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Abstract. We introduce two new tools that can be useful in nonlinear observer and output
feedback design. The first one is a simple extension of the notion of homogeneous approximation
to make it valid both at the origin and at infinity (homogeneity in the bi-limit). Exploiting this
extension, we give several results concerning stability and robustness for a homogeneous in the
bi-limit vector field. The second tool is a new recursive observer design procedure for a chain of
integrator. Combining these two tools, we propose a new global asymptotic stabilization result by
output feedback for feedback and feedforward systems.
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1. Introduction. The problems of designing globally convergent observers and
globally asymptotically stabilizing output feedback control laws for nonlinear systems
have been addressed by many authors following different routes. Many of these ap-
proaches exploit domination ideas and robustness of stability and/or convergence. In
view of possibly clarifying and developing further these techniques we introduce two
new tools. The first one is a simple extension of the technique of homogeneous ap-
proximation to make it valid both at the origin and at infinity. The second tool is a
new recursive observer design procedure for a chain of integrator. Combining these
two tools, we propose a new global asymptotic stabilization result by output feedback
for feedback and feedforward systems.

To place our contribution in perspective, we consider the following system, for
which we want to design a global asymptotic stabilizing output feedback:

(1.1) T1 = w2, &y = u + O2(1,22), y = x1,
where (see notation (1.4))
(1.2) 82(w1,m2) = cowd + coo Th, (co,Cs0) € R?, p>q>0.

In the domination’s approach, the nonlinear function 5 is not treated per se in
the design but considered as a perturbation. In this framework the output feedback
controller is designed on the linear system

(13) jjl = T2, jj? = U, Yy = I,
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HOMOGENEOUS OBSERVER DESIGN 1815

and will be suitable for the nonlinear system (1.1), provided the global asymptotic
stability obtained for the origin of the closed-loop system is robust to the nonlinear
disturbance 8. For instance, the design given in [13, 27] provides a linear output
feedback controller which is suitable for the nonlinear system (1.1) when ¢ = 1 and
¢so = 0. This result has been extended recently in [26] employing a homogeneous
output feedback controller which allows us to deal with p > 1 and ¢y = 0.

Homogeneity in the bi-limit and the novel recursive observer design proposed in
this paper allow us to deal with the case in which ¢ # 0 and ¢y, # 0. In this case,
the function 65 is such that

1. when |z is small and ¢ = 1, 62(z2) can be approximated by oz and the
nonlinearity can be approximated by a linear function;
2. when |z5] is large, d3(x2) can be approximated by ¢y xh, and hence we have
a polynomial growth which can be handled by a weighted homogeneous con-
troller as in [26].
To deal with both linear and polynomial terms we introduce a generalization of
weighted homogeneity which highlights the fact that a function becomes homoge-
neous as the state tends to the origin or to infinity but with different weights and
degrees.

The paper is organized as follows. Section 2 is devoted to general properties
related to homogeneity. After giving the definition of homogeneous approximation
we introduce homogeneous in the bi-limit functions and vector fields (section 2.1)
and list some of their properties (section 2.2). Various results concerning stability
and robustness for homogeneous in the bi-limit vector fields are given in section 2.3.
In section 3 we introduce a novel recursive observer design method for a chain of
integrator. Section 4 is devoted to the homogeneous in the bi-limit state feedback.
Finally, in section 5, using the previous tools, we establish new results on stabilization
by output feedback.

Notation.
e R, denotes the set [0, +00).
e For any nonnegative real number r the function w — w” is defined as

(1.4) w" = sign(w) |w|" Vw e R.

According to this definition,

T

d
(1.5) o rlw|"™t, w? = ww|, (w; >wy and r > 0) = w] > w} .

e The function $ : R — R is defined as

a
1.6 b) = 1+ 0.
(16) 90.b) = o140
e Givenr = (r1,...,m7) T m R} and Ain Ry, Aoz = (N zq, ..., A™ xn)T is

the dilation of a vector z in R™ with weight r. Note that
AT o (Afox) = (M A) oz

o Given r = (ry,...,rn)" in (Ry \ {01, |z|r = |21]7T + - + |n|7 is the
homogeneous norm with weight » and degree 1. Note that

1 T
A" o x|, = M|, ‘( > ox

=1.
|

T
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1816 V. ANDRIEU, L. PRALY, AND A. ASTOLFI

e Given r in (Ry \ {0})", S, = {x € R"| |z|, = 1} is the unity homogeneous
sphere. Note that each x in R™ can be decomposed in polar coordinates; i.e.,
there exist A in Ry and @ in S, satisfying

. _ A= x|,
(1.7) x = A o6 with 0 — ﬁ o

2. Homogeneous approximation.

2.1. Definitions. The use of homogeneous approximations has a long history
in the study of stability of an equilibrium. It can be traced back to the Lyapunov
first order approximation theorem and has been pursued by many authors; see, for
example, Massera [16], Hahn [8], Hermes [9], and Rosier [29]. Similarly, this technique
has been used to investigate the behavior of the solutions of dynamical systems at
infinity; see, for instance, Lefschetz in [14, Chapter 1X.5] and Orsi, Praly, and Mareels
in [20]. In this section, we recall the definitions of homogeneous approximation at the
origin and at infinity and restate and/or complete some related results.

DEFINITION 2.1 (homogeneity in the 0-limit).

o A function ¢ :R™ — R is said to be homogeneous in the 0-limit with asso-
ciated triple (ro,do, ¢o), where ro in (Ry \ {0})™ is the weight, dy in Ry the
degree, and ¢g : R™ — R the approzimating function, if ¢ is continuous, ¢g
is continuous and not identically zero, and, for each compact set C in R™\ {0}
and each € > 0, there exists Ao such that

ax d(A"0 o)

max | =S —go(@)| S e VoA € (0.0

o A vector field f =>"1 fia%i is said to be homogeneous in the 0-limit with
associated triple (ro,00, fo), where ro in (R4 \ {0})™ is the weight, 09 in R
is the degree, and fo = i, fo,ia%i is the approximating vector field, if, for
each i in {1,...,n}, 0o+ ro; > 0 and the function f; is homogeneous in the
0-limit with associated triple (ro, 90 + ro.i, fo.i)-

This notion of local approximation of a function or of a vector field can be found
in [9, 29, 2, 10].

Ezample 2.2. The function §2 : R — R introduced in the illustrative system (1.1)
is homogeneous in the 0-limit with associated triple (ro, do, 62,0) = (1, ¢, co 2%). Fur-
thermore, if ¢ < 2, then the vector field f(z1,22) = (z2,62(x2)) is homogeneous in
the 0-limit with associated triple

(21) (T07 DOa fO) = ((2 - Q71)7 q— 17 (J;2700 Jfg)) .

DEFINITION 2.3 (homogeneity in the co-limit).
e A function ¢ : R™ — R is said to be homogeneous in the oco-limit with
associated triple (Too, doo, Poo ), Where roy in (R \ {0})™ is the weight, doo in
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HOMOGENEOUS OBSERVER DESIGN 1817

R4 is the degree, and ¢ : R™ — R is the approximating function, if ¢ is
continuous, ¢ 18 continuous and not identically zero, and, for each compact
set C in R™\ {0} and each € > 0, there exists Ao such that

SN~ o)
_ < > .
ineaé( i Doo(z)| < € V> Ao

o A vector field f =31, flaizl is said to be homogeneous in the co-limit with
associated triple (7o, Voo, foo), Where oo in (Ry \ {0})™ is the weight, Do in
R is the degree, and foo =Y i, foo,i% is the approximating vector field, if,
for each i in {1,...,n}, D00 +Teoi > 0 and the function f; is homogeneous
in the oo-limit with associated triple (Too, Voo + Too,is foo,i)-

Ezample 2.4. The function 8 : R — R given in the illustrative system (1.1) is
homogeneous in the co-limit with associated triple (reo, doo, 62,00) = (1, P, Coo 5).
Furthermore, when p < 2, the vector field f(z1,22) = (z2,62(x2)) is homogeneous
in the oco-limit with associated triple

(2:2) (roos 0ocs foc) = (2= p.1), p =1, (52,000 98)) -

DEFINITION 2.5 (homogeneity in the bi-limit). A function ¢ : R"™ — R (or a
vector field f : R™ — R™) is said to be homogeneous in the bi-limit if it is homogeneous
in the 0-limit and homogeneous in the oo-limit.

Remark 2.6. If a function ¢ (resp., a vector field f) is homogeneous in the bi-limit,
then the approximating function ¢g or ¢, (resp., the approximating vector field fy
or fs) is homogeneous in the standard sense! (with the same weight and degree).

Ezample 2.7. As a consequence of Examples 2.2 and 2.4, the vector field f(z1,z2) =
(22, 62(x2)) is homogeneous in the bi-limit with the associated triples given in (2.1)
and (2.2) aslongas 0 < ¢ < p < 2.

Ezample 2.8. The function z — [z|® + |z|¢=, where (do,ds) are in R3 and
(r0,700) are in (R \ {0})?", is homogeneous in the bi-limit with associated triples
(ro, do, |2%) and (reo, doo, |2|¢>), provided that

deo d
S %o

Too,i T0,i

(2.3) Vie {l,...,n}.

Ezample 2.9. We recall (1.6) and consider two homogeneous and positive definite
functions ¢g : R™ — Ry and ¢, : R™ — Ry with weights (g, 7o) in (R4 \{0})?" and
degrees (do, dwo ) in (R4 \ {0})2. The function = — $(do(), doo (7)) is positive definite
and homogeneous in the bi-limit with associated triples (g, do, ¢0) and (Teo, doos Poo)-
This way of constructing a homogeneous in the bi-limit function from two positive
definite homogenous functions is extensively used in this paper.

2.2. Properties of homogeneous approximations. To begin, we note that
the weight and degree of a homogeneous in the 0- (resp., oo-) limit function are

IThis is proved by noting that, for all  in R™ and all g in Ry \ {0},

go(pooz) 1 . gACowroen) . ¢((Aw)Coz)

pdo pudo A=0 Ado A—=0  (Ap)do

¢o(z) ,

and similarly for the homogeneous in the oco-limit function.
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1818 V. ANDRIEU, L. PRALY, AND A. ASTOLFI

not uniquely defined. Indeed, if ¢ is homogeneous in the 0- (resp., oco-) limit with
associated triple (rg,dg, ¢o) (resp., (roo,doo, Po)), then it is also homogeneous in the
0- (resp., oco-) limit with associated triple (krg, kdo, ¢o) (resp., (k7Too, kdoo, Po)) for
all £ > 0. (Simply change \ into A\*.)

It is straightforward to show that if ¢ and ( are two functions homogeneous in
the 0- (resp., co-) limit, with weights rg ¢ and r¢ o (resp., .00 and r¢ o), degrees dg o
and d¢o (resp., dg,o and d¢ o), and approximating functions ¢y and (o (resp., ¢oo
and (), then the following hold:

P1: If there exists k in Ry such that krgo = reo (vesp., k7rg oo = T¢oo), then
the function x — ¢(x) {(x) is homogeneous in the 0- (resp., co-) limit with
weight r¢ o, degree k dg o+dco (r€sp., 7¢ 00, k dg,00+dc,00) and approximating
function = - 6o(z) Colz) (165D, & > o () Coo (2)).

P2: If, for each j in {1,...,n}, 7'C<l1>d,)[;(,)j < r(z(TOJ (resp., riijj > Tii’:j), then
the function z +— ¢(x) + ((x) is homogeneous in the 0- (resp., co-) limit
with degree dy o and weight 74 o (resp., dy o and ry o) and approximating
function  +— ¢p(x) (resp.,  — doo(x)). In this case we say that the function
¢ dominates the function ¢ in the 0-limit (resp., in the oco-limit).

P3: If the function ¢g + (o (resp., doo + (so) is not identically zero and, for each
jin {1,...,n}, dg0  — deo (resp., dgoo = g

T$,0,5 7¢,0,5 T$,00,5 T¢ 00,5
x — ¢(x) + ¢(x) is homogeneous in the 0- (resp., co-) limit with degree
dy.0 and weight r4 o (resp., dy oo and 74 o) and approximating function = +—
¢o(x) + Co(x) (resp., T = Poo(x) + (oo ().
Some properties of the composition or inverse of functions are given in the following
two propositions, the proofs of which are given in Appendices A and B.

PROPOSITION 2.10 (composition function). If ¢ : R™ - R and ( : R — R are
homogeneous in the 0- (resp., co-) limit functions, with weights 4o and r¢o (resp.,
Tgoo 0Nd T¢ o), degrees dgo > 0 and deo > 0 (resp., dypoo > 0 and d¢ oo > 0),
and approzimating functions ¢o and (o (resp., doo and (), then ¢ o ¢ is homoge-

neous in the 0- (resp., oo-) limit with weight ry o (Tesp., 74 00 ), degree % (resp.,

), then the function

M}, and approzimating function (oo ¢o (resp., (oo © Poo)-

T¢,00
CVPROPOSITION 2.11 (inverse function). Let ¢ : R — R be a bijective homogeneous
in the 0- (resp., 0o-) limit function with associated triple (l,do, ©o :cdo) with g £ 0
and dy > 0 (resp., (l,doo,cpoo xd°°) with @oo # 0 and deo > 0). Then the inverse
function ¢=1 : R — R is a homogeneous in the 0- (resp., co-) limit function with
1 1
associated triple (1, %, (Z5)%) (resp., (1, t, (z2)®))-
Despite the existence of well-known results concerning the derivative of a homo-
geneous function, it is not possible to say anything, in general, when dealing with
homogeneity in the limit. For example, the function

o(z) = 2® + 2% sin(2?) + 23 sin(1/2) + 22, reR,
is homogeneous in the bi-limit with associated triples
(1,2,2%), (1,3,2%) .

However, its derivative is homogeneous in neither the 0-limit nor the co-limit. Nev-
ertheless the following result holds, the proof of which is elementary.

PROPOSITION 2.12 (integral function). If the function ¢ : R™ — R is homoge-
neous in the 0- (resp., 0o-) limit with associated triple (1o, do, o) (Tesp-, (Toos ooy Poo))s
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then the function ®;(z) = Oxi D(X1,. o i1, 8, Tig1,- .-, L) ds is homogeneous in
the 0- (resp., oo-) limit with associated triple (ro,do + 70.:, ®io) (resp., (Too,doo +
Too,is Pico) ), with ®; o(z) = fowi Go(X1y ooy Tis1, S, Tit1,s .-, Tp)ds (Tesp., V; oo(T) =
fozi Goo(T1y vy Tie1, 8, Tig1s - -, Tpy) dS).

By exploiting the definition of homogeneity in the bi-limit, it is possible to estab-
lish results which are straightforward extensions of well-known results based on the
standard notion of homogeneity. These results are given as corollaries of the following
key technical lemma, the proof of which is given in Appendix C.

LEMMA 2.13 (key technical lemma). Letn :R™ — R and v : R™ — R be two
functions homogeneous in the bi-limit, with weights Ty and T+, degrees dy and deo,
and approximating functions, Ny, Neo aNd Yo, Yoo Such that the following hold:

{zeR"\ {0} : v(z)=01} { xreR™ : plx) <0},
{zeR"\ {0} : y(z)=0} { Tz €R" : no(x) <0},
{2z €R"\ {0} : Yoo(z) =0} { zE€R™ : noo(x) <0} .

Then there exists a real number ¢* such that, for all ¢ > ¢* and for all x in R™\ {0},
(2.4) n(x) —ecy(r) <0, mno(xz) —cy(x) <0, Neol(r) —cvso(z) <0 .

Ezample 2.14. To illustrate the importance of this lemma, consider, for (z1,z3)
in R2, the functions

r1t+ro r1t+7o
n(x1,x2) =x1x2 — |T1| 7T, Y(z1,m2) = [22] 2,

with 71 > 0 and 73 > 0. They are homogeneous in the standard sense, and therefore
in the bi-limit, with the same weight r = (r1,72) and the same degree d = r1 + 5.
Furthermore, the function v takes positive values, and for all (z1,z2) in {(z1,22) €
R?\ {0} : y(z1,72) = 0} we have

r1+7ro

n(xy,xe) = —|xy| 1 < 0.

Thus Lemma 2.13 yields the existence of a positive real number ¢* such that for all
c > cx, we have

r1+ry

47
(2.5) T1x2 — |T1]” T — c|ag] < () Y (21, 22) E]RQ\{O} .

This is a generalization of the procedure known as the completion of the squares in
which, however, the constant ¢} is not specified.

COROLLARY 2.15. Let¢ :R™ - R and { : R™ — R, be two homogeneous in the
bi-limit functions with the same weights o and ro, degrees dg. o, dg.0o and de¢o, d¢ oo,
and approzimating functions Ny, ¢oo and (o, (- If the degrees satisfy dyo > d¢ o and
dp,00 < d¢,oo, and the functions ¢, (o and (s are positive definite, then there exists a
positive real number ¢ satisfying

o) < c¢((x) Yo € R*.
Proof. Consider the two functions

n(x) = ¢(x) +((x), () = ((2).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1820 V. ANDRIEU, L. PRALY, AND A. ASTOLFI

By property P2 (or P3)? in section 2.2, they are homogeneous in the bi-limit with
degrees d¢o and d¢o. The function v and its homogeneous approximations being
positive definite, all assumptions of Lemma 2.13 are satisfied. Therefore there exists
a positive real number ¢ such that

cy(x) > nlx) > ¢(x) vz eR"\ {0} .

Finally, by continuity of the functions ¢ and { at zero, we can obtain the claim. ]

2.3. Stability and homogeneous approximation. A very basic property of
asymptotic stability is its robustness. This fact was already known to Lyapunov, who
proposed his second method, in which (local) asymptotic stability of an equilibrium is
established by looking at the first order approximation of the system. The case of local
homogeneous approximations of higher degree has been investigated by Massera [16],
Hermes [9], Rosier [29], and Kawski [12].

PROPOSITION 2.16 (see [29]). Consider a homogeneous in the 0-limit vector field
f R™ — R™ with associated triple (9,00, fo). If the origin of the system

T = fo(ﬂ?)
is locally asymptotically stable, then the origin of
= f(z)

is locally asymptotically stable.

Consequently, a natural strategy to ensure local asymptotic stability of an equi-
librium of a system is to design a stabilizing homogeneous control law for the homo-
geneous approximation in the 0-limit (see [9, 12, 5], for instance).

Ezample 2.17. Consider the system (1.1), with ¢ = 1 and p > ¢, and the linear
control law

u= —(co+1)as — a1 .

The closed-loop vector field is homogeneous in the 0-limit with degree 99 = 0,
weight (1,1) (i.e., we are in the linear case), and associated vector field fo(z1,22) =
(z2,—21 — acg)T. Selecting the Lyapunov function of degree 2,

1 1
Vo(l'l,l'g) = 5|(L’1|2 + 5 |£L'2 + 1’1|2 s

yields

W

%(I) fox) = —|z1|* — |22 + o .

It follows, from Lyapunov’s second method, that the control law locally asymptotically
stabilizes the equilibrium of the system. Furthermore, local asymptotic stability is
preserved in the presence of any perturbation which does not change the approximat-
ing homogeneous function, i.e., in the presence of perturbations which are dominated
by the linear part (see P2 in section 2.2).

2If ¢o(x) + Co(z) = 0 (resp., Poo(x) + Coo(x) = 0), the proof can be completed by replacing ¢
with 2¢.
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In the context of homogeneity in the co-limit, we have the following result.
ProposiTIiON 2.18. Consider a homogeneous in the co-limit vector field f
R™ — R™ with associated triple (7o, Voos foo). If the origin of the system

T = foolx)

is globally asymptotically stable, then there exists an invariant compact subset of R™,
denoted Coo, which is globally asymptotically stable® for the system

z = f(x).

The proof of the proposition is given in Appendix D.
As in the case of homogeneity in the 0-limit, this property can be used to design
a feedback, ensuring boundedness of solutions.
Ezample 2.19. Consider the system (1.1) with 0 < ¢ < p < 2 and the control
law
1 p=1 p_ 1 \7?
(2.6) U= o Ti Pmy — 27" — oo h — (xz + mf‘p) :
-P
This control law is such that the closed-loop vector field is homogeneous in the co-limit
with degree 0, = p — 1, weight (2 — p, 1), and associated vector field fo(x1,22) =
—1

p=21 P 1
(22, *ﬁ x; Pae —xp P — (22 + x{ 7 )P)T. For the homogeneous Lyapunov function
of degree 2,
2
2—p 2 1 -

Voo(xlaxQ) - 9 |x1|2_p + 5 To + xf P P
we get

V. pii [

a;o(x)foo(x) = _‘371|27p — |x2 + J,‘lz P

It follows that the control law (2.6) guarantees boundedness of the solutions of the
closed-loop system. Furthermore, boundedness of solutions is preserved in the pres-
ence of any perturbation which does not change the approximating homogeneous
function in the oo-limit, i.e., in the presence of perturbations which are negligible
with respect to the dominant homogeneous part (see P2 in section 2.2).

The key step in the proof of Propositions 2.16 and 2.18 is the converse Lyapunov
theorem given by Rosier in [29]. This result can also be extended to the case of
homogeneity in the bi-limit.

THEOREM 2.20 (homogeneous in the bi-limit Lyapunov functions). Consider
a homogeneous in the bi-limit vector field f : R™ — R"™, with associated triples
(Foos Doos foo) and (ro, Do, fo) such that the origins of the systems

(2'7) i':f(x)v j":foo(x)a i':fO(x)
are globally asymptotically stable equilibria. Let dy. and dy, be real numbers such
that dy,, > maxi<i<pn oo, and dy, > Mmaxi<i<n 0. 1hen there exists a Ct, positive

definite, and proper function V. : R™ — Ry such that, for each i in {1,...,n},

3See [34] for the definition of global asymptotical stability for invariant compact sets.
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the function x +— g—g‘; is homogeneous in the bi-limit with associated triples (ro,
dv, — 70,4, ‘g—‘;‘;) and (reo, dv., — Too,i %), and the functions x — %(1’) f(x), z —

%(w) fo(z), and z — %L;C(x) foo(T) are negative definite.

The proof is given in Appendix E. A direct consequence of this result is an input-
to-state stability (ISS) property with respect to disturbances (see [31]). To illustrate

this property, consider the system with exogenous disturbance § = (61,...,6,,) in
R™,
(2.8) &= f(z,6),

with f : R™xR™ a continuous vector field homogeneous in the bi-limit with associated

triples (DO» (T()»tO)va) and (Doov (Tooatoo)a foo)a where Yo and Too in (R+ \ {0})m are
the weights associated with the disturbance 6.
COROLLARY 2.21 (ISS property). If the origins of the systems

&= f(x,0), &= fo(x,0), &= fol(z,0)

are globally asymptotically stable equilibria, then under the hypotheses of Theorem
2.20 the function V given by Theorem 2.20 satisfies,* for all 6 = (61,...,6m,) in R™
and x in R™,

oV vy *o dy g oo
o (@) f(@,8) < —ev 5 V(a) Yo, V(a) M=
m dyy +do dy,, +doo
(2.9) +C§Zﬁ<|5j| 05, |85] e ) ’
j=1

where cy and cs are positive real numbers.

In other words, system (2.8) with ¢ as input satisfies an ISS property. The proof
of this corollary is given in Appendix F.

Finally, we have also the following small-gain result for homogeneous in the bi-
limit vector fields.

COROLLARY 2.22 (small-gain). Under the hypotheses of Corollary 2.21, there
exists a real number cg > 0 such that, for each class K function v, and KL function
Bs, there exists a class KL function (B, such that, for each function t € [0,T)
(z(t),8(t),2(t)), T < +oo, with x C* and § and z continuous, which satisfy (2.8) on
[0,T) and, for all0 <s<t<T,

210) 0 < max {55 (=G0l =) s 2.l }

(2.11)  |6i(1)] < max {ﬂg(z(s)|,t—s) G sup {9 (Jz(m) [0, |2 (%) izz“‘)}} ,

we have

(2.12) (1)) < Bu(l(x(s), 2(s))],t =),  0<s<t<T.

4The function § is defined in (1.6).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



HOMOGENEOUS OBSERVER DESIGN 1823

The proof is given in Appendix G.
Example 2.23. An interesting case, which can be dealt with by Corollary 2.22, is
when the 6;’s are outputs of auxiliary systems with state z; in R™, i.e.,

(2.13) 6i(t) = dilz(t),=(1), & = gi(zi,x)

It can be checked that the bounds (2.11) and (2.10) are satisfied by all the solutions
of (2.8) and (2.13) if there exist positive definite and radially unbounded functions
Z;  R™ — Ry; class K functions wy, we, and ws; and a positive real number € in
(0,1) such that for all « in R™, for all ¢ in {1,...,m}, and z; in R™ we have

0Z;
8Zi
wi(z) +wz ([L+ ws(lz])) < cah (|2l Jzlize)

Too

6i(2i, )| < wi(z) +w2(Zi(2:)),

(zi) gi(zi,x) < —Zi(z) + wa(|z]) ,

Another important result exploiting Theorem 2.20 deals with finite time conver-
gence of solutions toward a globally asymptotically stable equilibrium (see [4]). It is
well known that when the origin of the homogeneous approximation in the 0-limit
is globally asymptotically stable with a strictly negative degree, then solutions con-
verge to the origin in finite time (see [3]). We extend this result by showing that if,
furthermore, the origin of the homogeneous approximation in the co-limit is globally
asymptotically stable with strictly positive degree, then the convergence time doesn’t
depend on the initial condition. This is expressed by the following corollary.

COROLLARY 2.24 (uniform and finite time convergence). Under the hypotheses
of Theorem 2.20, if we have 0o, > 0 > g, then all solutions of the system & = f(x)
converge in finite time to the origin, uniformly in the initial condition.

The proof is given in Appendix H.

3. Recursive observer design for a chain of integrators. The notion of
homogeneity in the bi-limit is instrumental in introducing a new observer design
method. Throughout this section we consider a chain of integrators, with state X,, =
(x1,...,xp) in R™, namely,

(3.1) X1 = X9, ..., X, = u, orin compact form, X, = SuXn + Bnu,
where S, is the shift matrix of order n, ie., S, %X, = (x2,.. .,Xn,O)T and B, =

(0,...,0,1)T. By selecting arbitrary vector field degrees 0p and 0, in (—1, ﬁ), we
see that, to possibly obtain homogeneity in the bi-limit of the associated vector field,

we must choose the weights 79 = (70,1, ...,70,n) a0d Too = (Too,15- -+, Too,n) 88
T = 1, r; = 7T0iy1 — 0 = 1-20(n-—1),
(32) 0,n 0,7 0,:4+1 0 0( )
Too,n = 1 5 Toc,i = Too,i—i—l — aoo = 1 — Doo (n — Z) .

The goal of this section is to introduce a global homogeneous in the bi-limit observer
for the system (3.1). This design follows a recursive method, which constitutes one of
the main contributions of this paper.

The idea of designing an observer recursively starting from x, and going back-
wards towards x7 is not new. It can be found, for instance, in [28, 26, 23, 30, 35] and
in [7, Lemma 6.2.1]. Nevertheless, the procedure we propose is new and extends the
results in [23, Lemmas 1 and 2] to the homogeneous in the bi-limit case.
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Also, as opposed to what is proposed in [28, 26],% this observer is an exact observer
(with any input u) for a chain of integrators. The observer is given by the system®

(33) %n = Snin + Bnu + K1</’%1 _Xl) s

with state X, = (%1,...,&n), and where K; : R® — R" is a homogeneous in the
bi-limit vector field with weights rg, roo and degrees g, 0o,. The output injection
vector field K7 has to be selected such that the origin is a globally asymptotically
stable equilibrium for the system

(34) El = SnEl + K1(61)7 E1 = (61,...,€n)T,

and also for its homogeneous approximations. The construction of K3 is performed
via a recursive procedure whose induction argument is as follows.
Consider the system on R"~* given by

(3.5) Eiy1 = Sn-i Bip1 + Kiga(eit1), Eiy1 = (€iy1,---.ea)"

with S, _; the shift matrix of order n — i, i.e., S—; Eir1 = (€ito,.. .,en,O)T7 and

Ky R™* — R™ a homogeneous in the bi-limit vector field, whose associated

triples are ((70,i41,---,70,n), 90, Kit1,0) and ((Toc,it1s- -+ To0,n), Oo0s Kit1,00)-
THEOREM 3.1 (homogeneous in the bi-limit observer design). Consider the sys-

tem (3.5) and its homogeneous approximation at infinity and around the origin,

Eii1 =8—iEit1+ Kiv10(eit1), Fip1 =Sn—i Bip1 + Kij1,00(€i41) -

Suppose the origin is a globally asymptotically stable equilibrium for these systems.
Then there exists a homogeneous in the bi-limit vector field K; : R*~*t1 — Rn—i+1
with associated triples ((ro,---,7T0m), 00, Ki0) and ((Foo,is- - - Toon)s Ocos Kico), SUch
that the origin is a globally asymptotically stable equilibrium for the systems

Ei =Sn—it1 Bi + Ki(e;)
(3.6) Ei =8n_iv1 Bi + K ole:)

) Ei:(eia"'ven)Ta
Ei=8_it1 B+ Kile) .
Proof. We prove this result in two steps. First, we define a homogeneous in the
bi-limit Lyapunov function. Then we construct the vector field K;, depending on a
parameter ¢ which, if sufficiently large, renders negative definite the derivative of this
Lyapunov function along the solutions of the system.
Step 1. Definition of the Lyapunov function. Let dw, and dw,_ be positive real
numbers satisfying

(3.7) dw, > 2 maxi<j<nTo,j + 0o, dw,, > 2 maxi<j<nToo,j + 0
and
(3.8) dwe » dwo

Tooi  T0,

5Note the term x; in (3.15) of [28], for instance.
6To simplify the presentation, we use the compact notation K1 (&1—x1) for K1(&1—x1,0,...,0).
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The selection (3.2) implies 7o ; + 99 > 0 and re,j + 9o > 0 for each j in {1,...,n}.
Hence,

d ; d ;
Wy > 1I§nja§Xn 70,5 Weo = IISHJ_SXTLTOOJ ;
and we can invoke Theorem 2.20 for the system (3.4) and its homogeneous approxima-
tions given in (3.5). This implies that there exists a C*, positive definite, and proper
function W; 41 : R"~% — R, such that, for each j in {i+1,...,n}, the function 8‘;/7;_“
is homogeneous in the bi-limit with associated triples

OWit1,0
<(7“0,i+1, s Tom), dwy — 70,55 e : and
j
d 6Wi+1,oo
(roo,i+la--- ;roo,n)a Woo _TOOJ? ae_ .
j

Moreover, for all E;; € R"~%\ {0}, we have

oW
aEZ: (Eit1) (Sn—i Eiy1 + Kita(€i41)) <0,
oW,
(3.9) ﬁ(ﬂﬂ) (Sn—i Eip1 + Kip1o(eir1)) <0,

OWit1,00

(Bit1) (Sn—i Eit1 + Kit1,00(ei41)) <0
OFEi1

Consider the function ¢; : R — R defined as

r0,it+?0
T0,i 0.4
> S 0,4 |5| <1
_ r0,i+t00 ’ -
(310) ql(s) - ’ R )
Too,i Too,i 70, _ Too,i >
Tooit0m © T it Tmaitin’ s[> 1.

Since we have 0 < rg; + 09 and 0 < 7o ; + 0, this function is well defined and
continuous on R, strictly increasing and onto, and C! on R\ {0}. Furthermore, it is
by construction homogeneous in the bi-limit with approximating continuous functions

r0,it20 1o Too,it P00 1
A i S T i . . . — .
Si_g moi and —=1—=g T~  The inverse function ¢; = of ¢; is defined as
70,i+00 Too,i 2
70,1
T0,i+0 70,i100 ro 40
0,,1.v0.S K , ‘S‘S 0,7.0’
—1 _ T0,i T0,i
qi (S) - Too,i
T0,i Too,i Too,it 000 | Too,ito00 > T0,:i+00
((8 T0,i+00 + Too,ri'boo) Too,i ) ’ ‘3‘ - roq
By (3.8), the function
dwn,—T0.i dy . —T i
1 40; 1 M
(3.11) s g (s) 00 g (s) T
is homogeneous in the bi-limit with associated approximating functions
1o AWy —70,i 1o IWeo ~Too.i
T0,i “rn o +on T i T 0~ . .
(Z5="s) 0% and (=%-—=5) "> . Furthermore, by (3.7), it is C' on R, and
s 00,1
its derivative is homogeneous in the bi-limit with continuous approximating functions
5 dwy —.To,q‘, dWOV_TO,i T0,iT00 and s dw., —7.*00,,1 dWoo.—Too‘q‘, s Too,iT 900
T0,i T0,i+00 Too,i Too,it 000
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Let 20; : R" ! — R, be defined by

s dwo —70,i AW ~Too,i
W;(Eit1,8) = Wit1(Eiy1) + / (h CE S N )dh
i (e7+1)

s ) dyw, =70 . AWa ~Too,i
—/ (ql— (eit1) ™1 +q; (€ig1) T )dh-
T(eis1)

This function is C!, and by (3.8), Proposition 2.12 yields that it is homogeneous in
the bi-limit with weights (roi+1,...,70,n) and (Foo,it1,---sToon) for Eit1, ro,; and
Too,i for s, and degrees dy, and dy_ . Furthermore, for each j in {i +1,...,n}, the
functions B—(EZH, s) are also homogeneous in the bi-limit with the same weights

and with degreeb dw, — 70,5 and dw_ — T j-
Step 2. Construction of the vector field K;. Given a positive real number ¢, we
define the vector field K; : R"™* — R" % ag

e = e tatit )

By Proposition 2.10 and the properties we have established for ¢;, K; is a homogeneous
in the bi-limit vector field. We show now that selecting ¢ large enough yields the
asymptotic stability properties. To begin with, note that for all E; = (F;41,¢e;) in
Rn 77

aﬂﬁi(EiH, ﬁel)

5E. (Ei) (Sn—it1 Ei + Ki(ei)) < Ti(Eiyr, le;) — LTo(Eiga,le;)

with the functions T; and T5 defined as

020,
Tl(EiJrlaﬁi) = 7(E2+1, ) (Sn ZEZ+1 +K'L+1(QZ(7-9'L))) ,
OE;+1
dWD‘—‘TO,z‘ dw, =70, M AW ~Tooi
T(Eiy1,9:) = (191' o= Q;1<ei+1) o4 T = q;1(€i+1) roort )
x(qi(9;) — eiy1) -
These functions are homogeneous in the bi-limit with weights (roc ;.. ., 70on) and
(ro,is - - -5 To.n), degrees g + dw, and Do + dw__, and continuous approximating func-
tions
020;,
T1,0(Eiy1,%;) = LT 0 (Biv1,9:) (Sn—i Bit1+ Kiv1.0(qi0(9:))) ,
i+1
0W;
Do (Biy1,0:) = OE. (Bix1,Y:) (Sn—i EBit1 + Kit1,00(Gi,00(94)))
+1
W 0.1 dwg ~r0,i
T2,0(Eit1,0i) = (7‘91‘ - QiT(Jl(ei+1) 0 ) (gi,0(9:) — €it1)
and

dWooii‘ 22 AWoo ~Too,i
T3 00(Eit1,9i) = (791‘ == q;,olo(eiﬂ) fadi ) (¢i,00 (Vi) = €i41) -
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As the function ¢; ! is continuous, strictly increasing and onto, the function

dw,y —70,i

d _ )
dyy =70, Woo ~Too.i AW, ~Too,i

9, O =g en) 0 Y T =g (eig) T

has a unique zero at ¢;(¥;) = e; 41 and has the same sign as ¢;(¢;) — e; 1. It follows
that

Ty(Eip1,9:) 20V (Bip1,9;) € R,
T5(Eiy1,9:) =0 = ¢ (Vi) = eip1 .
On the other hand, for all E; # 0,

_ ow;
Ty (Bit1,q; (eit1)) = 8E: (Bit1) (Sn—i Bit1 + Kiti1(eir1)) <0

Hence (3.9) yields
{(Biz1,9:) € R"HINA{0} : Ty(Eipq,0;) = 0}
- {(Ei+1;19i) c Rr—itL . Tl(Ei+1;19i) < 0} .

By following the same argument, it can be shown that this property holds also for
the homogeneous approximations, i.e.,

{(Bit1,9:) e RPHIN{0} @ Too(BEigr,0i) = 0}
- {(Eit1,9;) e R"7L 0 Ty o(Eigq,9;) < 0},
{(Bit1,0:) € R*HIN{0} : Ty oo(Eig1,9:) = 0}
C {(Bit1,9:) e R 0 Ty (o (Eig1,9;) < 0} .
Therefore, by Lemma 2.13, there exists £* such that, for all £ > ¢* and all (F;11,9;) #
0,
T1(Eiy1,9:) — LT2(Ei1,9:) <0,
T1,0(Eig1,%) — £To0(Eiy1,9) <0,
Tl,oo(Ei+1719i) — ETQ,OO(Ei-&-lyﬂi) <0.
This implies that the origin is a globally asymptotically stable equilibrium of the
systems (3.6), which concludes the proof. |

To construct the function K7, which defines the observer (3.3), it is sufficient to
iterate the construction proposed in Theorem 3.1 starting from

{ ﬁ (Lnen)'*o0, [lnen| <1,

Cpen) 0 + 1—&-100 — ﬁ7 [lnen| > 1,

K,(en) =

1+aoo(

where /,, is any strictly positive real number. Indeed, K, is a homogeneous in the

bi-limit vector field with approximating functions K, o(e,) = ﬁ (€ren) 0 and

Ky oolen) = ﬁ(ﬁnen)lww This selection implies that the origin is a globally
asymptotically stable equilibrium for the systems é, = K,(en), én = Ky olen),

and &, = K, o(en).
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Consequently the assumptions of Theorem 3.1 are satisfied for ¢ +1 = n. We can
apply it recursively up to ¢ = 1, obtaining the vector field K;.

As a result of this procedure we obtain a homogeneous in the bi-limit observer,
which globally asymptotically observes the state of the system (3.1), and also the
state for its homogeneous approximations around the origin and at infinity. In other
words, the origin is a globally asymptotically stable equilibrium of the systems

(312) E1 =S, B+ Kl(el) s El =S, F1+ Kl’o(el) s El =S, F1+ Kl,oo(el) .

Remark 3.2. Note that when 0 < 99 < 04, we have 1 < T"’H” < Teewitloo g

Too,i

t=1,...,n and we can replace the function ¢; in (3.10) by the snnpler function

T0,it%0 Too,it P00

() =5 0 s

which has been used already in [1].
Ezample 3.3. Consider a chain of integrators of dimension two, with the following
weights and degrees:

(10, 00) = ((2—(1,1),(1—1), (Fooy Vo0) = ((2—p,1),p—1) )

When ¢ > p (ie., 99 < ), by following the above recursive observer design we
obtain two positive real numbers ¢; and {5 such that the system

361 = 9%27(]1(6161)7 552 = U*Qz(fzth(glel))a er = X1 -y,
with

Lga |s| <1 (2—)21‘1||<—1
ST, 15 =1, _ a8 o 18 ’
(3.13) q@(s) =11 q(s) — +p—
%sp + % - %, [s] > 1, (2 p)SziP p—q,ls| =1,

is a global observer for the system X1 = x9, X2 = u, y = x1. Furthermore, its ho-
mogeneous approximations around the origin and at infinity are also global observers
for the same system.

4. Recursive design of a homogeneous in the bi-limit state feedback.
It is well known that the system (3.1) can be rendered homogeneous by using a
stabilizing homogeneous state feedback which can be designed by backstepping (see
[21, 25, 19, 26, 33, 10], for instance). We show in this section that this property can
be extended to the case of homogeneity in the bi-limit. More precisely, we show that
there exists a homogeneous in the bi-limit function ¢,, such that the system (3.1) with
u = ¢p(X,) is homogeneous in the bi-limit, with weights rg and r., and degrees 9
and 0.,. Furthermore, its origin and the origin of the approximating systems in the
0-limit and in the oo-limit are globally asymptotically stable equilibria.

To design the state feedback we follow the approach of Praly and Mazenc [25]. To
this end, consider the auxiliary system with state X; = (x1,...,4;) in Ri, 1 <i<mn,
and dynamics

(4.1) X1 = Xxg9,...,%; = u orin compact form X = 8% + Biu ,
where u is the input in R, S; is the shift matrix of order 4, i.e., §; X; = (xa,..., Xy, O)T,
and B; = (0,...,1)T is in R?". We show that, if there exists a homogeneous in the
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bi-limit stabilizing control law for the origin of the system (4.1), then there is one for
the origin of the system with state X;11 = (x1,...,x;41) in R**! defined by

(4.2) X| = Xg,...,Xip1 = u, le., Xit1 = Sip1Xip1 + Bijiu .

Let 99 and 9 be in (—1, —15) and consider the weights and degrees defined in (3.2).
THEOREM 4.1 (homogeneous in the bi-limit backstepping). Suppose there exists
a homogeneous in the bi-limit function ¢; : R® — R with associated triples (ro, 0o +

70,i, i,0) and (Too, Voo + Too,is Pico) Such that the following hold:
1. There exists a; > 1 such that the function 1;(X;) = ¢;(X;)* is C and
for each j in {1,...,i} the function 37’7'; is homogeneous in the bi-limit with
weights (101, ---,70,4); (Too,1s-- s oo, de%;ees %ip(ro’i +00) — 70,5, @i(Toc,i +

10 100

Vo0) — Too,j, and approzimating functions Bx, 0 o

2. The origin is a globally asymptotically stable equilibrium of the systems
(4.3)

X =SiXi+Bidi(X), Xi=8Xi+BidioXi), Xi=8%i+BioioolXi).

Then there exists a homogeneous in the bi-limit function ¢;11 : R — R with
associated triples (19,00 + 70,i+1, $i+1,0) ANl (Too, Voo + Too,i+1, Pit1,00) Such that the
same properties hold, i.e.,

1. there exists a real number a;rq1 > 1 such that the function ¥;11(Xi41) =
Gir1(Xip1)+1 is C1 and for each j in {1,...,i + 1} the function 361#7;1 is
homogeneous in the bi-limit with weights (o1, .. ,70,i+1)s (Too,15- - - ,roo,;ﬂ),
degrees i41(ro,i+1+00) — 70,5, Qit1(Too,it1 +000) — Too,j, aNd approximating
functions ngjl'o , 781/)5:1]_’“ ;

2. the origin is a globally asymptotically stable equilibrium of the systems

Xig1=Sit1 Xiy1 + Big1 0iv1(Xig1)
(4.4) Xit1 =Sit1 Xit1 + Big1 div10(Xiv1)
Xit1 =Sit1Xit1 + Big1 Git1,00(Xit1) -

Proof. We prove this result in three steps. First, we construct a homogeneous in
the bi-limit Lyapunov function; then we define a control law parametrized by a real
number k. Finally, we show that there exists k such that the time derivative, along
the trajectories of systems (4.4), of the Lyapunov function and of its approximating
functions is negative definite.

Step 1. Construction of the Lyapunov function. Let dy;, and dy,, be positive real
numbers satisfying

4.5 dy, > max {79}, dy, > max {rej},
(4.5) Vo je{1,...,n}{ 0.4} Veo je 1,...,n}{ il
and

d d
(4.6) Yoo > N S 140,

Too,i+1 T0,i+1

With this selection, Theorem 2.20 gives the existence of a C*, proper, and positive

definite function V; : R® — R, such that, for each j in {1,...,n}, the function g;fi
J
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is homogeneous in the bi-limit with weights (ro.1,...,70,i); (Too,1,---+T00,i), degrees
. . . oV, oV,
dy, — 70,5, dv., — Too,j, and approximating functions = ;;”, a;’:". Moreover, we have

for all X; € R*\ {0},

Vi
0X;
Vi
8%1 (:{z) [Sz xz + 2 (bz,O(xz)] < 0 )
Vi oo
0X;

(X:) [Si X+ Bi (%)) <0,

(4.7)

(X3) [Si Xi + Bi ¢i,00(X4)] <0 .
Following [21], consider the Lyapunov function V;;; : Rt — R, defined by

Xit1 dyy —7T0,i41 dyy —70,i41
‘/i—&-l(xi-&-l) = Vz(%z) + / (h T0,it1 _ ¢1(:{1) T0,i+1 ) dh
$i(X:)

Xit1 Ay, —Too,i+1 Voo ~To0,it1
+/ <h Too,i+1 — ¢z(x7,) Too,it1 ) dh .
i (X4)

This function is positive definite and proper. Furthermore, as dy__ and dy; satisfy
(4.6), we have

dy_. — Tooi dy, — T0.
Voo 0o,i+1 > Vo O,z+1>ai21.

Too,i+1 - r0,i+1

Since the function ;(X;) = ¢;(X;)® is C!, this inequality yields that the function
Viy1 is C' . Finally, for each j in {1,...,n}, the function 8(;/;';1 is homogeneous in
J

the bi-limit with associated triples

Wit10
((7“0,1, ce s T0,i41)s dvy = T0 5, v, ) (Too,15 -+ + s Too,it1)s AV, — Too s
j

8‘/i+1,oo
an ’

Step 2. Definition of the control law. Recall (1.6) and consider the function
i1 : R — R defined by

Xy —di (%)
Vi1 (Xisr) = —k / 9 <|s
0

where k£ in R, is a design parameter and «;; is selected as

QG041 , ‘

20+70,i+1 P00 +700,i41
! )

QG T0,i+1 Q4 Tooit1 1}

Ajt1 > max ’ )
00 +70,i41  Oco + Too,it1

i1 takes values with the same sign as x;11 — ¢;(X;), is C!, and, by Proposition

2.12, is homogeneous in the bi-limit. Furthermore, by Proposition 2.10, for each j

in {1,...,i + 1}, the function ag’;fl is homogeneous in the bi-limit, with weights
J

(10,15 -+,70,i+1)s (Too,1s+ -+ Toc,i+1), degrees ait1(roi+1 + 00) — 70,5, Qit1(Tooit1 +

000) — Too,j, and approximating functions %{:;D, leg%. With this at hand, we

choose the control law ¢;11 as

1

Git1(Xip1) = i1 (Xigr) =it .
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Step 3. Selection of k. Note that

OVit1
0Xit1

with the functions T; and T5 defined as

ov;
Ti(Xip1) = 5

(4.8)

(Xi+1) [Sit1 Xig1 + Biv1 9it1(Xit1)] = Ti(Xig1) — b To(Xig1) »

(Xig1) [Si X + Bixig1)]

d —
Vo —"0,i+1 Ay, —7T0,i+1

Tr(Xi41) = (Xiﬂro’m — ¢i(X;) ot

DWoo ~Too0,it1 dy, —Too,itl

+ X T = (X)) e ) Git1(Xiy1) -

By the definition of homogeneity in the bi-limit and Proposition 2.10, these functions
are homogeneous in the bi-limit with weights (ro.1,...,70,i+1) and (Feo,1;- -, Too,i+1)
and degrees dy, + 99 and dy,_ + 0. Moreover, since ¢;11(¥;4+1) has the same sign as
Xiv1 — 6i(X;), To(X;41) is nonnegative for all X;,; in R and, as ¢;41(Xi41) = 0
only if x;11 — ¢;(X;) =0, we get

To(Xip1) =0 = xip1 = ¢i(X)
o
0%,

Xip1 = ¢0i(X;)) = Ti(Xiq1) (%) [Si X + Bigi(X5)] -

Consequently, equations (4.7) yield
{3€i+1 € Rit! \ {0} : TQ(}:Z'_H) = 0} - {3€¢+1 e Rt . Tl(%Hl) < O} .

The same implication holds for the homogeneous approximations of the two functions
at infinity and around the origin, i.e.,

{Xip1 €eRTIN{O} : Too(Xig1) =0} C {Xipn € RN ¢ Ty o(Xign) <0}
{Xip1 eRTINA{0} : Tooe(Xi1) =0} € {Xpq €R™T 0 Ty o(X441) <0} .

Hence, by Lemma 2.13, there exists k* > 0 such that, for all £ > k*, we have for all
Xiv1 # 0,

av;
L (%i41) [Siv1 Xir1 + Bir1¢ir1 (Xip1)] <0,
0Xiy1
aV;
LY (%i41) [Sivt Xip1 + Bit1¢it1,0(Xit1)] <0,
0Xit1
8‘/;+1,oo

(Xi41) [Sit1 Xig1 + Bit10it1,00(Xig1)] <0 .
0Xit1

This implies that the origin is a globally asymptotically stable equilibrium of the
systems (4.4). 0

To construct the function ¢, it is sufficient to iterate the construction in Theorem
4.1 starting from

e

1 1 Q102 1 gy T2 g
P1(x1) = P1(x)er, P1(x1) = *kl/ K9] <5 o T s e ) ds
0

with k; > 0.
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At the end of the recursive procedure, we have that the origin is a globally asymp-
totically stable equilibrium of the systems

(4'9) Xn = Sn X, + B, an,O(In) 5

Remark 4.2. Note that if 99 > 0 and 0., > 0, then we can select «; = 1 for all

1 <i<mn,and if 99 < 0 and 0., > 0p, then we can select «; = ;‘)il Finally, if

A

Too,1

000 < 0 and 0g > 04, then we can select a; =

Too,it1
Remark 4.3. As in the observer design, when 09 < 0., we have % <
% for i =1,...,n and we can replace the function 1; by the simpler function
o _ mHM
(410) Vi1 (Xipr) = —k | |xF — a(X)™ [T 2iroin

. a’_+17°oc+’“oo.i+1
Hafiy — @i(X) T et )

Finally, if 0 < 99 < 0, then by taking a; = 1 (see Remark 4.2) and ¢(X;11) =
Yi41(X;41) as defined in (4.10), we recover the design in [1].

Example 4.4. Consider a chain of integrators of dimension two with weights and
degrees

(ro,20) = (2=q.1),q=1), (e ) = (@=p1),p—1),

with 2 > p > ¢ > 0. Given k; > 0, using the proposed backstepping procedure we
obtain a positive real number ks such that the feedback

x1—¢i(x1)
(4.11) Ga(x1, x2) = —ky / & (Is)L, |s/1) ds |
0

with ¢1(x1) = —k; 0X1 ﬁ(\s\%7 ‘3‘%) ds, renders the origin a globally asymptoti-
cally stable equilibrium of the closed-loop system. Furthermore, as a consequence of
the robustness result in Corollary 2.22, there is a positive real number ¢ such that, if
the positive real numbers |¢g| and |coo | associated with é; in (1.2) are smaller than cg,
then the control law ¢o globally asymptotically stabilizes the origin of system (1.1).

5. Application to nonlinear output feedback design.

5.1. Results on output feedback. The tools presented in the previous sections
can be used to derive two new results on stabilization by output feedback for the
origin of nonlinear systems. The output feedback is designed for a simple chain of
integrators,

(5.1) it = Spr + Bhu, y=1,

where z is in R", y is the output in R, and u is the control input in R. It is then
shown to be adequate to solve the output feedback stabilization problem for the origin
of systems for which this chain of integrators can be considered as the dominant part
of the dynamics.
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Such a domination approach has a long history. It is the cornerstone of the results
n [13] (see also [27] and [24]), where a linear controller was introduced to deal with
nonlinear systems. This approach has also been followed with nonlinear controllers in
[22] and more recently in combination with weighted homogeneity in [35, 26, 28] and
the references therein.

In the context of homogeneity in the bi-limit, we use this approach exploiting the
proposed backstepping and recursive observer designs. Following the idea introduced
by Qian in [26] (see also [27]), the output feedback we proposed is given by

(5:2) X =L (Sy Xyt Buon(Xa) + Ki(mr = 21)), w = L"gn(En) ,

with .’%n in R™ and where ¢, and K; are continuous functions and L is a positive
real number. Employing the recursive procedure given in sections 3 and 4, we get the
following theorem, whose proof is in section 5.2.

THEOREM 5.1. For all real numbers dy and s in (—1,-15), there ewists a
homogeneous in the bi-limit function ¢, : R™ — R with associated triples (ro,1 +
00, Pn0) and (Toos 1 + Voo, Pn.0c) and a homogeneous in the bi-limit vector field Ky
R™ — R™ with associated triples (ro,00, K1,0) and (reo, V00, K1,00) such that for all
real numbers L > 0 the origin is a globally asymptotically stable equilibrium of the
systems (5.1) and (5.2) and their homogeneous approximations.

We can then apply Corollary 2.22 to get an output feedback result for nonlinear
systems described by

(5.3) = Spx + Bpu + 6(t), y = x1,

where 6 : Ry — R"™ is a continuous function related to the solutions as described in
the two corollaries below and proved in section 5.2. Depending on whether 3¢ < 0
or 0o < 0g, we get an output feedback result for systems in feedback or feedforward
form.

COROLLARY 5.2 (feedback form). If, in the design of ¢, and K, we select
00 < Voo, then for all positive real numbers ¢y and coo there exists a real number
L* > 0 such that for every L in [L*,+00), the following holds:

e For every class K function v, and class KL function Bs, we can find two class
KL functions B, and Bz such that, for each functiont € [0,T) — (z(t), X, (t), 5(t), z(t)),
T < 400, with (x,%,) C' and § and z continuous, which satisfies (5.3), (5.2), and
foriin{l,...,n} and 0 < s<t<T,

20 < max {8 (J2(s)],t = 5), supcner=(2(R))}
8:0)] < max § B (I2(s)l,t — 5)

(5.4) sup | ¢ Z |z (k)] e + Coo Z |z (K |% ,

s<k<t

we have for all0 < s <t < T,

()] < Bol|(x(s), Xnls), 2()] 8 = 5), | Xn(B)] < Ball(2(s), Xuls), 2(5))], ¢ = 5) -
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COROLLARY 5.3 (feedforward form). If, in the design of ¢, and Ky, we select
Voo < 0o, then for all positive real numbers ¢y and co, there exists a real number
L* > 0 such that for every L in (0, L*], the following holds:

e For every class K function v, and class KL function Bs, we can find two class
KL functions B, and Bz such that, for each function t € [0,T) (J:(t),in(t),é(t),
2(t)), T < +oo, with (z,%,) C' and 6 and z continuous, which satisfies (5.3), (5.2),
and fori in {1,...,n} and 0 < s <t < T,

0] < max{gs(=(6)t = ). suwp (ot}

s<rk<t

16:()] < max q Bs([z(s)],t = 5) ,

n

1-dg(n—i—1) o (n—ie1)
(5.5) sup | co Z |z (k)] T=200=D 4+ cop Z |z (K | e e ey ,

sSkt j=it2 j=it2

we have for all0 < s <t <T,

[2()] < Ba(|(2(s), Xn(s), 2(s))[,t = 5),  [Xn(@)] < Ba(l(2(s), Xnls), 2(s))],t = s) -

Example 5.4. Following Example 2.23, we can consider the case where the §;’s are
outputs of auxiliary systems given in (2.13). Suppose there exist n positive definite
and radially unbounded functions Z; : R™ — R, three class K functions wy, wa, ws,
and a positive real number ¢ in (0, 1) such that

0Z;
0z;

|6i(2i, )] < wi(z) +wa(Zi(z:)), “(zi) gi(zi,m) < —Zi(zi) + ws(|z]) ;

then, if there exist two real numbers 09 and 0, satisfying —1 < 99 < 0o < ﬁ and

1-doo(n—i-1)
(5.6)  wie) +wa (1 +clws(la]) < Z|x| =Rt +Z|z R

then Corollary 5.2 gives L* > 0 such that for all L in [L*,400), the output feedback
(5.2) is globally asymptotically stabilizing. Compared to already published results (see
[13] and [26], for 1n5tance) the novelty of this case is in the simultaneous presence of

v (n—i—1)

1)
the terms |xz; |W and |x; |W

On the other hand, if there exist two real numbers 9y and 0, satisfying —1 <
Dc>o S a() < ﬁ and

n

n
1-0g(n—i—1) 1-0o0(n—i—1)
wi(@) +wr (L +dwslz) < [ Y layl T + Yyl e |

=142 =142

then Corollary 5.3 gives L* > 0 such that for all L in (0,L*], the output feedback
(5.2) is globally asymptotically stabilizing.
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Ezample 5.5. Consider the illustrative system (1.1). The bound (5.6) gives the
condition

(5.7) 0 <g<p<2.

This is almost the least conservative condition we can obtain with the domination
approach. Specifically, it is shown in [18] that, when p > 2, there is no stabilizing out-
put feedback. However, when p = 2, (5.6) is not satisfied, although the stabilization
problem is solvable (see [18]).

By Corollary 2.24, when (5.7) holds, the output feedback

X1 = Lixs—Lq(lier),
~ ~ X (%
u = L2¢2(X1,X2)7 Xy = 7 —Lagx(l2q1(lrer)) ,
€1 = /%1 —-Y,

with ¢1, la, ¢2, q1, and g2 defined in (3.13) and (4.11) and with picking 9¢ in (=1, ¢—1]
and 0. in [p — 1, 1), globally asymptotically stabilizes the origin of the system (1.1),
with L chosen sufficiently large. Furthermore, if 0¢ is chosen strictly negative and 9,
strictly positive, by Corollary 2.24, convergence to the origin occurs in finite time,
uniformly in the initial conditions.

Ezample 5.6. To illustrate the feedforward result consider the system?

3
. 5 3 . . . 4
x1:x2+x§+z , Tpg=x3, IT3=U, Z=—2 +T3, Y=21.

For any € > 0, there exists a class KL function s such that

|z()]® < max{ﬂ,g(z(sﬂ,t—s), (1+¢) sup |.Z‘3(I{)|Z}.

s<k<t

3
Therefore by letting 6; = =3 +23 we get, for all 0 < s < ¢t < T on the time of existence
of the solutions,

61(0)] < max{ﬁ§<z<s>|,t—s>, sup (14 o)laa(x)|? + |x3<n>|3} |

s<k<t

This is inequality (5.5) with 99 = f% and 0o, = %. Consequently, Corollary 5.3 says
that it is possible to design a globally asymptotically stabilizing output feedback.

5.2. Proofs of output feedback results.

Proof of Theorem 5.1. The homogeneous in the bi-limit state feedback ¢,, and the
homogeneous in the bi-limit vector field K involved in this feedback are obtained by
following the procedures given in sections 3 and 4. They are such that the origin is
a globally asymptotically stable equilibrium of the systems given in (4.9) and (3.12).
To this end, as in [26], we write the dynamics of this system in the coordinates

X, =(X1,...,&,) and E; = (ey,...,e,) and in the time 7 defined by

N xX; d - 1 d
(58) e = X; — Li—l’ E = E& .

"Recall the notation (1.4).
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This yields

d = ~ -
— X, = Snxn‘i’Bnd)n(xn)) + Kl(el) )
dr
(5.9) :
E, = S Ei+ Ki(e)
dr

with By = (e1,...,€en), X, = (%1,...,&p). The right-hand side of (5.9) is a vector
field which is homogeneous in the bi-limit with weights (r9,70), (Teo, oo )-

Given dy > max;{ro j,7ec.j}, by applying Theorem 2.20 twice, we get two C1,
proper, and positive definite functions V' : R® — R and W : R™ — R, such that
for each i in {1,...,n}, the functions g—v and Q—‘Z are homogeneous in the bi-limit,

with weights rq and Too, degrees dy — 1o ; and dU —Too,i, and approximating functlons

vy V. OWo aW
o%, 9a, & and D)0 D . Moreover, for all X, # 0,

ov =
kS

Wy ~
Ve ~ - A
) [sn %o+ Bnabw(%n)] <0,

EANE )[5 Xy + Boon(X )]<o,

R)

(5.10) )} <0,

and for all F; # 0,

ow
OF,
oW,
a—Ef(El) (Sn By + Ky 9(e1)) <0,
oW,

ano (El) (Sn FEi + Kl,oo(el)) <0.

(El) (Sn E1 + K1(61)) <0 s

(5.11)

Consider now the Lyapunov function candidate
(5.12) UX,, E) = V(X)) + cW(EY) ,

where ¢ is a positive real number to be specified. Let

~ oV~ ~ ~
n(:{n;El) - g(:{n) (Sn xn + Bndjn(%n) + K1(€1)> 3

n

Y(Ey) = _%(El)(snEl + Ki(er)) .

These two functions are continuous and homogeneous in the bi-limit with associ-

ated triples ((r()a TO)a dU + DOa 770)? ((T<X>7 roo)v dU + 0<><>a 7700) and ((7"0, rO)v dU + a07 ’70)5
((Poos Too)s AU 4 Voo, Yoo ) Where g, Yoo and 7, Neo are continuous functions. Further-
more, by (5.11), v(E4) is negative definite. Hence, by (5.10), we have

(X0, By) € RZ"\ {0} : v(Ey) =0} C (X0, E1) €eR*™ : (X, By) <0},
{ b J
{(§En,E1) R\ {0} : 1o(E1) = o} - {(ﬁEn,El) R : po(Xn, B1) < o} :
{(ﬁen,El) ER¥\ {0} : yoo(B)) = o} - {(ﬁen,El) R ;oo (X, Bn) < o} .
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Consequently, by Lemma 2.13, there exists a positive real number ¢* such that, for all
¢ > ¢* and all (X, Fy) # (0,0), the Lyapunov function U, defined in (5.12), satisfies

S B (8030 + Badn() + Kaer)
O (R, B () (S0 B + Kier)) < 0
1

and the same holds for the homogeneous approximations in the 0-limit and in the
oo-limit; hence the claim. 0
Proof of Corollary 5.2. We write the dynamics of the system (5.3) in the coordi-

nates X,, and FE; and in the time 7 given in (5.8). This yields

d ~ ~ N

E %n = Snxn +Bn¢n(xn)) + Kl(el)v
5.13
(513) j

e Ey, = SyEi+ Ki(er) + D(L)
with

o) - ().

We denote the solution of this system, starting from (.?A€n(0)7 E1(0)) in R?™ at time 7,

o~

by (X ,(7), E-1(7)). We have
(5.14) zi(t) = L7 (R, (Lt) — e, (Lt)) .

The right-hand side of (5.13) is a vector field which is homogeneous in the bi-limit
with weights (10, 70), (Teo, oo ) for (3/{””, E4) and (o, too) for ®(L), where to; = ¢+
and Teo i = oo, + 0o for each 4 in {1,...,n}.

The time function 7 +— 6(F%) is considered as an input, and when D(L) = 0,
Theorem 5.1 implies global asymptotic stability of the origin of the system (5.13)
and of its homogeneous approximations. To complete the proof we show that there
exists L* such that the “input” © (L) satisfies the small-gain condition (2.11) of Corol-
lary 2.22 for all L > L*. Using (5.8) and (5.14), assumption (5.4) becomes, for all
0<oc<7<LTandalliin {1,...,n},

5D {55 (12 (2] 222
i S max LZﬂé(‘Z(L)’ L >
L' SUPs<r<r {CO Z ‘L(jil)()}ﬂj(’%) - €T7j(li))

j=1

1-0g(n—i—1)
1—20(n—j)

'3 1—0oo(n—i—1)
N Toosn7)
(5.15) +eoe Y ‘L(J D(&r5 (k) = er,i(5)) } } :
j=1

Note that when 1 < j < 4 < n, the function s — %
ing, mapping (—1,%) in (n_’ﬁij,jil). As 09 < 0 < ﬁ, we have for all

1<j<i<n,

is strictly increas-

L-0g(n—i—1) _ 1-0u(n—i-1) _ i
1—d(n—j) — 1—ds(n—j) j—1"
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Hence, selecting L > 1, there exists a real number € > 0 such that

1-0o0(n—i—1) 1—dg(n—i—1)

L~ > LU DTS > U T=0mn ¢,
This implies

16 (£)] 1 g\ T—o0
— < — —
L smaxy (‘Z (D= )
d " 1—aQ(n—i—‘1)
L7 sup,cpcr {CO D 1(&rg(8) = ery(w))] 700D

j=1
1-0o0(n—i—1)
+c»oZ (e (7) = e ()| T3 } } .

On the other hand, the function

o(n—i—1 o (n—i—1)
(%TL;EI — COZ ‘Xj _€J| 1— Do(n 7) +COOZ ‘Xj _ej| 1— aoo(n )

Jj=1 Jj=1
is homogeneous in the bi-limit with weights (rg,7¢) and (reo,7~) and degrees 1 —
d(n—i—1)=1rp;+0and 1 —0c(n —7 — 1) = 7,; + Voo (see (3.2)). Hence, by
Corollary 2.15, there exists a positive real number ¢; such that

LI 1—2g(n—i—1) 1—doo(n—i—1)
Co E ‘X] _€]| T=00(n=0)  + Cqop E |XJ _€g| T—0o0(n—7)
Jj=1

=1

(Toov"'OO)

(5.16) < o $ (|(5€n, By)[2etros

(r0,m0)

(%n,El)\°°°+T°°’) .

Hence, by Corollary 2.22 (applied in the 7 time-scale), there exists ¢ such that for
any L* large enough such that ¢; L*7¢ < ¢, the conclusion holds. ]

Proof of Corollary 5.3. The proof is similar to the previous one with the only
difference being that, when i and j satisfy 3 < i+ 2 < j < n, the function s —

% is strictly decreasing7 mapping (-1, —1) in (J%l, ﬁ) Moreover the
condition —1 < 0o, < 09 < —5 gives the inequalities
l—boo(n—i—.l) > 1—00(n—i—.1) - i .
1-05(n—7) 1—=2(n—j7) ji—1

Hence (5.16) holds, and by selecting L < 1 we obtain the existence of a positive real
number € such that

1-0dg(n—i—1) 11— (n—i—1)

L¢ > [V V750 > U DTS5t

From (5.5), this yields, for all 0 < o <7 < LT and all ¢ in {1,...,n},

5 (Z 1 —
’éf”gmax{yﬂé<z(2) ’TLJ>’
1-0g(n—i-1)

n
Lfsupa<n<r{°‘0 > Ery(8) = e ()] =300
Jj=i+2
1—000( 1)
o 30 ((Fng(r) - eny ()| TG }}

J=i+2
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From Corollary 2.22, the result holds for all L* small enough to satisfy ¢ L*® <
cq. O

6. Conclusion. We have presented two new tools that can be useful in nonlinear
control design. The first one is introduced to formalize the notion of homogeneous
approximation valid both at the origin and at infinity. With this formalism we have
given several novel results concerning asymptotic stability, robustness analysis, and
also finite time convergence (uniformly in the initial conditions). The second one is
a new recursive design for an observer for a chain of integrators. The combination of
these two tools allows us to obtain a new result on stabilization by output feedback
for systems whose dominant homogeneous in the bi-limit part is a chain of integrators.

Appendix A. Proof of Proposition 2.10. We give the proof only in the 0-
limit case since the oo-limit case is similar. Let C be an arbitrary compact subset of
R™\ {0} and € any strictly positive real number. By the definition of homogeneity in
the 0-limit, there exists A\; > 0 such that we have

BOVe0 0 2)

oo —¢go(z)| <1 VYo e C, YA€(0,)\].

Hence, as ¢¢ is a continuous function on R™, for all A in (0, \;], the function z +—
qb()‘dizf;z) takes its values in a compact set Cy = ¢o(C) + By, where By is the
unity ball.

Now, as (p is continuous on the compact subset Cy, it is uniformly continuous;

i.e., there exists v > 0 such that
ot =2 <v = [Co(21) = Co(22)| <€ .

Also there exists p. > 0 satisfying

SE Vz€C¢, VNE(O7ME]5

,0

’C(Zdzﬂz) — Go(2)

or equivalently, since dg o > 0,

Ad<b.0 T¢,0
%— z)] <e Vze Oy, VAe(o,uqu}
A Teo
Similarly, there exists A, such that
P(AT¢0 o x
‘(quo)_%(x) <v Vz elC, VYAXE(0,N].
It follows that
Clp(AT#0 o C(d(AT20 o 2 A0 o 1
((%—dc)) = Co(¢o(2))| < ((%—dc)) — o ()\T)
A T¢o A "co

+ @(¢@%ﬂom

) — o ntel)

T¢,0

<2¢ Vz e C, V)\Emin{/\l,Au,uf“”o} .

This establishes homogeneity in the 0-limit of the function ¢ o ¢.
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Appendix B. Proof of Proposition 2.11. We give the proof only in the 0-
limit case since the co-limit case is similar. The function ¢ being a bijection, we can
assume without loss of generality that it is a strictly increasing function (otherwise we
take —@). This, together with homogeneity in the 0-limit, implies that g is strictly
positive. Moreover, for each 6§ > 0, there exists ¢5(6) > 0 such that

(1)

tdo

—%\s5 Vi e (0,10(6)) .

By letting A\ = ¢(t), this gives

(po—é < (2512\)\)% < <,00—|—6 VA€ (0,¢(t0(6))], Vé > 0.

Since for 6 < ¢q the term on the left is strictly positive, these inequalities give

1 \% ¢ (N 1\ B
<Lp()+5> S )\% S ((,00—6> VA € (O7¢ 1(t0(6))]a V6 S (07900) .

L. .
Then since the function § +— (%1_ 5) % is continuous at zero, for every e; > 0 there

exists 1 (e1) > 0 satisfying
() o= o) < () = ()
— — € _— _ — €1 .
®0 "= \pot+bi(a) = \wo —d1(er) ~ \¥o '
This yields
w%»_<1)%
Ao o

with A_(e1) = ¢(to(61(€1))). With a similar argument, we get

¢71(1*)\) I (1) “
A do ®o

for some Ay > 0. Let A\g = min{A_, A\ }.
Now, for z # 0 and A > 0, we have

Therefore, for any compact set C' of R\ {0} and any € > 0, by letting ¢; =

< g Ve (0,)\,(61)} ,

< €1 Ve (0,)\+(€1)]

1
= x|’i0

€

1
maxzec |z| %0

we have
B A
\:c|dloel < ¢, 0 < |Az| < Ao (e1) V)\€<070(61)] , Vzel,
maXg;eC |l‘|

and therefore

1 &

W—(x> ‘l < Vae (aw} VzeC.
Ao %o maxgec |7

This establishes homogeneity in the 0-limit of the function ¢~!.
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Appendix C. Proof of Lemma 2.13. The proof of this lemma is divided into
three parts.
1. We first show, by contradiction, that there exists a real number ¢ satisfying

no(0) — ¢y0(0) < 0 YoeS,, Yec>c.

Suppose there is no such c¢g. This means there is a sequence (6;);en in Sy,
which satisfies

n0(0;) — iv0(6;)) > 0 Vi € N.

The sequence (6;);en lives in a compact set. Thus we can extract a convergent
subsequence (6;,)¢eny which converges to a point denoted 0o.

As the functions 79 and vy are bounded on S,, and vy takes nonnegative
values,® v9(6;,) must go to 0 as i, goes to infinity. Since the functions 7y and
~o are continuous, we get vo(0s) = 0 and 19(fs) > 0, which is impossible.
Consequently, there exist ¢y and €9 > 0 such that

(C.1) no(0) — cy(0) < —go < 0 VOoeSy,, Ye>co.

Moreover, since the functions 79 and 7y are homogeneous in the standard
sense (see Remark 2.6), we have the second inequality in (2.4).

Following the same argument, we can find positive real numbers ¢y, and €4,
such that

(C.2) Noo(0) — ¢Y0(0) < —£xo YoeS., V> coo

and the third inequality in (2.4) holds.
In the rest of the proof, let

1 = max{cy, o}, g1 = min{eg, €00} -

2. Since n and 7 are homogeneous in the 0-limit, there exists Ay such that, for
all A € (0,Ao] and all § € S,,, we have

€1

< A(A0 00
yr < (A" 00),

(A 08) < Ap(6) + X S, A qp(6) — A%
which readily gives
B 08) — ¢ Y (N0 0 8) < A0 py(8) + Ado % — AT 0(8)
Using (C.1), we get
NN 0 8) — 1 7(N° 0 8) < —Ado%l YAE(,N], VO ES,, .
and therefore, since v takes nonnegative values,

B 6.0) — cy(\ 0 8) < —/\dﬂ% VAE(0,X],VOES,, Ve>er.

8Indeed, if we had yo(x) < 0 for some = in R™ \ {0}, by letting ¢ = —'YOT(I), the homogeneity in
the 0-limit of v would give a real number A > 0 satisfying % <v(z)+e= WOT@) < 0. This
contradicts the fact that v takes nonnegative values only. Also by continuity we have vo(0) > 0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1842 V. ANDRIEU, L. PRALY, AND A. ASTOLFI

Similarly, there exists Ao satisfying
HN=00) —cy (A= o) < —Adoc%l YA E Moo, +00), VO € S, Ve>e.

Consequently, for each ¢ > ¢;, the set

{z € R"\{0} [n(z) — cy(z) = O},

if not empty, must be a subset of
— {r e R : faly, > Ao} J{z € B ¢ Jalol < A}

which is compact and does not contain the origin.
3. Suppose now that for all ¢ the first inequality in (2.4) is not true. This means
that, for all integers ¢ larger than c;, there exists z. in R" satisfying

n(@e) — cy(ze) = 0,

and therefore x. is in C. Since C is a compact set, there is a convergent
subsequence (x.,)¢en Which converges to a point denoted z* different from
zero. Also as above, we must have v(z*) = 0 and n(z*) > 0. But this
contradicts the assumption, namely,

{zeR"\ {0}, ~(x)=0} = n(z) <0.

Appendix D. Proof of Proposition 2.18. Because the vector field f is ho-
mogeneous in the co-limit, its approximating vector field f., is homogeneous in the
standard sense (see Remark 2.6). Let dy,_ be a positive real number larger than
Too, for all i in {1,...,n}. Following Rosier [29], there exists a C', positive definite,
proper, and homogeneous function V, : R™ — R, with weight ro, and degree dy._,
satisfying

Voo

(D.1) =

= (2)foo(z) <0 Ya #0.

( )f(z) is homogeneous
in the oco-limit with associated triple (rom 0o +dv_, Bgz ) foo(z)). Let

Voo
e = 5, {T=O)10))

and note that, by inequality (D.1), e is a strictly positive real number. By the
definition of homogeneity in the oo-limit, there exists A, such that

oo (AT 0 0) f(A"= 0 0) IV
2 AdVoo 000 - O (e)foow)

<o VOES_ VA=A

This yields

Vs
or

S (= 00) < x4~ (T )1 (0) +

<Aoo 0V hES, VYV A> A,
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or in other words,

OV
ox

This establishes global asymptotic stability of the compact set

(D.2)

() f(x) <0 Vaz |z, > A -

Coo = {2 : Vo) < v},
where v, is given by

Voo = max {Ve(z)}.

[2]r00 = Aoo

Appendix E. Proof of Theorem 2.20. The proof is divided into three steps.
First, we define three Lyapunov functions Vj, V,,,, and V. Then we build another
Lyapunov function V from these three. Finally, we show that its derivative along
the trajectories of the system (2.7) and its homogeneous approximations are negative
definite.

1. As established in the proof of Proposition 2.18, there exist a positive real
number A, and a C! positive definite, proper, and homogeneous function
Voo :R™ — Ry, with weight ro and degree dy__ satisfying (D.2). Similarly,
there exist a number \g > 0 and a C' positive definite, proper, and homoge-
neous function Vo : R™ — R, with weight ro and degree dy;,, satisfying

Vo
ox
Finally, the global asymptotic stability of the origin of the system & = f(z)

implies the existence of a C', positive definite, and proper function V,
R™ — R, satisfying

(E.1) (z) f(x) <0 Ve : 0 < |z|r < Ao -

OV
Oz
2. Now we build a function V from the functions V,,, Vi, and V4. For this, we

follow a technique used by Mazenc in [17] (see also [15]). Let v and vy be
two strictly positive real numbers such that vy < vy and

(E.2) () f(x) < 0O Vo #£ 0.

Voo > max  Vp(z), vo <  min  Vy(z).
T 2oy <Aoo z:|x|rg > Xo

This implies

{zx eR"™ : Vp(z) > voo}
{z e R" : V,(z) < vo}

{z eR" : |2[r = Ao},
{z eR" : |z|r, < Ao}

N 1N

Let wp and w4 be defined as

Vin () Vin ()

’ Woo =

wo = min
i L vg<Vm(2)<vo Vo(T)

x:vwgr\}}?é)SQUW VOO(.’II) '
We have
Woo Voo () — Vip(2) >0 VYV @ v < Vip(z) < 2000

1
Vin(@) — woVo(z) >0 Vz : 3 v < Vl(x) <.
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Let
V() = Woo Poo(Vin(2))Voo ()
+ 1 = oo (Vin(@))] 00 (Vin (2)) Vin () + wo [1 = ¢o(Vin(2))] Vo () ,
where ¢q and ¢, are C! nondecreasing functions satisfying

(E.3)  wo(s) =0 Vs < %vo, wol(s) =1 Vs>,

(E.4) Yool(s) = 0 Vs < Vs, Vool(s) = 1 Vs> 20 .
Then V is C!, positive definite, and proper. Moreover, by construction,
wo Vo(x) Va: Vylz) < %vo ,

©0(Vin (2)) Vin (2) + wo [1 = 0(Vin())] Vo(z)
Va: %vo < Vin(z) < vg

Viz) =< Vn(z) Va:v < Vp(r) < v,

Woo oo (Vin () Voo (2) + [1 = oo (Vin (2))] Vin(z)
VI ve < Vipl(z) < 20y,

Woo Vo () Va: V() > 20y .
Thus for each i in {1,...,n},
oV OV
(E.5) oz, () = weo a—ml(x) Va: V() > 2vs
and
ov B A% _ 1
(E.6) 6—%(;10) = wp oz, (x) Va: Vulz) < v -

Since aa‘;?" and % are homogeneous in the standard sense, this proves that

for each ¢ in {1,...,n}, % is homogeneous in the bi-limit, with weights rq
and ro, and degrees dy, — ro,; and dy, — Tco,i-

. It remains to show that the Lie derivative of V along f is negative definite.

To this end note that, for all x such that %vo < Vin(z) < wo,

W @) 1(w) = chVin(a)) Vi) — 0 Vo)) 2 (2) ()
1= 2o(Vin(@))] D (@) (@) + o Vin (@) 22 (1) )

and, for all z such that vo, < Vi (2) < 2000,

W 0)1@) = @ (Vinl)) e Vao ) = Vin )] S (2) ()
Vo
ox

By (D.2), (E.1), (E.2), (E.3), and (E.4), these inequalities imply
ov
Ox

which proves the claim.

(£)£(2) + 1~ pucVin ()] B @) f ()

+ Weo L)0c>o(‘/m(x))

(z) f(z) <0 V& #0,
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Appendix F. Proof of Corollary 2.21. Recall (1.6) and consider the functions
m R"xXR™ —-Rand y; :R®” x R™ — R, defined as

oV 1 S Dt et
m(z,6) = 5-(z) | f(z, 8) = 5 f(z, 0)], vl(x,é)—zﬁ(w 00 [65] oo )
j=1

These functions are homogeneous in the bi-limit with weights ro and 7., for z and tg
and to for § and degrees dy;, +0 and dy._ +0s. Since the function = — %X (z) f(x,0)
is negative definite, then

{(z,8) e R"*™\ {0} : yi(z,8) = 0} C{ (z,8) e R"™™ : ny(z,8) < 0} .
Moreover, since the homogeneous approximations of 7 are negative definite, we get

{(z,6) e R"™\ {0} : vo(z,6) = 0} C{ (2,6) e R™™™ : my(z,6) < 0},
{(z,6) e R"™\ {0} : 7.00(x,8) = 0} C{ (2,6) € R"™ : nyoo(z,6) < 0} .

Hence, by Lemma 2.13, there exists a positive real number c¢s such that

ov 1 m dVoJr.t'U 'ivoo"’?(x)
F1) G |10 - £ 0] < o 30 (1l )
j=1

Consider now the functions 72 : R™ — R, and 72 : R™ — R defined as

dy,+20 dy__ +00 10V

mi) =9 (Vi) B V) ) ale) =5 G @) f(w0)

They are homogeneous in the bi-limit with weights ro and r., and degrees dy, + g
and dy._ + 0. Since 7y and its homogeneous approximations are positive definite,
by Corollary 2.15 there exists a positive real number ¢y such that

19V

(F.2) 5 o2

dyy +20 dy,, toc0 )

(ZL') f($,0) S _CVFJ (V(CL‘) dVD s V(:Z:‘) Ay

The two inequalities (F.1) and (F.2) yield the claim.

Appendix G. Proof of Corollary 2.22. Let dy, and dy,, be such that the
assumption of Theorem 2.20 holds. For each ¢ in {1,...,m}, let p; : Ry — R, be
the strictly increasing function defined as (see (1.6))

(G.1) pi(s) = 9 (s, "),
where
000 + dvoo 0o + dVo
pPi=——, ;= ——————— .
Too,i To,i

We first prove that the inequality given by Corollary 2.21 implies that the system
(2.8), with § as input and x as output, is ISS with a linear gain between > /" | u;(|6;])

vo+d Voo t+d . .
and H(|z|0 " |z[s=T">). To do so we introduce the function o : Ry — R as

oo

20tdy, Voo +dyy,
als) = H s Y s e ) s>0.
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This function is a bijection, strictly increasing, and homogeneous in the bi-limit with

d‘;QJon dy +000
approx1mat1ng functions s Vo and 5 “Veo . NIOI‘GOVGI‘7 from PI‘OpOSlthIl 2.10,

the function  — a(V(x)) is positive definite and homogeneous in the bi-limit with

associated weights ro and ro, and degrees 09 + dy;, and 0o + dy, . Moreover, its
dyy too dy 000

approximating homogeneous functions Vp(z) “Yo and Vi (xz) Ve  are positive

definite as well. Hence, we get from Corollary 2.15 the existence of a positive real

number c¢; satisfying

(G.2) @(@\?3*”0,@\“&”%) < aaV(z) VzeR".

Too

On the other hand, from inequality (2.9) in Corollary 2.21, we have the property

{(m,é) eER"XR™ : a(V(z)) > 20% Zuz(fm)}

oV Cy

(G.3) C {(x,é) € R" xR™ : %(x) f(z,6) < — oz(V(x))} .

In the following, let ¢t € [0,T) — (x(t), 6(t), 2(t)) be any function which satisfies (2.8)
on [0,7) and (2.10) and (2.11) for all 0 < s < ¢t < T'. From [32], we know the inclusion
(G.3) implies the existence of a class KL function By such that, forall 0 < s <t < T,

(G.4)

V(z(t)) < max{ By (V(z(s)),t —s), sup {a~! %Zuj(\éj(fz)b

s<k<t
With « acting on both sides of inequality (G.4), (G.2) gives, for all 0 < s <¢ < T,
d
9 (le(®l ™™, @Rz )

2cqcs

sup > 1(16;(x)))

Cy  s<k<t

(G.5) < max { ¢y ao By (V(x(s)),t —s),

Jj=1

This is the linear gain property required. To conclude the proof it remains to show
the existence of cg such that a small gain property is satisfied.

First, note that the function z — ﬁ(\x|2§+dv{)7 |;E|$°°+dv°°) is positive definite
and homogeneous in the bi-limit with weights ro and r., and degrees 0¢ + dy, and
0o + dy,_. By Proposition 2.10, for ¢ in {1,...,m} the same holds with the function

to,i Too,i

z — i (9 (Jz)r", |z[+2")). Hence, by Corollary 2.15, there exists a positive real
number co satisfying

oo

(G.6) pi (9 (|l

Let C; for i in {1,...,m} be the class K, functions defined as

2liz4) < @ (el Pz ) veeRr

Too Too

Ci(c) = max{c®, P} + cuaitsr 4 Pitai

From (G.1), we get, for each s > 0 and ¢ > 0,

)

Mi(CS) “ (]_ + slh‘)(]_ + Cpispi) < |:]_ + cPi gPitai g%i cPi gPi
— i cdi

= c
M(S) (1+ Sm)(1 + cq'isqi) 1+ c%igpitdai + 1 + % g%i+pi + 1+ spi
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where
1+ cPigPitai ) ‘ i g% Pidi % cPi gPi s
o Smax{c? P} s Sem e <
1+ c%igPitai 1+ % s%itpi 1+ spi

Hence, by continuity at 0, we have
(G.7) wi(cs) < Ci(e) pi(s) VY (c,s) € RY .
Consider the positive real numbers c1, ca, ¢s, and ¢y previously introduced, and select

cg in Ry satisfying

(G.8) cg < min C;! (cv> .

1<i<m 2meyg cocs

To show that such a selection for c¢ is appropriate, observe that by (G.6) and (G.7)
and u; acting on both sides of the inequality (2.11), we get for each ¢ in {1,...,m}
and all 0 < s <t < T,

p(18:0)) < max {pi; 0 B(|2(s)],t = 5),
Cilea)ea sup {9 (Ja(m)lre ™™ Ja(m) [z )} } -

s<k<t

Consequently
(15; < . _
> m(6i6)) < mavx o ma (s 5s(=(5). £ =)

G9)  (mmasicizn Cilea) ) sacer { 9 (I2( ™0, (o)™~ ) } }
Since (G.8) yields

2cics

m max Cj(cg)cy < 1
cy 1<i<m ilca) e ’

the existence of the function f, follows from (2.10), (G.5), (G.9), and the (proof of
the) small-gain theorem [11].

Appendix H. Proof of Corollary 2.24. First, observe that the continuity of
fo, at least, on R™\ {0} implies

V| = =09 < min rg; < max r9; < dy, .
|0‘ 0_1§i§n07l_1§i§n071 Vo

Then, let V' be the function given in Theorem 2.20 and, since 9y < 0 < 04, the func-
dVO +20 dy t20
tion ¢(z) = V(x) Yo + V(x) e is homogeneous in the bi-limit with weights
dvo+00
ro and T, degrees dy, + 09 and dy,_ + 0, and approximating functions V(z) “o

Weo too0 v

and V(z) “ve . Moreover, the function ((r) = —%(z) f(x) is homogeneous in
the bi-limit with the same weights and degrees as ¢. Furthermore, since the function
¢ and its homogeneous approximations are positive definite, Corollary 2.15 yields a
strictly positive real number ¢ such that

oV dy, +2¢ dy__ 4000
(H.1) %(az) flz) < —c <V(x) Yoo 4+ V(z) e > VaeR™.
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Let x;. in R™\ {0} be the initial condition of a solution of the system & = f(z), and
let V.. : Ry — Ry be the function of time given by the evaluation of V' along this
solution. Then

- Ay 20
Ve (t) < —cVa, (t) Ve Viz0,
from which we get
1 1
V,. (t) < — < = Vi>0
— 220\ e ey
(;ﬁ ct+ V(xi) Ve ) (davio; ct)
Therefore, setting Ty = rcl;/‘” , we have
Vo) <1 Vt>Ti, VaecR"
and
| dvy — 120l
Ve, o) < =V, (B) o Vi>0.
As a result, we get
dy
9] a2l ool
Vqu‘,c (t) < max - C(t - Tl) + V17r(T1> Vo , 0 )
dv,
vy
|00| [EN)
< max 1——c(t-T1) , 0 Vit>T) .
dv,
Therefore, setting 7o = :f;/g\ yields
1/d d
Vo) =0 Vit >Ti+Th=-("=+"2) Vg, eR",
Cc [0S |00|

hence the claim.
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