Math. Control Signals Systems (2005) l: 1-34
DOI 10.1007/s00498-005-0161-8

ORIGINAL ARTICLE

Alessandro Astolfi - Laurent Praly

Global complete observability and
output-to-state stability imply the existence
of a globally convergent observer

Received: 15 June 2004 / Accepted: 14 April 2005 / Published online: M
© Springer-Verlag 2005

Abstract We consider systems which are globally completely observable and
output-to-state stable. The former property guarantees the existence of coordinates
such that the dynamics can be expressed in observability form. The latter property
guarantees the existence of a state norm observer and therefore the possibility of
bounding any continuous state functions. Both properties allow to conceptually
build an observer from an approximation of an exponentially attractive invariant
manifold in the space of the system state and an output driven dynamic extension.
The proposed observer provides convergence to zero of the estimation error within
the domain of definition of the solutions.
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2 A. Astolfi, L. Praly

X0 = X1,

' (1)
Xn—1 = Xn,

xl’l Zfl’l(xOv""xn)y

where f;, is continuously differentiable. For this system, we wish to establish the
existence of a global observer when the only available measurement is:

y = Xo. 2)

Such a problem has received a lot of attention from a wide variety of view points.

For linear systems, Luenberger [ 19] showed that an observer can be constructed
by simply considering the interconnection of the system for which the state has
to be asymptotically reconstructed (the plant), with a linear system of appropriate
dimension (the observer), and noting that the interconnected system has an invari-
ant manifold, which can be rendered asymptotically attractive by a proper selection
of the dynamics of the observer. The invariant manifold is then used to obtain an
approximation of the plant state.

This simple approach can be generalized in several directions. In [6], it has
been shown that finite time (and not asymptotic) convergence of the estimation
error can be obtained provided two parallel Luenberger observers are used and
the two estimates are properly post-processed. In [4] the ideas of Luenberger have
been exploited to construct a globally convergent observer for globally completely
observable systems imposing some global linear growth conditions on the systems
nonlinearities.

Alternatively, for nonlinear globally completely observable systems, the class
of so-called high-gain observers (see [8,9] for the general theory and [10,21] for
some applications) has been shown to provide asymptotically converging esti-
mates provided the state to be estimated is confined into a known compact set.
This approach relies on Lyapunov techniques and does not have a straightforward
interpretation in terms of existence of an invariant manifold for the composite sys-
tem (plant-observer). Nevertheless, it has proved to be an efficient tool to address
semi-global stabilization problem, see e.g. [12,15,24].

Finally, in [16] Kreisselmeier and Engell have proposed a different observer
design approach for nonlinear globally Lipschitz systems, which is based on the
construction of a linear filter, with sufficiently large dimension, and a nonlinear
output map, which is the left inverse of a suitably defined observation map. Note
that, in this approach, left invertibility of the observation map is ensured by a
special selection of the linear filter which processes the available measurements.

For the sake of completeness, let us recall that a very large number of publi-
cations have been devoted to a completely different approach from the above and
what follows. It exploits the fact that, in one way or another, coordinates can be
found so that the dynamics is linear in the unmeasured coordinates [2,11,17,18].

“4980161” — 2005/12/19 — 19:32 — page 2 — #2




Global complete observability and output-to-state stability 3

The route followed in this paper to build a global asymptotic observer is related
to the classical ideas of Luenberger, and takes its starting point in a contribution'
of Kazantzis and Kravaris. In [14], they have generalized, to the nonlinear case,
Luenberger’s early ideas proposed in [19] for linear systems (see also [3, Sect.
7.4, Method II]). However, their analysis is a local one and requires too stringent
assumptions aiming at getting an analytic observer. Our intent is to remove these
extra assumptions and to deal with the global case. For the latter, we need to add an
assumption besides global complete observability, namely output-to-state stability
of the system. It must be noted that this restrictive assumption can be relaxed in
several directions (see Sect. 6).

Before moving to the technical discussion, we stress a few important points.
First, the considered class of systems is very special, i.e. while it is theoretically
convenient to deal with uniformly observable systems it is worth noting that sev-
eral systems arising in applications do not possess this nice property. Second, the
paper presents a conceptual result, i.e. it may be extremely difficult to explicitly
construct the proposed observer for a given system, even if the system is known to
be globally completely observable and output-to-state stable. This is mainly due to
the fact that several bounding functions have to be computed. Finally, (numerical)
implementation issues are not discussed.

The paper is organized as follows. In Sect. 2 we recall a few definitions, discuss
the relation between the proposed approach and the invariant manifold approach
of Kazantzis—Kravaris, and formulate the main questions that will be answered in
the paper. In Sect. 3 we provide an upper bound for the norm of the state in terms of
the state of a norm estimator, and rewrite the system in a new time scale, which is
instrumental to deal with systems with unbounded trajectories or with trajectories
with finite escape time.

Section 4 provides the (conceptual) observer construction and an in-depth
description of its properties. The observer is composed of a series of one-dimen-
sional (linear) filters with gains depending on the state of the norm estimator, and
such that certain manifolds are rendered invariant and attractive. The convergence
properties of the observer are studied using standard Lyapunov techniques. It must
be noted, however, that the Lyapunov function introduced in the paper differs sub-
stantially from the Lyapunov functions used in standard (semi-global) high-gain
observer design. This latter cannot be used in the present context because we are
dealing with a global problem (i.e. we allow unbounded trajectories) and because
the observer gains are nonconstant.

In Sect. 5 it is shown that the proposed observer can be implemented in the
classical reduced order observer form, and that the gains of such observer can be
computed using a simple matrix expression. This also shows that the proposed
observer shares the structure of classical high-gain observers, yet it differs sub-
stantially in the way gains are assigned and by the introduction of a saturation
function acting on scaled nonlinearities. Moreover, it is shown that with a minor
modification it is possible to design a full order observer, which again has the same
structure of classical high-gain observers.

! This contribution has been extended in various ways by Kazantzis and Kravaris themselves
but also by Xiao and Krener (see [26] and the references therein). Note, however, that they remain
in the same context of looking for a C* observer or at least one admitting a formal power series
representation.
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4 A. Astolfi, L. Praly

Finally, Sect. 6 discusses a way of relaxing the output-to-state-stability assump-
tion, and shows that the weaker property of unboundedness observability is indeed
necessary to construct an asymptotic observer for general systems.

2 Preliminaries

To begin with we recall the notion of output-to-state stability.

Assumption 1 ([23]) The system (1) is output-to-state stable, i.e. there exist C'
nonnegative functions yi, y» and V satisfying:

x| < ya(V(x)), 3)
and:
V(x) < =V(x) + 1 (x0). 4)

By Eq. (3) in Assumption 1 and the continuity of f;, we conclude that there exists
a C! nondecreasing function y, lower bounded by 1 say, and satisfying:

Ixol + -+ lxal + [ fu(x0, ..o x0)| < ¥ (V(X)). &)

Later on, specifically in (70), another lower bound for y will be imposed. With the
help of this function, we can define a new time 7 as the solution of:?

t=y(Vx), (0)=0.
Then, by denoting:

, da a
T T vy
the system:
. X
Ty vy
o Xn 6
b= Sy ©
3, = Sa(xo0, ..o\ xp)
y(V ()

is complete. Actually its solutions do not grow faster than |t| both forward and
backward in the new time t. As a consequence, for any Hurwitz p x p matrix A
and any p vector B, the function:

0
R(x):/exp(—At)on(r)d'c, 7

—00

2 Note that t(7) > ¢ for all positive 7.
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Global complete observability and output-to-state stability 5

where

xz(wa-wxn)s

and x(7) is the first component of the solution? x (1) of (6), issued from x, is well
defined and continuous (see [5, Théoréme 3.149]). Our interest in R comes from
the fact that:

2= R(x)
defines a globally attractive invariant manifold for the system (6) coupled with:
z=Az+ Bxo. ®)

Indeed, by computing the limit for 4 going to 0 of , we can check that
R satisfies (8) when evaluated along the solutions of (6). Moreover, integrating (7)
by parts, yields:

R(x(h)—R(x)
h

Xn
—h n—1 gAn—1 Tn-l
R =~ yr (By(VGEDAB - y (V)" A!B)
X1
I / TVED < iBAH Dy,
~A"'Bxg— —A —
0 _4 A | ST & vy
AV B (x0(T), -, xa(D))
— dr.
y (V ()t

It follows that, if the pair (A, B) is controllable and p > n, we may expect that,
possibly by modifying y to make the second line negligible, the map (x¢, x) +—
(x0, R(xp, X)) is left invertible, with X collecting the unmeasured components of
X, l.e.

X =(xX1,...,%).

In such a case there would exist a function S defined on the image of this map,
subset of R x R”, and satisfying:

S(x0, R(x0, X)) =Xx  V(x0,%).

Furthermore, we may expect that the function S can be extended into a uniformly
continuous function & defined on R x R”. For instance, as shown in [19] (see also
[3, Theorem 7.10]), G does exist when f,, is a linear function, the pair (A, B) is
controllable, and the spectrum of A and that of the system (1) are separated. The
existence of & is also established, in [14], locally around the origin assumed to
be an equilibrium point of (1), under the assumption that f,, is analytic, the pair
(A, B) is controllable and a more restrictive condition of spectral separation.

3 Aless ambi guous and more standard notation would be X (x, ¢). But, at this point, this would
make the following less readable.
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6 A. Astolfi, L. Praly

Since the set {(z, x) : z = R(x)} is exponentially attractive, the existence and
the uniform continuity of G imply that for each solution (x(7), z(7)), one has:

im (& (xo(7), 2(7)) — x(1)) = 0.

This says that:

= Az+ Bxp,
= G(xo0, 2),

Z
X
with the new time t, or, if y (V (x)) were known,

=y(V(x)[Az+ Bxol,

2
% = 6(x0, 2),

with the initial time 7, there is an observer of X, with X converging to X, as the new
time T goes to infinity. In terms of the initial time ¢, this says that the convergence
occurs in infinite time if there is no finite escape time, or at the time of the escape
if there is a finite escape time. This observer, but with y(V (x)) = 1, is the one
presented by Luenberger in [19] for linear systems and by Kazantzis and Kravaris
in [14] locally, for nonlinear systems.

One of the objectives of this paper is to round or solve the problems left in our
way in the above presentation. These problems are:

1. How to get an upper-bound of y (V (x)) expressed from only the knowledge of
x0?

2. How to modify y and the system (8) in order to enforce the existence of a
uniformly continuous function & : R x R — R" satisfying:

S(xo, R(xo, X)) =X  V(x0,%)? €))

3. How to get an expression of G?

The first problem is addressed in Sect. 3. The other two in Sect. 4. This will allow
us to exhibit C! functions f and h such that the n-dimensional system:

X =f(x,y),

- (10)
X =h(x,y)

provides an estimate X converging in the new time t to the actual unmeasured state
component X.
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Global complete observability and output-to-state stability 7

3 An upper-bound for y (V (X))

In this section we show how it is possible, exploiting Assumption 1, to obtain an
upper-bound for y (V (x)). For, we follow the norm-estimator idea proposed in [23]
and [13, Lemma 3.1]. Equation (4) in Assumption 1 states that V satisfies:

V(x) = =V(x) + yi(xo).
Therefore, let w be a solution of the system:
W= —w + y1(x0) (1D

with positive initial condition. For a solution (x (), w(¢)) of (1),(11), issued from
(x, w), one has:

V@) < w(@) +[V(x) — wlt exp(—1) (12)
for all ¢ for which this solution exists and with the notation:
r4+ = max({r, 0}.

If x(¢) is right as maximally defined in [0, fp), then w(¢) is defined at least in the
same interval. Moreover the following holds.

1. If to is infinite, then, because of the exponential decay in (12), there exists ¢,
depending on (x, w), satisfying:

V@) =w@)+1 Vi€ lty, +00).
2. If 19 is finite, then from inequality (3) in Assumption 1,

lim V(x(t)) = 4o0.
t—1o
This implies the existence of a time ¢,, depending on (x, w), satisfying:
1
max{V(x) —w, 0} exp(—¢) < 3 V(x(t)) Vtelty, ).

Hence, by inequality (12), this yields:
V@) <2w() Vtelt,t).

From these two cases we conclude that, for each solution, there exists a new time
T, (= 1(ty)) satisfying:

Vix(®) cw@ +[VEx) —wly VT el0, nl, (13)
<2w(t)+1 V1 elr, o). (14)

Note that 7, depends on the initial condition (x, w) of the solution.
To simplify the forthcoming notations, we associate, to any nondecreasing
function ¢ : R4 — R, a function ¢, : Ry — R defined as:

ci(r) = c(r) — c(0).
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8 A. Astolfi, L. Praly

Observe that, if @ and b are arbitrary nonnegative real numbers, then eithera—b > b
and we have:

cla) —c(0) = cx((a = b) + b) = cx(2(a — b))
< ¢(2b) — ¢(0) + c«(2(a — D)),

or b > [a — b]+ and we have:
c(a) < c(2b).
This says that we have the inequality
c(a) < c(2b) + c«(2[a — bl3), V(a,b) € RL. (15)
So, in particular we have
y(Vx) = y(dw +2) + y2[V(x) — 2w — 1]4) (16)
and, by condition (5),

[xol + -+ + |xnl + [ fu(x0, - -+ s Xn)]
y (4w +2)

Also, with (14), for each solution of (6),(11) (with (11) considered in the new time
7), we obtain the inequality:

y(V(x(7)))
Y @w() +2) <14+ pQ[VEx) —2w—1]y) Yz el0, 1],

<1 V7 er,o0), (18)

= 1T+ yQCVKx) —2w—1]1). A7)

It follows that y (4w + 2) is a good candidate to replace y (V (x)). This leads us to
the notation:

y(w) > y(dw+2) 19)

and another new time T as a solution of
T=7w) , 70)=0.
Note that
a_ VW)
y(V(x))

Hence, by condition (18), along any solution, we have

lim sup @ > 1.

T—>4+00 T

This implies that any boundedness or convergence result established with the time
7 holds also with the time 7. Moreover, denoting:

da a

5:—/\:_’\ N
T y(w)
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Global complete observability and output-to-state stability 9

we conclude that the system:

* _ X

X0 = Fay
% _ Xn

p. 'x}’l—l - :J/:(w)’ (20)

X _ Ju(x0,..Xn)

o = TFwy

*  __ w—yi(xo)

w 7w)

is complete.

4 Existence and construction of &

In this section we provide an explicit construction of a global observer for system
(1), provided it satisfies Assumption 1. We first show how the observer can be
recursively constructed using a set of one-dimensional filters, and then we study
in details its convergence properties.

4.1 Observer design

From the above discussion, it should be clear that if there exists a uniformly con-
tinuous function & satisfying Eq. (9) and if this function were known, then we
would have an observer asymptotically converging in the new time 7. The route
followed to prove the existence and to express G is actually to modify (8). This
modification is built, in what follows, step by step with in particular the objective
of getting the function R as a linear map with a triangular representation in the X
coordinates.

4.1.1 Estimate of x1
Consider the system:
21 =—arz1 + by xo —uy (21)

where ap, by and u| remain to be defined. In particular, « is an extra term added
to (8). This equation gives readily, for any C ! function ryg,

———— .
21 — r10Xo +x1 = —ay 21 + b1 xo — uy — 710 X0 — r10 X1 + x2,

by — 710 10
= —aj (Zl ———— X0+ —Xx1 | +x2—u.
aq aq

Therefore, selecting:
up = x2 (22)
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10 A. Astolfi, L. Praly

and:
by — 1o
=rio =ai,
aj
i.e.:
_ 2
by =ai +ay, (23)
yields:
/—\
Z1 —ayxo +x1 = —ay (21 — a1xo + x1)
or equivalently:
* Cll

—
71 —apxg +xp = — (z1 —ayxo + x1)

Y (w)
It follows that the set {(z1, x) : z1 = ajxp—x1} is an invariant manifold of (1),(21),

which is exponentially attractive in the original time ¢ and the new time T provided
the ratio 7% is lower-bounded away from zero. This leads to propose an estimate

for x1 in the form:

1 =daiXxo —21-

The only problem with the above discussion is that Eq. (22) does not provide a
legitimate choice for u1, since x> is not measured. Therefore, we continue the
design leaving u1 unspecified. However, for uniformity of notations, let:

up = vy,
and record that the best choice for v is:
V] = Xx2.

On the other hand, if we restrict a; to depend only on w, Eq. (23) can indeed be
realized as (see (11)):

bi(w, x0) = aj(w) [~w + y1(x0)] + a1 (w)*.

In conclusion, a candidate estimate for x| is obtained from the system:

f = —arz1 + a1 +aflxo — vy,
X1 =apxpg —Z<1-
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Global complete observability and output-to-state stability 11

4.1.2 Estimate of x>

With the estimate X7 of x| available, we introduce a second system:
=—a2+brxp—us (24)

where again a;, b> and u; remain to be defined. For any C I functions ryo and 1o,
A
one has:

22 — r0Xp — r21X1 + X2
= —ax 22 + by xo — up — 720 X0 — [r20 + 7211 x1

—r21 X2 + X3,
by — 120 20 1
=-;|\2-———X+ —x1+-—x
a ap a
—71 X1 + X3 — us. (25)
This shows that selecting:
Uy = X3 — 721 X1 (26)
and:
r21
= =1,
as
20
— = =i,
ap
by — i
— =10,
ap
ie.
mnp = az,
2
o = —ay,
by = —a% — 2asay,
the set {(z2,x) : 22 = —a%xo + a>x1 — x3} is an invariant manifold of (1),(24).

This leads to propose an estimate for x; in the form:

o~

Xy = —a%xo +arxy — 22.

4 Another way of writing Eq. (25) is:

’ by — i 720 + 721 21
22 — I20X0 — 121X1 + X2 = —a2 (Zz — X0 + X1+ —x2 ) +x3 —us.
a a a

This leads to the choice:
_ . 2 by — 3 3and ..
) =ay, 0 = —a —aj, 2 = —a; — Saxaz — az.

The drawback of this selection is that by, and therefore the system (24), involves d>. Indeed, if
ay is a function of w, then @ depends on (w, xg) and d on (w, xg, x1), but x; is unknown. It
follows that, in systems like (24), we can allow the presence only of @; and &; and no higher order
derivatives whenever q; is allowed to depend on w.
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12 A. Astolfi, L. Praly

Unfortunately, such an estimate involves x; which is unknown. However, the esti-
mate X is available, therefore X> can be defined as:

Xy = —a%xo +arx] — 2.

As in the design of the observer for x1, the problem we are facing is that u, defined
in Eq. (26) involves x and x3 which are unknown. However, let:

Uy = vy — a1 X1,
and note that the best choice for v, is:
vy = X3.

To sum up, a candidate estimate for x; is obtained from the system:

Zr = —ar 22 — [@3 + 2a282] x0 + @2 X1 — 2,
X =—a3xo+ax — 2.

where (as already remarked), if we choose a; as a function of w only, we have:
ay = ay(w) [—w + y1(x0)] -
4.1.3 Estimate of x;

Proceeding along the same lines outlined above for i ranging from 3 to n, we design
an observer for x;, from the system:

Zi = —a; i + bi xo — u;. 27)

For any C ! functions rij, we obtain:

i—1
Zi — Zrijxj +xi = —a; zi + bi xo — uj — Fio Xo
j=0
i—1
- Z[ri(j—l) +rijlxj —rig—1) xi +xig1,
Jj=1

i—1

bi —Fio Ti(j—1) Figi—1)
= —a; Zi—Txo—i-Z Zl Xj+ o X
1 1 L

J=1
i-1
= > Fijxj A+ xign — ug,
=
where, to simplify the notations for i = n, we let formally,
Xnt1 = fu(X0, ..., Xn).
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Global complete observability and output-to-state stability 13

Hence, choosing:

i—1

U = Xj4+1 — E r',-jxj

j=1
and:
TiGi—1) |
a; ’
ri(j—1 . .
M:—rij jefl,...;i—1},
ai;
bi —7io
a;
i.e.:
rij = —(=a;)'"7,
bi = [id; + a7l (—ap)' ™",
the set:

i—1
@ix)izi=— > (—a) xj—x;
j=0

defines an invariant manifold of (1),(27). This motivates an observer for x; in the
form:

i—1
G = —aizi +lidg +af] (=a) ™ xo+a D= H=a) T i,
= (28)

i—1
T = i NI, .
Xi = —(—a;) xO_Z(_at) Xj — Zi,
J=1

where the best choice for v; is:

Vi = Xit1-

4.2 Observer properties

In this section we study the properties of the proposed observer, whose generic
expression is given by Eq. (28).

To state our main key technical result, we need to introduce the manifold error
&;, defined as:

i—1
& = zi + (—a;)'xo + Z(—a,-)i_ij + x;. (29)
j=1

It can be used as a coordinate in place of z;. We have
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14 A. Astolfi, L. Praly

Theorem 1 Given the functions V, y1, y» and f,, it is possible to find expressions
Jor the functions a;’s and v;’s such that the overall dynamics (i.e. the dynamics of
the system (1), the observer (28) and the norm estimator (11)) admit (x, w, €) as
state and, in the new time T, the set:

A={x,w,e): V(x) <2w+1,& =0} (30)
is globally asymptotically stable.

The proof of this Theorem is given in Sect. 4.2.4. For its presentation, we need
preliminaries where in particular the error dynamics are described (Sect. 4.2.1) and
the functions a;’s (Sect. 4.2.2) and v;’s (Sect. 4.2.3) are made precise.

4.2.1 Error dynamics

To study the error dynamics, let us first observe that the manifold error ¢;, defined
in (29), satisfies the equation:
—_— i1 —_—
g =i+ (—a) xo+ D (—a) xj +
j=1
i—1
= —a; 7z +ia; + a?) (—a))' "' x0 + @ Z(i — D(=a) IR —
j=1

—ia; (—al')i_l X0 + (_ai)i X1
i1 i1

+ > (—a) T xj D (—a) T xip
j=1 j=1

+Xit1,

. i —
= —a; zi — a; (—a;)' X0 — Z (—a)' /X — v
j=1
i-2

i—1 i—j—1
—a; (—a;)'” x1 —aq; E (—a)" ™7 xjp —a xi
j=1

z—lé.\
i
+Z(_ai) Ix;
j=1
+Xit1,

(—ai)

i—1
= —ai & + D (=a)" ™ [ = %51+ [xig1 — vil. (31)
j=1

To get a better grip on these dynamics we consider also the estimation error:
e = X; — 3?, . (32)

“4980161”7 — 2005/12/19 — 19:32 — page 14 — #14




Global complete observability and output-to-state stability 15

By Eq. (28), it is related to the manifold error ¢ by the relation:

i—1
e — & = — Z(—ai)lijej.
Jj=1

To continue the analysis we need to express the ¢; values in terms of the &; values.
Let L be the strict lower triangular matrix whose (i, j) entry is (—a;)' 7/, i.e.:

0 cee e 0
—ap 0
L=
(—ar;)”_] (—a,)" 2 —a.,, 0
With the notations
e=(&)i=1,.n>» €= (€)i=1,. n>
we get:
e=+L)e,

and:

e=(+L)" e (33)

Observe now that L is nilpotent, i.e.:
L"=0,
which implies that:

n—1

I+L) '=1+ Z(—L)".

i=1
Therefore, from the expression of the powers of L, we infer that the (i, j) entry of
(I + L)™', denoted by £;; in the following:
1. iszeroif j > i;
2. is l1if j =1;
3. depends onlyonaj;ijtoa;if j <i—1.

It follows that we can specify the relation between manifold and estimation errors
in:

i—1
e,'=8j+ZEij(aj+1,...,al’)8j. (34)
j=1
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16 A. Astolfi, L. Praly

Also exploiting these compact notations, Eq. (31) reads as:

&= —diag(ai)8+Le+vect(xi+1 — ), (35)

= —(diag(@) — LU + L)"') e +vect(xi+1 — v). (36)

Here we remark that the (i, j) entry of L(I + L)™!, denoted by a;hjj, has a; in
factor and its other factor A;;
1. iszeroif j > i;
2. dependsonlyona;qjtoa;if j <i — 1.
These various remarks show that the overall dynamics can be described by the
equations:

Fo= —1
y(w)’
* _Jn
v
X* fn(wauvxn)
Xn = —/ =
y(w)
* w — y1(x0)
W= ——="
A
i—
% ai 5 Xi+l — Vi
i =—=——¢& — ) ajhjj(ajy1,...,a))e; + ————,
‘ y(w)‘%”” T W)

4.2.2 Choice of the functions a;’s

To motivate the choice of the functions a;’s, and later of the functions v;’s, consider
the partial Lyapunov function:

1 n
U= 3 j;(ﬂjé‘j)z, (37)

where we define:

=4,

‘ (38)
/L? =4 |1+ Z @i— I)Zij(aHl,...,a,-)z je{l,...,(n—D}.
i=j+1
This function U is positive definite and radially unbounded in the variables ¢; val-
ues. It is worth stressing that each of the functions 1 ; in (38) depends on a; | to
a, only. The motivation for defining these functions i ; in this way follows from
Eq. (34) and the inequality:

i—1
lei| < \/5 81-2 + (0 — l)zeij(ajﬂ,...,a,-)zs?.
j=1

“4980161” — 2005/12/19 — 19:32 — page 16 — #16




Global complete observability and output-to-state stability 17

Indeed this yields the inequalities:

n n i—1
Dt <2> e+ —DD tjajpr.....a)e |, (39)
i=1 i=1 j=1
n n i—1
<2 A2 (=D D i@ a)’ef | (40)
i=1 i=1 j=1
n n—1 n
<2 5 +2 D = Dejajr. a)’e; |, @D
j=1 j=1 \i=j+1

n—1 n
522 1+ Z(i—l)z,-j(ajﬂ,...,ai)z £ +2e.  (42)
j=1 i=j+1

Hence, with (38), we get

=
N
—_

(e =U. (43)

Note now that:

n * i—1

5 ai; L

U= E —(A — — —l)(uié‘z‘)z — nle E aihij(ajsn, ..., a)e;
i=1

y(w) i o

Xi+1 — Vi .
———— and for analysis purpose only,
v (w)

we introduce parameters A;, functions of w, which have to be made precise later
on, and we complete the squares as:

At this stage, to deal with the terms ul-zsi

2 2 2

L — v 23 (w 1 4 — s

Hi28i XIil 2 = MlAl( ; (Miai)z + = (x—l+1 v,)
Y (w) 2y (w) 2\ Ai(w)
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18 A. Astolfi, L. Praly

Therefore, by adding and subtracting U, we get:

2 4 Ai(w)
1
29 ()2
n " ik (w) +1
ai i 2y (w)?
-> — (&)
=\ v 2
i—1
2 5
+u; e E aihij(ajyi,...,a;)&; |,
j=1
1 n 2 H1€1
Xi4+1 — Vi .
<-U+ = _ —(ulsl...,u,,sn)M : , (44
2 “ Ai(w) :
i=1 Inén
where M is the symmetric matrix:
u%k](w)2+l
o A Trw? madzho) (a) Knlinhn1 (@2,....an)
Y (w) 41 2 2 R 5 21
133 (w)?
podohy) (az) @l _yw? +
2p1 yw) 2
M =
2un—1 R 7
M rn (W)=
L linhn1 (@2, an) ndinha-n (@) @y By a2 T
2411 211 yw) 2

To go on, let us point out some properties of the entries of the matrix M.

1. Recallthat 1 ; depends only ona; 1 toa, and , is a constant. Hence, given the

C! functions ajy1 to a,, depending on w only, it is possible to find continuous
nondecreasing functions cy j,, satisfying:

2 < |pjlajri(w), ..., apy(w))| < cijuw(w). (45)
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2. We have:
P
iij 1 M?
o2
Hj 2 M
. a¢;
Y [G=D i@y, m)E}—imHh @)
k=j+1
=4 5 ,
Hj
(46)
Y
Xl (=D @, e D0 @ g (w)
k=j+1
=4 5
Hj
(47)

—w + y1(x0)
X .

y(w)
Given the C! functions a j+1toay, of w, the left hand side of (47) is a continuous
function of (w, xp). So we can find continuous nondecreasing functions ¢

and c o satisfying:
c2jw(w) + cjo(lxol)

X
| i j| < )
K Y (w)
As aresult, using (5), (15) and (19) and the inequality y > 1, we get

|l
M

_ () + o (V@)
- 7(w) ’
QYW 2w =11

< c2jw(w) + cjo(¥(w)) + =)

where the function d ;o is the composition ¢ o o y. Without loss of generality,
it is possible to choose the functions c o such that d o, is decreasing with j,

i.e.:
0 () = dj41)04 (7).

3. Similarly, if necessary by increasing the functions ¢;,, and ¢ o, we can obtain
4 withi e {j+1,...,n},

for the functions it (@j+1-di) (;j LA
e
. 2
midihij(ajyi, ..., a;)
2/1,1'
djo*(z[V()i) — 2w — 1]+)_ 49)
7 (w)

< c2jw(w) + cjo(¥(w)) +
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20 A. Astolfi, L. Praly

4. Finally, we stress that the functions ¢y jy, ¢2; and ¢ and d o, are given once
the functions a4 to aj, are fixed. Also we can define the functions ¢y, cx0
and d,,0« as being the zero constant.

With all the above properties and inequalities at hand, consider the sequence of
matrices:

1R w? |

_ L _7w?
M, = 7 (w) 2 ’
(50)
. 12 hymy () .
an—1 _ HMn—1 _ T(w)? Hnanhn(n—])(an)
Mnfl = y(w) Mn—1 2n—1 S
Hndinhyn—1)(an) ‘ 1+ M
2pn—1 + My
202
R ywr T pjdjeihgin @) Hnlnhnj(@ji1,....an)
yw)  uj 2 2u; s 2
Hje1djirhgan @)
Mj = 2pj
: I+ Mj
M’Vlanhnj(aj‘Fl-"'vall)
21
(51

They are such that:

M=1+ M.
Assume for the time being that for each j, the functions a; | to a, can be chosen
such that:

Mj+1 > —[n — ]] d(j+l)0*(2[V£x) — 2w — 1]+)
Y (w)

1. (52)

Then, in particular for j = 0, this yields:
ndlo*(Z[V(x) —2w — 1]+)} /
Y (w) '
But by introducing this result in Eq. (44) we get the key inequality:

n N2
< |:_3+2nd10*(2[V(x)—2w— 1]+)] U—|—l Z(Xz+1 U:) . (53)
2 i=1

M=I+M1>[l—

Y (w) Ai(w)

So, for this inequality (53) to hold, it is sufficient to establish (52). In order to do
so, we remark that if for some real number m one has:
Mjy+ml >0, (54)

then the following inequality holds :

(Mj+1§j+1h(j+1)j(aj+1) Pndinhnj(@ji1,...oan) ) (1 +m)I +M; 1)—1
2/‘]’ e 2/"]’ J+

P jenhn;(@jn)
Hj n * 2
iaihii(aiey, ..., aq;
% < Z widihij(ajy i) (55
3 i— it 2,U/]
Mizanhnj(flj+1w-,an) =j+

2/,Lj
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Global complete observability and output-to-state stability 21

As a consequence, from the definition (51), we see that, if m satisfies (54) and we
have:

2)" (w)2

a: ji —2+ o 1\ ?
m 4 — __{_ y(w) - Z (Mla u(a,+'1,---,a,)) ’
y(w) uj s 21
(56)
then, with the Schur formula, it follows that:
Mj+ml > 0. (57)

So let us now establish (52) by induction.

e For j = n — 1, since djo« is zero, we need to prove that M,, is strictly positive.
From (50), this is obtained by picking a, as a C' function satisfying:

B2 (w)?

7(w)?

2 yw). (58)

a,(w) >

e Assume that the functions a4 to a, have been chosen such that (52) holds.
Since d o+ decreases with j, it follows that, by selecting m as:

djo« 2LV (x) — 2w — 1]4)
Y (w)
dj+1)0+ 2LV (x) = 2w — 1]4)

Y (w)

m=[n—j+1]

)

= [n—jl

, (59)
(54) is satisfied.
About (56), we remark that the inequalities (45), (48) and (49), give:

2)\. (w>2

2
I, N y(w>2 +3+ Zn: pidihij(@jw), ..., ai(w))
Ki i=j+1 2'uj

1w W) (w)?
Fwr T3 , R
= 2 +[n—j+ 1][62jw(w)+cj0()/(w))]
djo« 2LV (x) — 2w — 1]4)

y(w)

+[n—j+1]

(60)

So let us choose aj asa C ! function satisfying:

c1jww)?hj (w)?
7 (w)?
2

+3

aj(w)> +[n—j+ lczjww) + cjo@ @)1 | 7(w).

(61)

This is always possible since the functions ¢y jy, ¢2jw and ¢ jo are obtained from
the functions a1 to a, only. With (59) and (60), this choice for a; implies
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the inequality (56). Thus, we have established that (54) and (56) hold with m
given by (59). It follows from the remark above that (57) holds. This gives

djos2[V (x) — 2w — 1]4) /
— >
v(w)

Mj+[n—j+1] 0.

This is nothing but (52) for j — 1.
In conclusion, by choosing the @;’s as C! functions satisfying the constraints (58)

and (61), we have the inequality (53).

4.2.3 Choice of the v;’s and the A;’s

We now concentrate on the last term in the right hand side of (53), i.e. on the choice
of the v; values and the A; values. As discussed in Sect. 4.1, the best choice for v;
would be:

vi=xj41 Vie{l,...,n—1}, (62)
Uy = fu(x0, X1, ..., Xp). (63)

However, this selection cannot be implemented since the x; values are unknown.
Instead we implement, for i ranging from 1 ton — 1,

Vi = Xj+1-

1 ! Xit1 — U; 2 _ 1 e e; 2
2 ( 2 (w) ) T2 - 1(Ai(w)) '

i=1 i=

This yields :

Then, from inequalities (43) and (53), it is apparent that an appropriate choice for
the A; values, for i ranging from 1 ton — 1, is:

A(w)=1 Vie{l,...,n—1}.

This selection yields simply:

hence inequality (53) becomes:

x 5 dio«2[V(x) = 2w — 1]3) U fu(x0, X100y Xn) — 0\
Uf[_fz” 7w }UW( on () ) '

(64)
In a similar way, one may be tempted to choose:
Ul’l :ffl('x()v’x\la"'?}\ﬂ)' (65)
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However, contrary to the case of v; = x;1, where the Lipschitz constant is trivially
bounded by 1, the use of Eq. (65) would require a bound for the Lipschitz constant
of f, on a noncompact set, which is not available. To round this problem recall

first that by condition (5), the function L2&0:3LXn) s hounded by 1. Mimicking

y(V(x))
this property for ;%, we impose that v, satisfy
Un
—— =1L (66)
y(w)

Otherwise, for the time being, v, remains free. By inequalities (5), (17) and (19),
this gives:

2 2
(fn(xO,x1;/;.(.u.};xn) - vn) < |:1 n (fn(xo;;l,u.). . xn)) :| | “
2
<2|14 (1 L Ve = 2w - 1]+)) |
Y (w)
(68)

Hence, selecting:
An(s) =2y (w),
Equation (64) gives

U< [_é + zndIO*(z[V()Q — 2w — 1]+)} U
2 7(w)
2
N (1 L @IV = 2w - 1]+)) | o
4 7 (w)

From this, the actual selection of v, will follow by studying the solution after
the time 7(z,). Indeed, by Eq. (14), after the time T(z,,), 2[V (x (7)) — 2w(T) — 1]+
is zero. Therefore, after the time T(z,), (69) is nothing but simply:

f} - 5 U 1
=75 + 5
It follows that, for any solution, there exists a finite time T after which, U is smaller
than 1. Moreover, by Eq. (43), the same holds for all the ¢; values, i.e. the X; deviate
from x; by a distance less than 1. As a consequence, only a bound of the Lipschitz
constant of f;, for a compact set around x is needed. However, because of (3), such
a bound can be expressed in terms of V (x) and therefore of w.
This leads to introduce a new constraint on the function y. Not only do we
want y to satisfy condition (5), but also to satisfy:

| [ fn(x0, X1 + 101,50y X+ 00) — fu(Xo, X1, ..., X))

< v(V(x)).

(70)
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24 A. Astolfi, L. Praly

This is possible since f, is continuously differentiable, V satisfies condition (3)
and the set

!(771,"' ) | D < 1}
i=1

is compact.
Finally, the following implications hold:

n n
Usl=D @-%)'= d=<Uxl, (71)

i=1 i=1

| fn (X0, X1y -y Xn) — fu(xo, X1, -+, Xn)

= <JU.
Yy (V(x))
Therefore, recalling Eq. (66), this motivates the selection:
fn(an ,-x\l7 e a?n)
) 9

y(w

(72)

v, = y(w) sat (

with sat the standard saturation function. As a result:

1. when U < 1, we have nine cases® to consider to get an upper-bound on
| fn(x0, X1, ..., Xn) — vy|. By using (5) and exploiting the fact that the satura-
tion function is “pushing” v, in the interval [y (w), ¥ (w))], an upper-bound
is given in the following table:

(1fnxo, X1, x) —vpl S ) || o<V | V==V |V<h
V<t yvU yvU y=7
V<hh=<7 yvu yvU 244
fo <=7V y=7 yvU yvU
where we have used the compact notations:
fo= fa@o. X1, xn), o= fu(x0, 1o T,

y=rv(Vx), y=yw)
Using (16), we get in any case:

| fn G0, 15 -+ Xn) = val (1+ Y[V (x) — 2w — 1]+)) N

7(w) 7(w)
V*(2[V(X)?(—w§w - 1]+)‘ 73)
2. when 1 < U, with (66), we have:
Ifn(XO,m,A.-.,xn) —unl _ (1 n V*(Z[V(X)A— 2w — 1]+)) Ll
Y (w) - Y (w)
<2VT+ Y« (2[V(x) = 2w — 1]+). (74)

Y (w)

5 Actually by symmetry there are only six cases to consider.
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Replacing these bounds (73) and (74) in Eq. (64) yields:

b < [_§ L o 0-CLV () = 2w 1]+>} U
2 Y (w)
L1 (2 7CLY () =20 = 1]+>)2 y o eV 2w 117
4 Y (w) 4 Y (w)?
3. [2nd10*<2[v<x3 —2w—1l) | @V 2w = 1)

2 7 (w) 7 (w)
1@V &) = 2w — 1]+>2} U4 L7V — 2w - 114)?
4 y(w)? 4 y(w)?

Let:

1
ki(r) = 2ndy0«(2r) + v (2r) + Zy*(zrﬂ

I 2
ka(r) = Z)/*(Zr) :

These functions are continuous, take nonnegative values and are zero at zero.
Recalling that 7 > 1, we conclude that:

b < [_g N kl([V(x)A— 2w — 1]+)} U kZ([V(x): 2w —1]4)
2 V(W) 7 (w)

and, after the time T(#,):

. (75

5 3
U<—=-U.
2

Remark 1 The analysis carried out shows that the proposed observer has two modes
of operation. In the first mode, the observer does not need any information on the
function f;,, but only bounds on the norm of the state to be observed. In the second
mode, the function f;, is used to achieve asymptotic convergence of the estimation
error to zero. This implies that, if one is merely interested in a practical observer,
i.e. in an observer yielding asymptotically a bounded state estimation error, then it
is sufficient to select v,, = 0.

4.2.4 Proof of Theorem 1

With the functions a; values and v; values as defined above and the inequality (75)
established, we are now ready to prove Theorem 1.
Consider the function:

[V(x)—2w—1]4+
Sowe) =g+ 0+ [ TR+
0
and the set A defined in Eq. (30). Let d((x, w, &), A) be the distance of a point
(x,w,e)to A, ie.:

d((x,w,e), A) = inf {le — el + |w —wq| + [x — x4}

((xa,wa,8q)€A
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The function £ is positive definite with respect to A. Indeed, the following impli-
cations hold:

Lr,w,e)=0 = U=[V(x)—2w—1]; =0, (76)
—  {le] =0, V(x) < 2w + 1}. (77)

Moreover, for any point (x, w, ), the point (x, w, 0) is in A. Also, if such
a point is not in .4, we have:

[V(x) — 114
w—

Vix)—1
= —w
2

2

This implies:

0<d((x,w,e),A <le|l+ [M _wi| _
+

2
Therefore, with (37) and (38), for any nonnegative real number ¢, one has:

£<l={U <exp(t) — 1,2[V(x) — 2w — 112 < ¢},

EESI IC G
+ V2 8

= d((x,w,¢), A) < |e| + [ 5

This implies that the function £ is radially unbounded with respect to the
(noncompact) set A.

As a result, to complete the proof of the theorem we have to show that £ is
negative definite with respect to .A. With (4) and (11), and since r, k1 (r) and ko (r)
are zero when r is zero, we get:

[V(x)—2w—1]4+
[r + ki(r) + ka(r)]dr
0
=[[V) = 2w — 1y + ki ([V(x) = 2w — 1]3) + ko ([V(x) — 2w — 1]3)]
—V(x) + 2w — y1(x0)
Y (w) '
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Together with (75), this yields :

5 < [_l LV —2w - 1]+)} U (Ve —2w—1]) 1
L4 Y (w) 1+U 7(w) 1+U
+[IVeo) = 2w — 11y + ki ([V(x) = 2w — 115)
oIV () — 2w — 119)] —V(x) +A2u) — y1(x0)
Y (w)

1 U ki([V(x) = 2w — 1]4) + ko ([V(x) — 2w — 1]4)

’

= Ti1xu 7(w)
V@) 2w = 1y + (V) = 2w = 1) + (V&) — 2w — 1]4)
Y (w)
x [T+ y1 (o) + [V () = 2w — 114 ],
1 U [V(x) —2w—1]%
<-iT1U (I'+ y1(x0)) S w) :

This establishes that £ is negative definite with respect to 4, and completes the
proof of Theorem 1. O

4.2.5 Summary

The results established so far can be summarized as follows. For system (1) with
output (2), and under the stated assumptions, we propose the observer:

i1
Gi=—aizi +lidi +all(—a) " xo+a D (i — p(—a) IR — v,
j=1
i—1
1. : o (78)
Xi=—(—a)'x0— D (—a) I%; — z.
=1
w=—w + y1(xo)
where:
vi=Tia Vie{l,...n—1},

Up = ?(U)) sat (fn(xo’fl’ 135\n)) .

7 (w)

Recall that the functions «;’s are only function of w, therefore the notation ¢;
means simply:

. daj
a; = E(w) [—w + y1(x0)].

Finally, rewriting the observer (78) in the compact form (10) (with y = x¢) and,
to be precise, denoting with X (x, ¢) the solutions of the system (1) and with
(X(x,1), X((x, Xx), t)) the solutions of system (1)—(10), the following result has
been established.
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Theorem 2 For the globally completely observable system (1), under Assumption
1, we can construct® functions a; values and v, the a; values being C U such that
for each solution X (x, t) of (1), right maximally defined on [0, T), with T < 400,
and for each initial condition X, the associated solution (X (x,t), X((x, X), 1)) of
(1)—(10), is defined also on [0, T) and satisfies:

tlirr} | X (x,1) — h(X((x, x), 1), Xo(x, 1)) =0.

This result states that we have designed an observer providing an estimate of the
state of the system which converges to the actual value in infinite time, if there is
no finite escape time of this actual value, and at the time of the escape if there is a
finite escape time.

5 Observer implementation
5.1 Implementation as a reduced order observer

The observer dynamics described by Eq. (78) are somewhat involved, and may be
difficult or computationally expensive to implement.

It is now shown that, with a proper change of coordinates, it is possible to
implement the observer in a simpler form. To begin with consider the dynamics of
the estimation error e. By Eq. (32) we have, for i ranging from 1 ton — 1,

Xigl — Vi = Xjp1 — Xjp1 = €iyl.

6 To be precise, the function a; values are any C! functions satisfying:

e jw(w)?
7 (w)?
2

aj(w) > +[n—j+ lczjww) +cio )] | ¥(w),

for j smaller than n, and

11
an(w) > =y W),

ap(w) > 2y (w),

where the functions 7, ¢ jws C2jws Cjo can be expressed from the problem data y; and y, and
from the function y, chosen to satisfy:

[Xol + -+ lxal + [fu(x0, - .., xp)| < ¥ (V(x))

and

[ fu (X0, X1 + 015w vy X+ 00) — fu(xo, X1, .05 X))
sup

nil <1

=y(Vx).
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Hence, defining

01 0...0 0

S = . 0 5 En: s
01 0
0... ... ... 0 1

Eq. (35) rewrites as:
¢ = —diag(a) e+ (L+S)e+ E, Afy,
where:
Afn = fa(X0, ..., Xn) = Vp.
Exploiting Eq. (33) we obtain:

e=—U+L) 7 "Ld+L) e+ U+ L) 4,
= +L)"'[—diag(a) (I + L)+ Sle+ (I + L) 'E, Af,,
= (I + L)~ '[-diag(a;) (I + L) + Sle + E, Af;.

Observe now that we have the identity:

—daj 0 ... 0
a% —ap 0 :
—diag(a;)) (I +L) =
: : .0
(—=an)"|(—an)" "' (—an)" 2 ... —ay

where we recognize the matrix L without its last column in the right block of the
right hand term. It follows that:

ki 1 0 ...0
S0 . :
I +L0)7 " [—diaga) T+ L) +SI= |, - o],
: 01
kp oo oo L. 0

where the k;’s are the components of the vector k defined as:

—ay

2
a;

' =+ L)k. (79)
(—a,)"
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Note that each k; is a function of w. As a result the dynamics of the estimation
error e is simply:

ki1 0 ...0 0

D0 : :
e=|w oo ler] - | (80)

01 0

Ky oo 0 Afn

Consider now the coordinates:
x; = x; + ki xo,

and note that:

&i = xip1 + ki x0 + ki x1, (81)
= Xip1 + ki X1+ (ki — kig1 — kik1) xo (82)
Similarly, setting:
E(\izfc\,-—l-kixo:xi-i-kixo—ei ) 52n+1=Unv

yields, by Eq. (80),
Xi = Rip1 + k% + (ki — kis1 — kiki) xo.

This implies that the estimate X of x can be obtained as:

kk 1.0 ...0 0 (l%l—kz—klz)
S0 . T : :
r=|g oo |||+ : X0, (83)
: 01 0 (]%n—l _kn _kn—lkl)
Kn oooone o 0 Un (kn — knk1)
T =2 —kxo. (84)

This establishes that the observer we propose can be implemented as a classical
reduced order observer. This observer is intrinsically high-gain. However a main
departure from usual high-gain observers as those studied in [9] for instance is that
we have multiple high-gains. we thus do not have a single gain x such that the
ratios of 'Z—le remain bounded as « goes to infinity. Following a completely new
route, our ratios are designed in such a way that we can bound the estimation error
in terms of the partial Lyapunov function U and the Lyapunov function £, even
when the norm of the state of system (1) goes to infinity. Such a property cannot
be obtained in the classical framework of high-gain observer as discussed in [9].
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5.2 A full order observer

The arguments above showing that the observer we propose can be implemented
as a classical reduced order observer can be used inversely to propose a full order
version of our observer.

Actually, the only important points in our design is that the estimation error
satisfies (80) with the gain k; given by (79). So let us introduce an estimation error
also for xo and correspondingly a gain kg so that (80) and (79) still hold. This
implies that a new function ag also has to be introduced. From our analysis, we
know that it is sufficient to select it as a C! function satisfying

clow(w)?
7 (w)?

2

ap(w) > + [1n + lc20w(w) + cooZ (w1 | 7 (w).

where the functions cjgy, 20w and coo are obtained from the functions a; to a,
already selected.
With this data, the observer is:

Xo = ko (xo—X0) +X1,

Xn—1 = kn—1 (X0 — X0) + %n> (85)
Xn = kn (x0 — %0) + V(w) sat (—A—f”(xoj;’gL;j"’x’l)) ,

| w = —w+yi(x0).

The interest of this extension is that now the derivatives of the k;’s are not
needed, as opposed to (83). Also Theorem 2 holds in this case. Namely, we have
the following theorem.

Theorem 3 For the globally completely observable system (1), under Assumption
1, we can construct functions k;’s and , such that for each solution X (x, t) of
(1), right maximally defined on [0, T), with T_< +00, and for each initial condi-
tion (X, w), the associated solution (X (x, t), X ((x, w), t), W(w, t)) of (1)—(85) is
defined also on [0, T) and satisfies:

lim |X (x, 1) - X(X,w), )] =0.
t—

6 On the necessity of unboundedness observability

Compared to previous results on observers and in particular to those on high gain
observers, the main new point here is the exploitation of output-to-state stability as
described by Assumption 1. The role of this assumption is to allow the construction
of a state norm estimator for the system (1) with output (2). However, it is by far
not necessary, and can be replaced by any (weaker) assumption which allows to
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construct a dynamic state norm estimator. Precisely, it is clear from our analysis
that the only property we need is as described in what follows.
Rewrite the system (1) with (2) in the compact form:

x=Fx) , y = H(x). (86)

We need the knowledge of continuous functions ¥ and ¥, such that, for any initial
condition (x, w), if X (x, ¢) is a solution of (86) right maximally defined on [0, T'),
then the solution (X (x, 1), W((x, w), t)) of (86) augmented with:

W=7 (w,y)
is defined also on [0, T') and there exists a time 7, in [0, T') such that we have:
[ X(x, )] < Vo,(W({(w, x), 1)) Viteln,T).

This last property motivates the name of state norm estimator. Clearly the exis-
tence of such an estimator implies that the solution X (x, ¢) cannot escape in finite
time if its observation y(t) = H (X (x,t)) does not. This is the unboundedness
observability as exhibited in [20]. But conversely, we know from [1, Theorem 1]
that unboundedness observability implies the existence of a state norm estimator.
Moreover, the following holds.

Proposition 1 For the system (86) with F and H locally Lipschitz functions, if
there exist locally Lipschitz functions § and by such that the observer (10) gives
an estimation error x — X converging to zero within the domain of existence of
the solution, then there exists a C' and proper function V and of a nonnegative
function y1 satisfying:

V) <14 yi1(h(x)).

Proof In view of [1, Theorem 1], it is sufficient to establish the following claim
Claim If there exists an initial condition x, and a real number Y such that the
corresponding solution X (x,, t) of (86) has a finite escape time 7" and we have:

|[H(X (x4, 1)) <Y Vtel0,T).

then, for any local Lipschitz functions f and h and any initial condition X,
we can always find an initial condition x4 such that the corresponding solu-
tion X (x4, t) of (86) has a finite escape time ¢ and the corresponding solution
(X (x4, 1), h(X (x4, X1), 1)) of (10)—(86), defined on [0, £ ), satisfies:

tl_lgl | X (xy,1) —%x(t)| = +o0, (87)
with
X(1) = h((X((x4, X4), 1)), H(X (x4, 1))). (83)
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To prove this claim, let f and ) be any given local Lipschitz functions and &'
any given initial condition. Let also 4 and x4 be defined as:

T
f =minjy—,
" 2°2 sup {fx, )

|[x—xy[<1,|yl<Y
Xy = X(xy, T — t+).

It follows that the solution X (x4, #) of (86) is right maximally defined on [0, 7).
This allows us to define a time function as:

y() = H(X (x4, 1) V1 €[0,14),
= H(.X+) Vit e [ty, 00).

Consider now the solution & (X, t) of the time-dependent ordinary differential
equation:

X = f(x, y(1),

issued from X' . From the definition of 7., this solution is defined at least on [0, 27, ]
and satisfies:

Moreover, when restricted to [0, £ ), it is the x-component of the solution of (10)—
(86) issued from (x4, x4 ). It follows that x(¢), defined in (88), remains for all
t € [0, t4) in the compact set

X:x=bxy),lx—xi <Lyl <Y},
As aresult, Eq. (87) holds, since:

lim | X (xy, )] = lim | X (x4, t)] = 400.
t—ty t—T

7 Conclusions

In this paper the problem of global observer design for general globally completely
observable nonlinear systems has been studied and solved. It has been shown that
global complete observability and output-to-state stability allow to explicitly con-
struct a global observer, i.e. an observer which provides convergence to zero of
the estimation error within the domain of definition of the solutions. This observer
is analyzed using classical Lyapunov techniques, and it is shown that it could be
implemented using a standard reduced order observer form. We have also shown
that is has a full order counterpart.

While output-to-state stability is not necessary to construct the proposed ob-
server, i.e. this property could be replaced by any weaker property which allows to
build a dynamic state norm estimator, it is shown that unboundedness observability,
which in principle allows to construct a dynamic norm estimator, is necessary for
the design of a time-invariant observer.
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