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1. Introduction

We extend the standard high-gain observer (see Gauthier
and Kupka (2001) and references therein) in two directions:
homogeneity and gain adaptation. Our motivation comes from
considering the system:

X1 = X, Xy = fr(x1, X2, 1), y =X, (1)

with
1, %, 1) = g(x1) X2 + %)+,

where p > 0 is a real number, g is a locally Lipschitz function and
u is a known input.
When p = 0, we have:

[fo(x1, X2, ) — fo(x1, %o, w)| < |g(x1) + 1] [x2 — . (2)

The term |g(x1)+1] is the output dependent incremental rate of the
non-linearity. Systems with nonlinearities satisfying inequalities
like (2) have already been studied in Praly (2003) (see also
Krishnamurthy, Khorrami and Chandra (2003)) and we know that
a high gain observer can be used provided the gain is updated.
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When p is in the interval (0, 1), inequality (2) becomes:
[fa (X1, X2, W) — fo (X1, X2, 1)
< (IgxD 4+ (1 + DR [x2 — Za| + 1%z — &o| P, (3)

The term, |x, —X;|'*P is arational power of the norm of the error
|X, — X»|. To deal with this term we use the homogeneous in the
bi-limit observer introduced in Andrieu, Praly, and Astolfi (2008b).

In the following, we address the problem of state observation
for systems whose dynamics admit a global explicit observability
canonical form (Gauthier & Kupka, 2001, Equation (20)) in which
the nonlinearities have increments bounded as in (3). However, we
restrict our attention to estimating the state only of those solutions
which are bounded in positive time.

Our new observer uses a less conservative estimate of the
nonlinearities increments. From this we expect the possibility of
achieving better performance. This is confirmed via simulations of
an academic model of a bioreactor.

2. Main theoretical result

We consider systems whose dynamics are:

X1 =fiw,y) + a1 (y) xo + 81(t),
o X)) + @i (Y) Xipq + 6i(0),

X =fi(u,y, %, ..

Xn = fo(U, ¥, %2, ..., Xp) + 8, (1),
¥ = x1 1+ 8y(8),
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where y is the measured output in R and the functions a; and
fi are locally Lipschitz. u is a vector in R™ representing the
known inputs and a finite number of their derivatives. The vector
8 = (81,...,8,) represents the unknown inputs and §, is a
measurement of noise.

To simplify notations, let:
w" = sign(w) |w|’
so that, for instance, to recover the usual quadratic function we
must write |x%| or |x|?. We also let:
$-x= (XZ! ~--,X1170)T’
fu,y,x) = Wy, x),....fr(u,y, x),
Ay) = diag(a1(y), - .., an(¥)),

where a, is to be selected so that (5) holds.

Theorem 1. Suppose there exists a continuous function a satisfying,

with p, 2 and 2 constant and for jin {1, ..., n},
a; _

0<psam, 0<a=P T wer (5)
a

areal number d, in [0, ﬁ), a positive real number c, a continuous
function I" and real numbers v; in [0, j%]),forj =2, ... n,suchthat,

foralliin{2,...,n}andall (X,x,y,u) inR" x R" x R x R™, we
have:
lfi(u, y, X2, ..., %) — fi(u,y, X2, ..., Xi)|

n i
<I'(u.y) (1 +y |$<,-|“f> D IR —x
j=2 j=2

! 1—doo (n—i—1)

+ Coo |)2_, — Xj| T=doo(n—)) (6)

j=2

Then, for all sufficiently small strictly positive real numbers b, there
exists a function K such that, for all sufficiently small strictly positive
real number ¢ and sufficiently large real numbers ¢, and g3, we can
find functions By and By of class K £ and functions yy and y; of class
K such that the observer

R=AW) SR+ f(u,y, %) + LEAW) K <’A‘1L;y) , 7

L=L{pip2— D)+ 932y, )], ®)

with:

2y %) =Ty (1 + Xn; |f<j|”f'> , 9)
=

£ = diag(L®, ..., L™, (10)

initialized with L(0) > ¢,, has the following property: For each
solution t +> x(t) of (4) right maximally defined on [0, 7),
the observer solution is defined on the same interval and the error
estimate e = X — X satisfies:

120" e(0)] < Buw (£0)e(0), £)

3(s)

+ sup yw vVt e [0,7) (11)

se[0,t]

¥2
a(y(s))éy(s)

where L satisfies:

L) < 4¢z + By ((228;) : t)

56)
©2
+ sup y1 a(y(s))dy(s) . (12)
sef0.1] I (u(s), y(s))
x(s)

2.1. Discussion on the assumptions

The form (4) is a particular case of the implicit form obtained
in Gauthier and Kupka (2001, Equation (20)). The functions
a; and f; in (4), are not uniquely defined. We can get other
functions by changing coordinates and, in this way, possibly satisfy
conditions (6).

To understand the meaning of (6), we observe that, for any C!
function f, there always exist two functions U and A such that we
have:

If(a, b+ c) —f(a, b)| < ¥V(a,b) |c| + A(c).

Hence, in essence, (6) imposes two restrictions:

- the function £2, defined in (9), is a bound on the local
incremental rate U. )

- a fractional power limitation, % with do in [0, —15),

on the growth of A which bounds function increments for large
argument increments.

For system (1), inequality (3) is in the form (6) with doo = p,
I'(u,y) = (lgy)| + 1+ p) and v, = p. Hence, Theorem 1 applies
when p is in the interval [0, 1). Actually, whenp > 1andu = 0,
there does not exist any observer guaranteeing convergence of the
estimation error within the domain of existence of the solutions
(see Astolfi and Praly (2006, Proposition 1)).

2.2. Discussion on the result

With (11) and (12) but with the presence of sup;|x(s)],
Theorem 1 says that the observer (7), (8) gives, at least for bounded
solutions, an estimation error converging to a ball centered at the
origin and with radius depending on the asymptotic L°°-norm of
the disturbances § and 4, and therefore converging to the origin if
these disturbances are vanishing.

Although we restrict our attention to bounded solutions, we
are not back to the global Lipschitz case since the “Lipschitz
constant” is solution dependent and therefore unavailable for
observer design. It has to be learned online, and this is what L
is doing in (8). The update law for L is very similar to the one
introduced in Praly (2003) (see also Krishnamurthy et al. (2003)).
The difference is in the fact that (8) also depends on % and u, and
not only on y, and we need the restrictions on v; to deal with this
dependence on x.

If 2 were differentiable along the solutions, the update law (8)
would give:

L—(@2+%9)=239—¢1L|:L—<¢2+Z39)]. (13)
1 1

This says that L would track ¢, + %Q up to an error proportional to

the magnitude of 2. We expect improved performance from this
tracking property (see Section 3).

2.3. Comparison with published results

High gain observers have a long history. The prototype result
is Gauthier and Kupka (2001, Theorem 6.2.2). It deals with systems
admitting an observability canonical representation more general
than (4) by being implicit in x; . But there, the right hand side of
inequality (6) is supposed to be I” Z}:z |X; — x;| with I" constant.
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The case where I may depend on u, and y can be handled with
updating the gain as in (8). This extends what can be found in Praly
(2003) when the q; are constant, and in Krishnamurthy et al. (2003)
when the qg; are y-dependent.

The idea of having homogeneous (in the classical weighted
sense) correction terms has been introduced in Qian (2005) for a
pure chain of integrator, i.e. when the a;’s are constant and the f;
are zero.

Another observer is proposed in Lei, Wei, and Lin (2005), for
systems with bounded solutions and admitting the same form (4)
with the g;'s constant and f; = --- = f,_; = 0 but with no
restriction on f,. However, this is obtained by having a gain which
grows monotonically with time along the solutions.

3. Discussion and illustration

To illustrate the interest for applications of our observer and
the tracking property noticed in (13), we consider the same
“academic” bioreactor as the one studied in Gauthier, Hammouri
and Othman (1992). Its dynamics are described, in normalized
variables and time, by the Contois model:

. nin2 . nin2

m=_———=—unp, Mm=—-——"—+ul-mn) (14)
hn1 + 2 fin1 +m2

where y = 1; is measured. The parameter i is a positive

real number and the control input u is in the interval M, =
[tmin, Umax] C (0, 1). In Gauthier et al. (1992), it is observed that
the following set is forward invariant:

My ={(1,m) ER* iy > €1,m2 > €2, + 12 < 1),

where, €; = % and Ui, > ﬁ This guarantees that

the bioreactor state remains in a known compact set.
Following Gauthier et al. (1992), we change the coordinates as:

mn
(M, 12) > (x4, %) = F(m, 12) = (m, #)
fini +

with x evolving in M, = F(M,). In these new coordinates the
system is in the explicit observability canonical form:

X1 =X —UXq, X2 = fo(x1, X2, 1), y=n,
with,
(X1, X2, 1) = Mo + M1Xy + MaX3 + M3x3 (15)
where:
u 1 2u
my = —, m=-u—-_—-—-_—,
h ho hx;
2 n u h—1
m=—4+ —, ms = .
2Ty on T e

Note that, for all (x1, X2, u) in My X My, we have:

€ ]_Xl

X (X)) =X — <X < X—
X, (%1) i Py

Hence, without loss of generality, to evaluate f, in (15), we can
replace (x1, X2) by (x1s, X25) defined as

= X2(x1).

x1s = max{er, min{1 — €, x1}},
X2s = max{&z (Xls)a l‘l’lil‘l{iz (Xls)a XZ}}
and therefore assume that f; is globally Lipschitz.

For a nominal high gain observer, as in Gauthier et al. (1992),
the nonlinearity increment is bounded as:

11, X2, u) — fo(x1, X2, W)| < dfamax 1X2 — X3

where, from the Mean Value Theorem,

2
dfy max = max |my + 2myx; + 3msx;].
(U,X1,X2) EMy X Mx

For an updated high gain observer, the bound is:

Ifo(x1, X2, u) — fo(x1, Xa, )| < 21(u, X1, X2) |%2 — X,
with
21(u, X1, %) = max |mq + [my + msX ] (X + x2) + m3x§|.

X2 €[Xy (X15),X2 (x15)]

Xys = max {Kz(xls), min {22 (x15), X2 }} .
It follows that Theorem 1 applies with do, = coc = 0.

Finally, for our observer with both updated gain and rational
power error term, the bound is:
[f2 (X1, X2, u) — f2(x1, X2, W)|

< 2(u, X1, X2) X2 — Xa| + CoolX2 — X
with pin (0, 1) and where

1+p
’

D x,%) = max |my+ B ([m + ma] R+ x5
X2 €[X) (x15). X2 (x15)]
2_
+m3x2 p)l
Coo = max (Mg + maR)xy P + maxl ).

(u,X1,%2,%2) €My X My X[X; (€1),X2 (1—€2)]
In this case, Theorem 1 gives the following observer:
(1 —y]

q1 (51 b

=h, ks, u) — 1**P g (zz T (51 [X]Lb y]>> )
L=L[g1 (g2 — L) + @3 221, y, %251,

1
where q1(s) = s+ sT7, q2(s) = s + s'*P and b, ¢; and ¢; are
parameters to be chosen.
Since we have, for all (x1, X5, 1) in My X My,

)?1 2)%2 —uy—LHb

)

of
Q(XL X2, U) < $25(u, X1, X2) < $21(U, X1, X2) < dfrmax
2

we expect the updated high gain observer to give better
performance than the one without adaptation, and the new one
proposed in this paper to give even better behavior, in particular,
in presence of measurement noise.

3.1. Simulations

We illustrate the behavior of the observers with simulations.
But this is no more than an illustration and we do not claim that
our observer is the best one for this particular application.!

The control input is selected as:
u(t)=0.410 ift <10, =0.02 if10 <t < 20,

=0.6 if20<t<35,=0.1 if35<t.
From this we have chosen u,;, = 0.01 and . = 0.7 and €; and
€, accordingly. Also, we have introduced two disturbances:

- the measurement disturbance is a Gaussian white noise with
standard deviation equal to 10% of the 1, domain [¢1, 1 — €3],
i.e.=0.05.

- a20%error in fi. The value used for the system (14) is 1, whereas

the one in the observers is 0.8.

For the observers, we have used the following values:
p=09, b=0.410,
@1 = 003, @y = 1, @3 = 3, 61 = 001, gz = 0.01.
Fig. 1 shows the values of the estimates of the local incremental

rate of f, (i.e. .Bﬁ), dfymax for the high-gain observer, £2; for
()Xz

Ta simple copy (without correction term) gives an observer which is not sensitive
to measurement noise, but on the other hand we cannot assign its speed of
convergence.
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4
dfomax
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0 10 20 30 40

time

Fig. 1. Approximations of the local incremental rates.

an updated high-gain observer, and §2, for a homogeneous
updated high-gain observer. In spite of the measurement noise, the
predicted order dfy max > §21 > £2, > % is observed in the mean.

Fig. 2 displays the plot of the estimation error 7, — 7, given
by the observers with constant gain deduced from df; max (top),
with adapted gain deduced from £2; (middle), and with adapted
gain deduced from £2, and homogeneity (bottom). In the three
cases, there is a bias, due to the error in i, which increases with
the estimates of the local incremental rate. We see also a strong
correlation between the standard deviation of the error 7, — 7, and
the magnitude of these estimates respectively used, i.e. df3 max, £21
and £2,. As expected, the best result is given by the new observer
based on £2,.

4. Proof of Theorem 1

Theorem 1 is proved in Section 4.3. It needs some prerequisites,
summarized now and which can be found in Andrieu et al. (2008b).

4.1. Homogeneous approximation

Given a vector r = (rq,..., 1) in (R./{0})", we define the
dilation of a vector x in R" as
Mox=(A1xq,..., A" xn)T.
Definition 1. e A continuous function ¢ : R" — R is

said homogeneous in the 0-limit (respectively oco-limit) with
associated triple (rg, do, ¢o) (resp. (reo, doo, Poo)), Where 1y
(resp. ) in (R4 /{0O})" is the weight, dy (resp. d) in R, the
degree and ¢ : R" — R (resp. ¢ : R" — R) the
approximating function, if ¢g (resp. ¢») is continuous and not
identically zero and, for each compact set C in R" and each
& > 0, there exists A* such that we have:

d(A° o x)

X
T <& Vie(0,1']

max — ¢o(x)
Al
o0

<e

(respectively max
xeC

VA € [A*, 4+00).)

e A vector field f = Z?:l f,»a% is said homogeneous in
the O-limit (resp. oco-limit) with associated triple (rg, do, fo)
(resp. (oo, doo fo)), Where fo = Y0, foigy (resp. foo =
ZL foo,fa%,-)' if, for each i in {1,..., n}, the function f; is

0.3
0.2
g o1
0
-0.1 n n L n
0 10 20 30 40
o
D
©
©
o
=
T
[}
£
-0.1 :
0 10 20 30 40
0.3
B
2 0.2
el
Q
-
E
o 0.1
()
[=
o
o
: //\M\VJ\L‘
E o S
F
01 " n " "
10 20 30 40
time

Fig. 2. Estimation error n, — 7, given by each observer.

homogeneous in the O-limit (resp. oo-limit) with associated
triple (ro, do + ro,i, fo.i)-

Definition 2. A continuous function ¢ : R" — R (or a vector field
f) is said homogeneous in the bi-limit if it is homogeneous in the
0-limit and in the co-limit.

4.2. Homogeneous in the bi-limit observer
Consider the following chain of integrators on R":

X =A(t) 8 X, (16)

where A(t) = diag(;(t), ..., Au(t)), is a known time varying
matrix with the 2; satisfying, with 2 and 2l constant,

0<2A<A(t) <A Vt. (17)
With do = 0 and dy arbitrary in [0, 1<), the system (16) is
homogeneous in the bi-limit with the weightsro = (191, ..., To.n)
and reo = (Too,1s - - - » Too,n) AS:

To,i = 1, Too,i = 1 _doo (n—l) (18)

2 In the case of a vector field, the degree dy can be negative as longas dy+rp; > 0
(I‘ESp. (oo, oo + roo,isfoc,i))v foralll1 <i<n.
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In Andrieu et al. (2008b), a new observer was proposed for system
(16) for the particular case where 2;(t) = 1. Its design is
done recursively, together with the one of an appropriate error
Lyapunov function W which is homogeneous in the bi-limit.

To combine this tool with gain updating, we need an extra
property on W which is a counterpart of Praly (2003, Equation (16))
or Krishnamurthy et al. (2003, Lemma A1). We have:

Theorem 2. Let dy, be in [0, L), dw in [2 4 doo, 00) and B =
diag(by, ..., by) with b; > 0.If (17) holds, there exist a vector field
K : R — R" which is homogeneous in the bi-limit with associated
weights 1o and 1, and a positive definite, proper and C! function
W : R" — R, homogeneous in the bi-limit with associated triples
(1o, dw, Wp) and (1o, dw, Wso), such that

(1) The functions Wy and W, are posztlve definite and proper and,
foreachjin {1,...,n}, the functlon is homogeneous in the

bi-limit with approxzmatmgfunctlons BW‘J and 3W°°.

(2) There exist two positive real numbers c, and () such that we have,
forall (t,E)inR x R",

aw
E(E) 2A(t) (BE + K(er))
dy +doo
<—q (W(E) +W(E) W ) , (19)
W BYBE > 6 WE). (20)
oE -

For proving this result, the only difference compared with what
is done in Andrieu et al. (2008b) is to multiply W; by a sufficiently
small positive real number o; before using it in the definition of
W;_1. The proof is omitted due to space limitation. It can be found
in Andrieu, Praly, and Astolfi (2008a).

4.3. Proof of Theorem 1

Let 20 and B in Theorem 2 be (see Praly (2003)):
A(y(1))
ay(t)’

where y(t) is the evaluation of y along a solution and b is a positive
real number satisfying, forall 1 <j <i <n,

2A(t) = B =diag(b,1+b,....,n—14+b)",

1—dee(n—i—1) i+b i
— < < - , (21)
1—de(n—j) ji—1+b j—1
1—v(—1
and 0<b< M, (22)

Y

with do, and vj as given in the statement of Theorem 1.

From Theorem 2, we obtain a homogeneous in the bi-limit
vector field K and a homogeneous in the bi-limit Lyapunov
function W satisfying (19) and (20). This allows us to write the
observer as in (7) and (8). Note that if L(0) > ¢, then L(t) > ¢, for
all t > 0 in the domain of definition.

Properties of the estimation error. With £ given in (10), let E =
(e1, ..., ey and t be defined as:

E=¢'G@—x)=g£ e, dr=Ldt. (23)
Since we have:

—

g l=—1'ime",

we get:
dE =A®y) |SE+K (e % L'g71s
dr — LT

_,dL

+D(0) — L' —9BE, (24)
dr
with D (L) defined as
@(L):( iy ® —fiwy.x) )
Lz+b

Along the solutions of the system (24) we have:

dW (E) _M(E) Y2A(t) [8E + K (e1)]
ar ~oE Y i
+Ts 4+ T, + Toy + T, (2)

with the notations

ow 1
Ty = —E(E)L £,
= W Eyam a) [K <e1 - 3—) K(eo]
JoE b
Toy = —L—ZLB—W(E) BE,
oE
ow
T, = E(E) (L),
and, with (19), we have:

oW dy +doo
BT(E) a(y) A(t) (8E + K(e1)) < —c1a(y) (W(E) + W(E) T ) -(26)

Bounding Ts. With weights 1 and ro; + doo for & T the function

(E, Ll) — ‘:((E) % is homogeneous in the bi-limit with degrees

dw and dy + d. Also W, Wy and W, are positive definite. Hence
(see Andrieu et al. (2008Db, Corollary 2.15)) there exists a positive
real number c3 satisfying, for any E, i and L > ¢,

WE) +wE |+ g (%
7()L’+b_n (E) + W(E) w +mﬁi I
where $; : Ry — R+ is the strictly increasing, homogeneous in

bi-limit function defined as

Ayt _lslw
(=11 §| Too,itdoo JEEEL NS E—
9i(s) <+|| >1+|s|dw

This gives:

T < ?2 [W(E) W ] Zsa. (Z)
Bounding T,. Let k; be the ith component of K and u and n be the
functions:

dyy +doo

w() = 8| + 8] o1,
n(E, 6>—4—[W<E)+W(E>

dyw +doo
dW ]

i(e1 +8) — ki(er)].

From the properties of K, with the weights 1 and r,; for 3, the
functions § — w(8) and (E, §) — n(E, 8) are homogeneous in the
bi-limit with degree 1 and dy + d. and approximating functions,
respectively,

1519w 8) — kio(er)]

L Wo(E)
ana °
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and
dwtdos ¢y dy +doo
[8] W , —=Wx(E) W
4n
aW, -
ioo(€1 +8) — kioo(en)].
ae,-

Hence (see Andrieu et al. (2008b, Lemma 2.13)) there exists a
positive real number ¢4 satisfying

ow 8) — ki(e1)]
de, i(e1
C1 dy +doo d dyy +doo
< — |WE) +W(E) W 18| + 18] Tt |
4n2A
By letting § = —f—ﬁ, this yields:

T, < %‘ a(y) [W(E) L wE ]

dyy +doo
y dw Too,1
pl T

dy

+ C4ﬁ Cl(y) ﬁ

Bounding T¢y. The function E +— aE W (E) B E is homogeneous in
the bi-limit with associated weights ry and o, and degrees dy o =
dw. = dw. Hence (see Andrieu et al. (2008b, Corollary 2.15))
there exists a positive real number cs satisfying:

aw

With (20) and the definition of L in (8), this yields:

2(u,y, %)

I W(E) 4 c5 o1 W(E). (27)

Ty < —C2 93

Bounding Ty;. With (6), (23) and (18)give:

Too.itdoo

i i .
1D < 2,y 8) Y U gl + e LT Y L Tod L (28)

= =

With the inequalities (21) and (18), we know there exists a
strictly positive real number € satisfying:

Too 1+doo

(b+j—1) VL> gy > 1.

(p;ﬂ Z L—q > >L
Consequently, forall L > ¢, > 1, we have:

I'oo,itdoo

2y, 3) .
DD = =7 3l + oy Zlel ]
j=2

On another hand, since (18) and 0 = dy < d, imply

T'eo.i + d

Teitlo oy jeq1...n), (29)
roo,i

the functions

E+—

lej] and

E+—

are homogeneous in the bi-limit with weights ro, and ry and
degrees dy and dy + (j — i)doo (< dw) and dy and d, + dw
respectively. Hence (see Andrieu et al. (2008b, Corollary 2.15))

there exists positive real numbers cs and c¢; satisfying, for all E in
R"andiin{1,...,n},

Ce . ,
lej| < ?W(E) Viell,...,i}

ow " 0.
‘Q(E) <Z lei| + lej] T
i =2

T +doo C7 doo+dyy
~ ) <2 <W(E)+W<E> W )
n

This gives

2, y,%)
L

B doo+dyy
IThel < cs W(E) + oo €7 9 ! (W(E) +W(E) W > - (30)

Bound on %. Using inequality (26), and the bounds on T, Ty, Tey
and Ty;, we obtain:

dW (E) 2(u,y,x)
<(s —C2g3) ————
dr L
Coo C7

C3 3c
+ (,, +— + o1 — a(v))
(23 ‘/72
dy +doo
X (W(E)+W(E) dw )

i CQ[ wHdoo
anZfa,(L,) “s a(y)[w o g, | e ]

Therefore, with (5) and L > ¢,, by choosing ¢, and ¢3 sufficiently
large and ¢, sufficiently small, we get:

W(E)

dW (E)
—— < —«xLW(@E)+LU,
dt
where k = <2 and
=3 8 (r)) cip | [a(()8y(0) |
U(t)= ;
= ne? ,Z;ﬁ (L(t) @b P

rool

a(y(t))3y(t)
0

Integrating this inequality, it yields on the time of existence of the
solutions:

t
W (E(t)) <exp (—Kf L(S)) W(E(s))

t t
+/ exp <—Kf L(u)du) L(r)U(r)dr.

And since L > ¢, > 1, this implies

W(E(L)) < exp(—«(t —5))W(E()) + — sup U(r).
K rels,t]

The function W being proper, it yields an ISS property between the
inputs ‘i;s and a(y)d, and the state E. Hence, inequality (11) follows
on the time domain of existence of the solutions from the definition
(23) of e;.
Behavior of L. We can rewrite (9) in:

n
2,y X <I'(u,y) (1 + Z |x;[Y + ij(b+j1)|ej|vj) .

=2

3 Since vj is smaller than 1, we have, for all (a, b) € ]R?Hk
a a’
<
T a¥i 4+ by

- <1 and (a+b)% <a% +bY%. (31)
(a¥ + bu) Y
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Then, with (22) and L > 1, we get €, > 0 satisfying:
n
Qy.®) < Ty [ 1+ ) 1%+ 172l
=2

Consequently (8) gives

L<L{@ip2 — il + @3 T (1, y)

n
+ o3l y) Y [%i|Y 4 L' gl
=2

n
% )
Lo — e Ty — sl y) Y Il

j=2
4ng g 2 4ng 5 & 2y
3 € 2 3 €2 v
- r'u,y)e — ( ) lej| <2
(%) ) L

1 j=2

_#

< -1
)

This implies the existence of a class X .£ function 81 and a class X
function y, such that, along any solution, we have on its domain of
existence

max{L(t) — 4¢,, 0} < B1(L(0), t)
+ Slil[) y1 (|( (u(s), y(s)), x(s), E(s)|) .

Hence, having a cascade of two ISS systems, (12) and (11)holds on
[0, 7).

5. Conclusion

We have presented a modification of the classical high gain
observer with the introduction of a gain updating and of a
homogeneous in the bi-limit correction term. We have shown that
this extends the domain of applicability and proved convergence
for bounded solutions. We have also shown, by means of an
example, that the modification may improve performance by
allowing a better fit of the incremental rate of the nonlinearities.
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