T

t— 400

n—1

1
s limsup 2 18,.4(0)] + [8r.i(0)] =% 428, (D) ¢ -
t—+00 i—1
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Therefore, if the reference trajectory is known in advance, for all
k > 0 we can select the parameter a, strictly larger than

Az —
lim sup { max { = 2(z:(t), X, (1)), c¢
t— 400 aq
n—1 _ 1 €
D180+ 18, (E)| oot 4 2[5, 1 (1)
i=1 b
X 2
K

Then, by (13) and (14),

lim sup |y(¢) — %, 1(D)] < «.
t—+00

Hence, as in® [2], we recover a practical result in its usual
formulation.

On the other hand, we do not need to know in advance the
whole reference trajectory or even a bound on it to design the
controller and to get asymptotically closeness of the closed loop
system solutions toward the reference one. This differs from the
results proposed in [2,8].

2.3.2. About the assumptions
Note that for system (1),

e Assumption 1 follows from inequality (3) taking
21z, 2) = L(2. 2) = |2,

and
= . d 3 = ita |
V1%, 2, %) = 2%, 2, %) = (1 + d) [ 2 |* [x2] + [%2 | .

e Assumption 2 is satisfied setting 0., = d, c5o = V2 and picking

2, %) = V20 + Dol 11() = 12(5) = 5,

1

:27 = —.
q1 q2 2

e Finally, Assumption 3 is satisfied with v = 1.

Consequently, system (1) belongs to the class of systems
satisfying Assumptions 1-3 and Theorem 1 applies.

When compared with what can be found in the textbooks [7,6]
orin [8] for instance, our approach allows us to deal with dynamics
which, in appropriate coordinates, may have some polynomial
growth in the unmeasured state components (as expressed by
Assumption 2).

Assumption 1 is more general than the incremental property
introducedin[11](see also [13]) since the gain y; in Assumption 1.2
depends also on (z;, x,). Nevertheless it retains its main property
on the behavior of the solutions. Specifically it implies that, for
all bounded time functions t — (x(t), r,(t)), if a corresponding
solution t + 3:(t) of the appended dynamics of system (4),
i.e. solution of:

r=FGr ),
is bounded, then all solutions t + 3(t) of:
3=FG. 0

are bounded as well. If furthermore, for all i, y; (3, (t), & (t), x(t) —
& (t)) goes to zero when t goes to infinity, then |3(t) — 3,(t)| goes
to zero.

6 See Section 2.3.2 for more details.

The presence of the §,; offers great flexibility for checking
our Assumptions. Specifically, it follows from our proof that
Assumptions 1 and 2 need not to hold for all (z;, x;). It is sufficient
they are satisfied with F(z, x,) and §; ; given by (6). For example,
in the case with no appended dynamics, by letting:

Or1 = kr,l —fixr), (Sr,i =fix,) Vi>2,

Assumption 2 becomes:

Xri = 0,

—do0 (n—i—1)

i i
- - 1xc—izl)
FG] < 2060) D 1%l + oo Y K] ToxT
=1 =1

Then, with f; being locally Lipschitz, around the origin, we recover
the result on practical tracking in [2] where standard homogeneity
and domination is also used.

In the same way, by letting

F(z;,x) =0, i = fi(0, x;) — fi(zr, Xr),

Assumption 1.2 reduces to a simple ISS property as assumed for
example in [8].

Finally, the presence of the function £2 in Assumptions 2 and
3 is an important feature. It is necessary to account for the fact
that the local Lipschitz constant depends on around where the
solution is and therefore around where (z,, x;) is. But, not knowing
in advance the reference trajectory, we have no a priori upper
bound for this term. This term makes the analysis much more
involved and requires ad hoc small gain arguments.

2.3.3. About the reference trajectory

The standard output tracking problem consists of designing
a feedback which guarantees boundedness of the closed loop
solutions while ensuring convergence of the output to a desired
reference signal y,. To solve this problem, we follow the classical
two degrees of freedom design technique. Namely we separate the
problem into two subproblems:

e trajectory generation,
o feedback compensation.

Feedback compensation is the object we present in full detail in
this paper. The purpose of trajectory generation is to synthesize
a state and input reference trajectory (x;, z;, u,) for the system
given the desired reference signal y,. Here we do not require this
trajectory to be feasible since a “dynamical mismatch” quantified
by §; is allowed. In addition we do not require this state and
input reference trajectory, and therefore the reference signal to be
available ahead of time.

The problem of state and input reference trajectory generation
is rendered more difficult by the presence of appended dynamics.
When the system we consider is right invertible (see [ 14]), one way
to solve this problem (among many others) is to decompose it in
two sub-problems:

1. generation of the time derivatives of the desired reference
signal y;,

2. transformation of these derivatives into a state and input
reference trajectory.

The problem of obtaining the time derivative of the desired
reference signal is an observer problem. It can be solved once we
have a model of the system which generates the reference signal,
the so-called exo-system in regulation theory [15]. For example,
we could pick as approximate exo-system yﬁm) (t) = 0,ie .y (t) is
approximated as a polynomial of degree m— 1 in t (the model used
in[2]isy, = 0).

Then, to obtain the appropriate signals (x,, u,) and z;, from

y, and its time derivatives yﬁi), we follow a standard inversion
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procedure (see [14]). Specifically, if we can partition x in (x4, Xp)
so that (4) takes the specific form’

z= F(L Xa),
Xa1 = Xa2 + fi(Xa1),

%anafl = Xang +fnafl(xals ey xana—l)»
).{ana = Xp1 +fna (Z’ Xﬂ)»
Xp1 = Xp2 + fog+1(Z, Xa, Xp1),

Y = Xa1, (]6)

kbnb =u +fna+nb (Za Xas Xp1s+ v+ xbnb)7
then by formal differentiation we obtain functions ¢, so that
Xrai = GaiVrs - - ,yﬁl_])), and by on-line integration of

z, = F(z, Xr.a)s

we obtain z, from x; .. Finally, again by formal differentiation, we
obtain functions ¢; so that

i1
Xrpi = Ovi(Zr, Yr - .. 7Y£na+l ))! Ur = ¢Gpa(Zr, Yr - .. ,J’§"“+"”))-

If, for the z subsystem there exist a particular initial condition z(0)
and a bounded time function t +— x,(t) (considered here as input)
such that the corresponding solution t — z(t) is bounded, then, by
the minimum phase Assumption 1.1.2, the above procedure yields
a bounded state and input reference trajectory provided that the
functiont — (v, (t), ...,y ™ (¢)) is bounded. Note that we rely
on a minimum phase assumption and this is not surprising in view
of the key role this assumption plays, as discussed in [16].

For system (1) it is possible to compute an exact state and input
trajectory from y,, y, and y, selecting x, = (x1, xp) with x, = .
Indeed, we obtain:

. . . 14d . o\ 14d
Xr2 = Yr, ur:.Vr_(yr)+ - Zr, Zr:_zr+(.yr)+~

Unfortunately, in general, the estimation process yielding the time
function y,(t) and y,(t) from the knowledge of y,(t) is not exact,
and consequently generates an approximation for this reference
trajectory (i.e. non-zero 8; and §).

The procedure above is only one of many possible solutions.
Others may exploit optimal control or flatness [17].

3. Proof of Theorem 1

The proof of inequality (15) is divided into two parts. In the first
part we introduce the functions K and ¢ appearing in the output
feedback given in (8). In the second part we show how a proper
selection of the parameters dy, a, a; and as in the high-gain update
law (11) yields the result.

3.1. Construction of K and ¢

3.1.1. Posing the problem as an output feedback stabilization problem
The first step is to pose the tracking problem as a problem of

stabilization by output feedback. Setting

Z=1z-—z,

Ul=u—1u, X=X—X,

we obtain:

{é =F(z: +Z,% +X) — F(z:, X,), (17)

X= 8%+ Bi+f(z +Z. % + %) — [z %) — &,
where B=(0,.... )T and 8, = (8r.1,....8:n).

The objective is to find &t depending on the outputX; =y — x; 3
and on the state reference trajectory (z,, x,) such that (15) holds.

7 Xp is not an argument of F and z is not an argument of fi, ..., fra—1-

3.1.2. A high-gain domination approach

The X dynamics of the system (17) have the structure of a
chain of integrators disturbed by nonlinear terms depending on
the tracking error (X, Z), the state reference trajectory (x;,z)
and the approximation error §,. This motivates us to use the
domination approach introduced in [18] (see also [19]). In this
context, the nonlinear functions (the fi’s) are not used in the
design but considered as perturbations and the output feedback is
designed on a dominating model which in this case is the chain
of integrators. To ensure robustness to these nonlinearities, we
employ high-gain techniques. This leads us to design the controller
with the scaled coordinates:

x; = P (18)

where L is the updated high-gain and b is a positive real number
satisfying (10). Compared to the scaled coordinates used in the
high-gain approach in [18], we add an extra high-gain parameter
b which has been introduced in [9] and which allows gain
adaptation.

3.1.3. Homogeneous in the bi-limit output feedback for a chain of
integrators

Following the domination approach, we focus on the dominant
part of system (17) in the scaled coordinate (18), i.e. a chain of
integrators, with state X = (X1, ..., X,) in R" described by:

X = 48X+ Bu, y = X1. (19)

To design the output feedback controller for system (19) we use
the tools developed within the framework of homogeneity in the
bi-limit, introduced in [10]. (See Appendix A for a brief summary.)
Selecting 99 = 0 and with 9, given by Assumption 2,
homogeneity in the bi-limit is obtained for system (19) with the
weightsro = (ro,1, ..., To.n) ANd T'og = (Too,15 - - - » Too,n) as®:

roi=1, Tooi = 1 —000(n —1), ie{l,...n}. (20)

In[10] we have proposed an output feedback for system (19) given
by:

A

u=¢R) , X=48X4BpXE) +K(— X, (21)

where X = (DAcl, ce DAC,,) is in R", K is a homogeneous in the bi-
limit vector field with weights ry and r,, and degrees 0 and 0, and
¢ is homogeneous in the bi-limit function with weights ry and .,
and degrees 1 and 1 + 0. Setting:

E:(e]...,en)Tzi—%

the chain of integrators (19) with the controller (21) can be
described by:

{3(—:: $%+Bp(R) +K(er) (22)
E=8E+K(e).

In [10], the design of K and ¢ is performed recursively by following
an observer/controller approach in such a way that there exists
homogeneous in the bi-limit Lyapunov function U of degree dy
satisfying, for some real number cy,

U U . .
a—E(ae, E) (8E + K(ey)) + ﬁ(ae, E) (8% + B(X) + K(e1))

A o duttoo
< —C (U(%, E)4+UX,E) W ) . (23)

8 Note that T'o,i increases with i and is in (0, 1].
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To combine this tool with dynamic scaling we need to establish
a specific property on the Lyapunov function U. This property
is homogeneous in the bi-limit version of the one given in [9,
equation (16)] or in [3, Lemma A1] and also used in the context
of observer design in [20]. Namely, given the diagonal matrix

D = diag(b,1+b,...,n—1+0Db),

where b is a positive real number satisfying (10), the function ¢
and the vector field K are selected such that the Lyapunov function
U satisfies (23), and also:
ou . au . A A
— (X, E)DE + — (X, E)DX > U(X, E), (24)
oE X
for some positive real number c,.

Such a property can be obtained by modifying the recursive

procedure given in [10] as claimed in the following statement the
proof of which is omitted but can be found in [21].

Theorem 2. Let dy be a positive real number satisfying dy >
2maxi<j<nToj + Ooo. There exists homogeneous in the bi-limit
function ¢ R" — R, with associated triples (ro, 1, ¢o) and
(Too, 14 000, Poo), homogeneous in the bi-limit vector field K

R — R", with associated triples (rg, 09, Kg) and (rso, 900, Kso)
and a positive definite, proper and C' function U : R*" — R,
homogeneous in the bi-limit with associated triples (rq, dy, Up) and
(Tso» du, Uso), such that the following holds.

1. The homogeneous approximating functions U and U, are positive
definite and proper and for alljin {1, . . ., n}, the functions % and
)

Wy eo Wy Uso )
(3ej » ) and (ax T respectively.

2. There exist two positive real numbers ¢y and ¢, such that (23) and
(24) are satisfied.
We choose dy satisfying also fi;;
Assumption 2. In this way the functions ;Lf are convex for all ¢ >

fi;; In what follows the parameters dy and b, the vector field

K and the function ¢ are assumed fixed, it remains to select the
parameters a;, a, and as appearing in the high-gain updated law
(11).

> @i, with g; given in

3.2. Properties of the closed loop system

3.2.1. ISS property with respect to the 8, ;'s

The system (4) with the controller (8), (11), introduced in
Section 2.2, can be fully described by the high-gain update law (11),
the Z dynamics in (17) and the equations®

. L

E = L(8E +K(e1)) — —DE — Ap(L) — As(L),

, L i (25)
%:Lw§+3¢@y+mﬁ»—in§
., Xn)" are defined as:

where E = (e, ..., e,)Tand X = (X, ..

X=¢% E=g'G-% (26)
and
Af(L) = S_l(f(zr +Z,x% +%) — f(z, %)),

AS(L) = 2_1(5r,17 ey Sr,n)
are regarded as perturbations.

9 -1 _ _j-1jpa-1
Note that £~ = —L~'LDg~ .

By inequality (23), the function U obtained from Theorem 2
satisfies, along the solutions of system (25),

—c1L0 (U(%, E)) + Tps + Tpist, (27)

where 6 is the function defined on R, as:

/,,.—
U(x E) <

00ty

0(s) =s+s W , (28)

and
L U
Tps = —1 A (36 E)D3€+ 3E (36 E)DE

Tpist = —B—E(a%, E)[Af (D) + As(D)].

The above discussion and Assumption 2 yield the following
result, the proof of which is given in Appendix B.2.

Lemma 1. There exist two positive real numbers c3 and c4 such
that, for all sufficiently small strictly positive real numbers a; and
sufficiently large real numbers a, and as, inequality (27) becomes:

U(ﬁé, E) < —4cslo (U(?E, E)) + gl Xn: Gi(Yi)
i=1

+ Ly Z;’ (Ll+b) (29)

where
Yi = 1" 142z, 2)) (30)

and the ¢; are C', convex, strictly increasing and homogeneous in the
bi-limit functions with weights 1 and 1o ; + 9o and degrees dy and
dy + 0, defined as'°:

s dy —Too,i
Li(s) = / maX{|0|dU_], |o|Teit}do, Vie{l...,n—1},
0
s ay 31
&n(S) :f min{|o|?", |o| hx Jdo
0

If the functions Z;’s were not present (via Y;), inequality (29)
would give readily an ISS property between L(S,L’,, and (§€, E). To
prove this claim note that the function

dy
1
SER" > Z|s1|+|sz|’w+°°°+ & (1+|sn|‘1+°°°>
1+ sl

is positive definite, homogeneous in the bi-limit with weights

1 and ro; + 0o and degrees dy and dy and its homogeneous
d

u
approximating functions (i.e. > 1, [s;|% and "I, |s;| %> ) are
positive definite. Furthermore, since the function s € R"

0! (%‘3‘ G (s,-)) is homogeneous in the bi-limit with the same

weights and degree!' by Claim A.3 in Appendix A, there exists a

10 Recall thatdy — 1 > ““‘T’M foralliin {1, ..., n—1janddy — 1> &L

My . R, — R, defined in (28) is a bijective, homogeneous in the bi-
limit function, and satisfies all assumptions of [10, Proposition 2.11]. This implies
homogeneity in the bi-limit of its inverse map #~! : R, — R, with approximating

dy
homogeneous functions s and s>+ . Then [10, Proposition 2.10] implies that the
function 6! (%2 S (s,-)) is homogeneous in the bi-limit with degrees dy and
du.
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positive real number cs such that:

= ” i (si
(CB;“S))

d
n—1 1 ™ | u
< (Z sl 18 4 (1+1s1m%))
n

i=1

d
n—1 : u
d oo
5%“(2 Isil + Isi| o™ +2|sn|> . (32)

i=1

Hence, without Y; in the inequality (29), we would have (see [22]):

; d (180
limsup U(X, E(t)) < c5” limsup Z ( : )
i=1

t——+00 t—+00 L(t)i+D
5O = 1501
ri t Too,iTo00 rn t
+ (L(t)Hb > +2 L(t)"*b :| . (33)

In addition, since the function U is positive definite, homogeneous
in the bi-limit with degrees dy and dy and its homogeneous
approximating functions are positive definite, and since ry; is
smaller or equal to 1, Claim A.3 in Appendix A implies the existence
of a positive real number c;3 such that:

UG E) > o3 |2 —E[" = cps |2 %", (34)

which implies that (15) holds with ¢, = .
i3

3.2.2. Small-gain arguments

To establish an inequality like (33) in the presence of Z; (or
Y;), we need a more advanced argument relying on a small gain
theorem.

First of all, note that, Assumptions 1 and 3 yield the following
result, the proof of which is in Appendix B.3.

Lemma 2. There exist two positive real numbers cg and c; such
that, for all sufficiently small strictly positive real numbers a; and
sufficiently large real numbers a, and as, we have, along the
trajectories of the closed-loop system,

C00 < —cti(Y) + &2 %00 (UG, B)) . Vil1,....n}. (35)

Lemma 2 quantifies the ISS gain between (%, E) and Y;, which,
unfortunately, depends on (x;,z/) (through the function £2).
Nevertheless, due to the special structure of the high-gain update
law (11), an inequality similar to (33) can still be obtained.

Suppose that a; is sufficiently small and that a, and as; are
sufficiently large such that Lemmas 1 and 2 apply. Then, inequality
(35)yields, forall0 <s <'t,

Gi(Yi(t)) < exp(ce(s — £))&i(Yi(s))

t
+ [ ewteatr = )6 20N,
S
where we have used the compact notation:

U@ =UE®D),EWD),  Yit) = LOT M wi(Ziz (6), (D)),

2(t) = 2(z:(1), %:(1)).

The inequality above, together with definition (30) and inequality
(29) divided by L'~¢, yields:

U(t) n fSri t
T = el UO) 4L (740
i=1
+eaexp(es(s — 1) Y & (L) TP (wiZi(s))
i=1
t
+ncacs / exp(cs(r — 1)) [2(MOU(r))]dr, (36)
where :
Zi(t) = Zi(z: (1), Z(1)).
This yields:
m i St
)= = —4c3L()°6 (U(t)) + L(t) cq Z Gi (L(t’)(fﬁ‘)b)
i=1

n

+eaexp(cs(s — 1) Y & (L) (i(Zi(s)))

i=1

+ ncacy S[su:l]) {exp (CZ—G(r - t)) 9(U(T))}

t C o
X / exp (;(r — t)) £2(r)dr. (37)
S
Now, assume for the time being that L satisfies'?:

1 t C _
L(t) > — [nc4c7/ exp (;(r — t)) (r)dr + 11| vt > 0.
C3 s
(38)
In this case (37) becomes, for all s < t,

U(t)

. Sri(t
T < —4GLO6 (U®) + L1 Y & (ﬁ)
i=1

+esexp(cs(s — 1) Y & (L) (iZi(s))))
i=1
+ [c3L(t)€ — 1] exp (—%Gt) sup 1 exp (Cz—Gr) O(U(r))} ,

[s,t]

L 8 i(t
< —[4csL(6)° + 110 (U(t)) + L(t)“cq Z Gi (ﬁ)
i=1

+egexp(ess — 1) Y & (L) TP (iZi(s)))

i=1

+ c3L(t)€ exp (—%Gt) ?su[l]) {exp (CZ—Gr) 9(U(r))} . (39)

Since the functions § and L are upper bounded on R, and L(0) >

1
a, > 1, there exist 9, and Ly, that satisfy:

L(t)i+b

Then, given the initial conditions L(0) and Z;(0), we can find a
sufficiently large positive real number U,,, strictly larger than U (0),
and satisfying, for all i,

1 5r,i(t) %
o= G . Ln=LO>a5 =1, Vi>0. (40)
i=1

0(Un) = ca Y _ & (LO) ™ (11i(Zi(0)))) + caLiydm- (41)

i=1

12 This property will be established at the end of the proof.
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Suppose there exists a time ¢, in the positive time domain of
existence of the solution such that U(t,;) = Uy, and U(r) < Uy
for all r in [0, t,). This implies

[32}:] [exp (Cz—sr) 9(U(r))] = exp (Cz—stm) AU (tm)).

On the other hand, by (41), settings = O and t = t,; in (39) yields

Ul(tm)
L{t)—e = —3c3L(tm)0(U(tn)) < 0.

This contradicts the definition of t,. Consequently, U, upper
bounds the function t + U(t) in the positive time domain
of the existence of the solution. Since t + L(t) is bounded,
the same holds for t +— (X(t),%(t)) and therefore also for
t > yi(z:(t), x.(t), X(t)). Then, by integration, we obtain from
Assumption 1.2 that, for all i, the function t +— Zi(z(t), Z(t)) is
bounded on the positive time domain of existence of the solution.
Hence, by Assumption 1.1, the same holds for t + Z(t). This
implies that the positive time domain of existence is [0, +00) and
that the closed loop solution is bounded on this interval.

It remains to establish (15). Let U be any positive real number
satisfying

n—1
Srilt
U > ¢V limsup (Z 12 (D)]
P

t——+o00 L(t)i+b

1
18,.4(0)] | oo
— 2
+ (L(t)”’b +
with cs given in (32). By definition of lim sup, there exists t; such
that

n—1 1 dy
dy |8r,i ()] |87, ()] ) Too.iFoo0 8.1 (0)]
U= (Z(L(t)f+b>+<L(t)i+b) +2L(t)b+n> :

i=1

vt >t (43)

dy
18r,n ()]
L(t)b+n ) ’ (42)

Furthermore, using (32), we obtain:

. (Sr i
L(t)ec4;§i (%) <al®9(U), Ve=u. (44)

Let Z; ,, be a bound for the function t + Z;(t) and:

n 1_ith
ey gilay, < wilZim))
ty=—1In =1
Ce C3020 (Q)

By (40), we have:

caexp(css — ) Y & (LT (ui(Zi(s)))) < esL(t)°0 (U),

i=1
Yt > s+ . (45)
Define now
U(s) = sup U(r),

r>s
and assume that we have:
Us) >U Vs>t (46)
Then, by (44) and (45), (39) with s > t,, gives:

U(t
L(tgl),e < —[4c3L(t) + 110U (L)) + 3c3L(t) 0 (U(s))

Yt > s+ t.

So, for each time t > s+t for which we have 6 (U(t)) > %0 (U(s)),
we obtain:

o < —0U()).
It follows from the proof of [23, Theorem 1] that we have:
3
limsupO(U(t)) < —0(U(s)).
t——+00 4

But the definition (28) of 6 gives:

dy
0(a) < pf(b) = a < p*iub Va,b>0,Vp €|0,1].

This yields:
dy
3\ %o+dy
limsup U(t) < <*) U(s)
t——+o00 4

and this for all s > t;. By taking the limit for s going to infinity, we
get

3 aocdgdu
limsup U(t) < <7) lim sup U(t)
4 t—+00

t—+00

and therefore lim sup,_, . o, U(t) = 0, which contradicts (46). We
conclude that, for each U satisfying (42), there exists s satisfying:

UG) =supU((r) < U

r=s

from which (15) follows.
To complete the proof it remains to show that the property (38)
is satisfied. By letting

M=I1f,

(11) gives:

M = —eaq;M + eM max {0, ar(a + 1 — M) + a32(z:, %) } .

Since M > a, > 1, when:

ay(a; + 1) + a3 2(z, %) = M,

we get:

M > —eaiM + € [a1(a + 1 — M) + 032 (2, x,)] ,
> —2ea;M + € [ai(az + 1) + a32(z, ;)|

and, when:

a1(ax + 1) + a32(zr, %) < a1M,

we get:

M = —2eaM + eaM,
> —2eaM + € [ar(ay + 1) + a32(zr, %) ] .

By integration this yields:

M(t) > exp(—2eayt) (M(O) — az; 1)

t
+&eas / exp(2ea; (r — t))82(z-(r), x,(r))dr + (12;- 1 .
0

Picking L(0)¢ = M(0) > a,, the inequality (38) holds provided a;
is chosen sufficiently small and a, and a3 sufficiently large.
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4. Conclusion

We have solved a tracking problem by output feedback
for minimum phase non-linear systems which globally admit
a strict normal form. Unlike most existing results, we allow
nonlinearities in the model satisfying a polynomial type growth
in the unmeasured state components. In particular, the result
obtained generalizes the one obtained in [2] since asymptotic
tracking may be obtained without knowing an upper-bound on the
reference trajectory.

This has been achieved by exploiting the tools of domination,
homogeneity in the bi-limit, dynamic scaling and a novel time
varying small gain argument.

Appendix A. Homogeneity in the bi-limit

For details on the notion of homogeneity in the bi-limit the
reader is referred to [ 10]. For completeness, we recall the definition
and state the main properties used in the paper.

Given a weight r = (ry, ..., 1) in (R, /{0})", we define the
dilation of a vector x in R" as

Mox=(Axq, ..., )J”xn)T.

Definition 1 (Homogeneity in the 0-limit).

e A continuous function ¢ : R" — R is said to be homogeneous
in the O-limit with the associated triple (g, do, ¢), Where ry in
(R, /{0})" is the weight, 1 dy in R_. the degree and ¢y : R" —
R the approximating function, respectively, if ¢y is continuous
and not identically zero and, for each compact set C in R" \ {0}
and each ¢ > 0, there exists A* such that we have:

P(A0 o Xx)

Y 7 *
r)r(lgacx 0 doX)| <e VA e (0,17].

e A vector field f = Z?:lffaix,- is said to be homogeneous
in the O-limit with the associated triple (rg, 09, fy), Where
fo = Z?:1fo,iai)q, if, for each i in {1,...,n}, the function
fi is homogeneous in the 0-limit with the associated triple
(ro, 9 + To,i,fo.i)- 1

Definition 2 (Homogeneity in the co-limit).

e Acontinuous function ¢ : R" — Ris said to be homogeneous in
the co-limit with the associated triple (reo, doo, Poo) Where 14
in (R, /{0})" is the weight, d., in R the degree and ¢, : R" —
R the approximating function, respectively, if ¢, is continuous
and not identically zero and, for each compact set C in R" \ {0}
and each ¢ > 0, there exists A* such that we have:

P> o x)

r){leacx T — P (X)| <& VA€ [L", +00).

e A vector field f = Zf:]fi% is said to be homogeneous
1
in the oo-limit with the associated triple (ro, 900, foo), With
foo = 211 froize. if, for each iin {1, ..., n}, the function f; is
1

homogeneous in the co-limit with the associated triple (roo, 000
+rOO.i7fOO,i)'

13 ifxis partitioned as (xq, Xp), We use (roq, Top) (respectively (Fooq, I'sob)) to denote
the weights of x, and xp.

14 15 the case of a vector field the degree 0, can be negative as long as 09 +1g; > 0,
forall1 <i<n.

Definition 3 (Homogeneous in the bi-limit function). A continuous
function¢ : R" — R(oravector field f)is said to be homogeneous
in the bi-limit ifit is homogeneous in the 0-limit and homogeneous
in the oco-limit.

We now recall some properties of homogeneous in the bi-
limit functions. Let n and y be two continuous homogeneous in
the bi-limit functions with weights ry, r, degrees d, o, d;, o and
d, 0, dy 0, and continuous approximating functions 1o, eo, Y0, ¥so-

Claim A.1. The function x +— n(x)y(x) is homogeneous in the
bi-limit with the associated triples (ro,d,;o + d, 0, n0v0) and
(Foo, dn,oc + dy,om NooVoo)-

Claim A.2. If the degrees satisfy d, o > d,, o and d;) o < d, o, and
y(x) > 0, and we have the following implications for all non-zero x
inR":

y(x)=0=nkx) <0,
Yo (x) = 0 = no(x) <0,
Yoo (X) = 0 = 15 (x) < 0,

then there exists a real number k* such that, for all k > k*, and for all
non-zero x in R":

nx) < ky®), no(x) < kyo(x), Noo(X) < Koo (X).

Claim A.3. If the degrees satisfy d, o > d, o and d, oo < d, o and
the functions y, yo and y, are positive definite then there exists a
positive real number c satisfying n(x) < cy(x) for all x in R".

Appendix B. Technical proofs

B.1. Proof of inequalities (13) and (14)

Forany ty > 1, let
- 1 as — €
Ly=\|ax+ —+ —sup£(s) | .
fo G152t

Then from (11)

. 1 -
L(t) < —aqL(t) + L(t) max {0, a; (1 - + L§0 — L({)é)}
0
Yt > t.
It follows that

. a _
i) < —t—lL(t) VE>to>1:L(t) > Ly,
0

From the proof of [23, Theorem 1], this yields:
limsup L(t) < ir0~

t—+00

As a result inequality (13) follows allowing ¢, to go to +oo.
Similarly, let

1
1 a — €
L =(a——+=infQ()) .
0 to  aq s=to
This gives

ay

T IO < — L) < — 2L, — L)
to to

1
Vet L, = L) (= a5),
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where:
1
a,a;
a4 = 2

L, —a;

0

It follows that
ltlgggch(t) > Ly,

from which (14) follows letting t; go to +oo.

B.2. Proof of Lemma 1

This proof is composed of two steps. We first give a bound on
Tps and then on Tpg.

Bound on the term Tps. Eq. (24), and the expression of Lin (11),
give:
Tps < —lai(ay — L) 4 a382(zr, ;)]

3”(3% E)DX + 3U(§e E)DE

X | —= (&, — (X, .

X oE
From Theorem 2, point (1), for each i in {1, ..., n} the functions
g—g(}:, E) and 38; (X, E) are homogeneous in the bi-limit with

the same weights (g, 19) and (r«, 's) and degrees dy — 1 and
dy — Tooli Hence by Claim A.1 in Appendix A, the function

(X,E) — 3 (36 E)DX —|— (36 E)DE is homogeneous in the bi-
limit with welghts (rg, o) and (Too, Too) and degrees dy and dy.
Hence Claim A.3 yields a positive real number c;; such that:

(X, E)DE < c;1U(X, E).

BU(% E)DX + ou
ax OF

1
Finally, using (24) once again and since a; < L <L, we get
Tps < —C20382(z;, x)U(E, E) + c11a; LU (X, E). (47)

Bound on the term Tp;;. By Assumption 2, (9), (26) and (20), we
have, for all i,

(ALl = LIz + 2, % + %) — fize, %),
i
< Q2@ x) Y BTNK — g + ool
j=1
Too,it000 )
x Z R R I I A THEA
=

1
Inequality (12) implies that, forallL > a5 > 1,

1 bj—1 7"0‘”‘”
L L( +i—1)
a;

—i—b

. 1
Consequently, for all (X, E) inR*" and L > a; > 1,

i
[ArO)] < 2@ x) Y 1% — gl
Jj=1
TOCIJrDoo
+*LZIX1—eJ| ).
j=1

On the other hand, the functions

au %
WE)|1% - ¢

au

W)
R Too,it000

|%; —ej| "=i  are homogeneous in the bi-limit with weights

(ro, 1o) and (ro, I'so) and degrees dy and dy + T j — Too,i (< dy)

and, respectively, dy — 1 + r“’+a°° (> dy) and dy + 9. Hence,
Claim A.3 yields positive real numbers c12 and c¢q3 such that:

10 (U(3€ E))

CooC13

|Tpise| < 1282 (2, Xr)U(x E) +

L=iby, L=-b5, ..

(48)
Collecting (27), (47) and (48) with 2 > % we obtain

CooC13 A
]L@ (U(x, E))
az
— [€203 — €12€0 12 (27, %) U(X, E)

n
L) + Z

UZX,E) = — |:C1 —na; —

Lliiibgr,i-

—(%,E)

T |oU
+

Hence setting c3 =

au(a% E)
86,— ’

10, for all sufficiently small a; and large a, and

as, we have

—_— 2 . au . MI(ZI)

TP < —5c3L9(U(x, b))+ |5 &b
i=1

+Z

The function (X, E, 8, ey (3€ E)(Sr i is homogeneous in the bi-
limit with degrees dy and du —|— 0o and the weights 1and r i + 0

for 8,,,. Hence there exists a positive real number c,4 satisfying for
anyE,i,Zand L > 1,

(49)

LH—b 1°

U s py| 2 < e(ua% E)) +
371, B o = 5,0\ ) Cali LH—b
wi(Zy) 3 S 1—e, [ Hi(Z)
a—eloe B)| e < ﬁe(ua,s))ﬂd a(tms )

where ¢; is the homogeneous in the bi-limit function defined in
(31). Hence, inequality (49) becomes (29) and yields the claim of
Lemmal. O

B.3. Proof of Lemma 2
Before entering the proof of Lemma 2, it is useful to list some

properties of the functions u; and ¢;. The functions uﬁ“ are zero at
zero and convex, hence by (7), we have:

1
;Mi(s) < spi(s) < Qaui(s) Vs> 0. (50)

1
Similarly, by definition (31) of the function ¢;, we have:

dy +0
Gi(s) < s{(s) < 1"7&;@) Vs > 0. (51)
By integration, this gives:
dy+d00

Gi(rs) S r1ec@=D g5(s) Vs> 0,Vr = 1. (52)

Also, since dy satisfies fi;ol > 1, the functions s — &;(u;(s)) are
convex, C! and zero at zero. It follows that we have the equations
in Box I:

Proof of Lemma 2. By Box1and Y; defined in (30), Assumption 1.2
gives the equation in Box II.
Since L + a4L is non-negative and ¢ satisfies (12), we have:

L
e —(i+ b)]i;/(Yi)Yi <[ +b) — elag/ (Y)Y
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d
gfi(rﬂi(s)) = ¢ (rpi() pi(s),
=0

0 d
0=< &Ci(rﬂi(sl)) < %gi(rﬂi(sz)) V0 <s; <sp, Vr > 0.

d
&gi(rﬂi(s)) =rg/ (rp(s)pi(s) ifs > 0,

ifs=0

Box I.

oo

< . L / e—(i+b) ./ / ~ ~ ~
GO0 = le = (4 DI 0Y+ LG (i er 2D [~2ir 2) + i 21,0
0

ifZ; # 0,
ifZ = 0.

Box II.

To exhibit an upper bound on L =9 ¢/ (V) 1/ (Zi(z,, Z)) [—Z,- (2,
2) + yiX, z, xr)] we distinguish two cases:
Zi (er 2)

1+v°

with v given in Assumption 3.
Case (1): (50) yields:

Z,'(Zr,f)
1+v

(1) Vi(>~<, Zr, Xr) =< (2) yi(;(, Zr, xr) >

’

LG (21 )| =22 D) + 1 210 |
YV e D) m oy (7 (. SVNT (. 3
.l + UL {1 (YI)I“LI(ZI(ZTW Z))Zl(zh 2)7

—m;f(Yf)L“"'*b)m(zf(zr, 7)),

& (Y)Y,

S q(1+v)

Case (2): By using successively the second equation in Box I, (50)
and (51), we get:

LD 8 () i (Zi(zr, 2) [—zf(zr, 2) + &z, "f’]
< LD L (1 + VKR, 20, )
i 3 1
X i (U4 VIR 20, %) Bl 20 30) = G WY,
1

< & (LM (1 + )Yz %))

2 e—(i+b) 5 1,
X ——L i((1 (X, Zr, %)) — — & (Y)Y,
1+v i (( + v, z r)) o & (Y)Y,
dy + 0 q2

< (LD
_1—aoo(n—2)1+v§l( Hi

- 1.,
x (1 + VYR ze, %)) — q*]éfi (Y)Y,

where by Assumption 3, (26) and L > 1, we have:

e Gth) ((1 + vy, z, Xr))

1 Too,it000
< LTI 2@, %) K|+ ol T
=1
2(zr, xr) S - Too,i P00
< max{i, 1} Coo Z |X; — ej| + | X; —ej| oo
Coo =
roo,i+°°¢

Since the function (sj) — Zj;l sjl 4 Isj| "4 is homogeneous
in the bi-limit with weights ro and ro, and degrees 1and ry i + 900,
the function ¢; is homogeneous in the bi-limit with weights 1 and
Teo.i + 000 and degrees dy; and dy + 00, and the function (X,F) —
0 (U(i, E)) is positive definite, proper and homogeneous in the

bi-limit with weights (rg, r9) and (r, ') and degrees dy and
dy + 0, there exists a positive real number c; such that we have:

dU+Doo az
1—-0(n—2)14v

i
X (Coo Z |xj‘ — €j| + |Xj — €j|

j=1

gi

T'o,it00

oo.j ) <0 (UR,E)).
Hence, with (52), we have obtained:

dy + 000 qz
1—0o(n—2)14v

& (L7 (1 + VN, 20, X))

{Q(Zraxr)
<¢;maxy——,
Coo

0 (UX,E)).

dy+occ
} T—000 (1—2)

Combining the two cases, we get:
LG V(B2 D) 21 D) + i 20|

4 ’
Y)Y
= q](l—f-U){l(l),

2
+C7max{(zr’xr),‘l

; 0 (U, E))

dy+oco
} T—000 (1—2)

which implies for Box II:

— v
Yy < —| ——— —[(i+Db) — (Y)Y
G(v) < <q1(1+u) [(i+D) E]a1> & (Y)Y,

o dy+oco
1—000(n—2) ~
+c7max{(zr’xr),1} 0 (U, E)),
Coo
o dy oo
1—000(n—2) ~
< —cgti(Y;) + ¢ max {7(?’&), 1} 0 (U, B)),

where to get the latter inequality we have used (51) and chosen cg
satisfying:
v
- —_
q1(1+v)

and a; satisfying

Ce

v
oy —
n+b
This completes the proof of the Lemma. O
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