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Abstract

We propose a linear output feedback with dynamic high gain for global regulation of a class of nonlinear systems. The
uncertain nonlinearities are assumed to be bounded by a polynomial function of the output multiplied by unmeasured states.
The crucial point made in this paper is that a linear observer-based output feedback can globally regulate an equilibrium of
strongly nonlinear systems, provided that a single high gain is appropriately tuned.
c© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

1.1. Motivation

Output feedback of nonlinear systems is a problem
of paramount importance in control engineering. Some
well-known challenging facts are the lack of a global
“Separation Principle” and a systematic observer
design for genuinely nonlinear systems. The main
contribution of this paper is at the conceptual level.
Namely, we will show that linear control can still deal
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with strongly nonlinear systems provided that a single
dynamic gain is appropriately tuned.
SpeciHcally, we approach our objective by consid-

ering a class of nonlinear systems whose dynamics are
described by

ż = q(z; y);

ẋ1 = x2 + �1(z; x1)
...

ẋi = xi+1 + �i(z; x1; : : : ; xi)
...

ẋn = u− u∗ + �n(z; x1; : : : ; xn);

y = x1; (1)

where u; y∈R are the input and output, u∗ is an
unknown constant and (z; x)∈Rn0 × Rn is the state.
Only the output y is available for feedback. The
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presence of u∗ is motivated by the fact that, in some
cases, the value of the control, related to a desired
equilibrium point, may be unknown, such as in the
case of set-point regulation or in the presence of
sensor disturbance [1].
Throughout this paper, the following two hypothe-

ses are imposed.

Hypothesis (H1):
(H1.1) The z-system in (1) is input-to-state stable

(ISS) [14,12]. Namely, there exist a positive deHnite
and radially unbounded function Vz and a class K
function � satisfying

@Vz
@z

(z)q(z; y)6− Vz(z) + �(|y|): (2)

(H1.2) There exist a locally Lipschitz nonnegative
function L and a class K function �, satisfying

|�i(z; x1; : : : ; xi)|6 L(|y|)(|x1| + · · · + |xi|)
+ �(Vz(z)) ∀i∈ {1; : : : ; n}: (3)

(H1.3) There exist strictly positive real numbers k
and s0 such that

�(2�(s))6 ks ∀s∈ [0; s0]: (4)

Hypothesis (H2):
(H2.1) There exist an integer m¿ 1 and a positive

real number p satisfying

L(s) +
�(2�(s))

s
6p+ sm ∀s¿ 0: (5)

(H2.2) The functions � and � are C1 on (0;+∞)
and there exists a real number ‘¿ 1 such that

‘s�′(s)¿ �(s) ∀s¿ 0: (6)

Under the above hypotheses, the origin (z; x)=(0; 0)
is an equilibrium point for the open-loop system (1)
with u = u∗. The control problem of interest is to
design an output feedback controller to make the (x; z)
components of the closed-loop solutions bounded and
converging to this equilibrium.

1.2. About the class of systems (1)

Output feedback stabilization or tracking for non-
linear systems with a (dominant) triangular structure
like (1) has received a lot of attention during the last

decade; see [6,7,15] and references therein. In most of
these works, stringent restrictions are imposed on the
functions �i’s and q. For instance, the popular class of
output feedback form systems, with or without uncer-
tainties, only includes output nonlinearities. In other
words, unmeasured state components appear linearly.
Fortunately, thanks to the use of nonlinear small-gain
techniques [3], this restriction can be completely re-
moved for the state z of the inverse dynamics when
they are ISS, as expressed by (H1.1) (see [11]).
Actually, as shown in [8], for some systems with

only polynomial growth nonlinearities with respect to
unmeasured state components, the problem of global
output feedback stabilization may not be solvable. So
expectedly some growth conditions are necessary on
the way the nonlinearities depend on the unmeasured
states. This leads to the recent work [10], where the
restriction is that the nonlinearities are globally Lips-
chitz but with a Lipschitz rate allowed to depend on
the output. To deal with such a class of systems a
standard high gain observer is introduced but whose
gain is updated through a Riccati equation driven by
the Lipschitz rate. This result has been extended in
[5] to an even broader class of systems. This has been
made possible by completing the high gain observer
with a high gain controller, although involving also an
output nonlinear term. The use of a linear high gain
controller in combination with a linear high gain ob-
server was already proposed in [4] to deal with glob-
ally Lipschitz nonlinear systems. A somewhat related
result, presented in [13], tackles with the case where
the nonlinearities are linearly bounded. There, a lin-
ear high gain observer is used but the controller has
a much more complex structure although this is not
necessary.
So we arrive naturally to the question: how much

can be achieved with a combination of a high gain
linear controller and a high gain linear observer? We
show, in this paper, that, if we accept to update on-line
a single gain, then such a combination solves the out-
put feedback regulation problem for systems (1) with
hypotheses (H1) and (H2).

1.3. About hypotheses (H1) and (H2)

1.3.1. About (H1)
As far as we are aware, the hypothesis (H1) is

without any further structural restriction, the weakest
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assumption, known at the time this paper is written,
under which global asymptotic stabilization by output
feedback can be established (see [5]).
(H1.1) is equivalent to asking that the inverse dy-

namics be ISS (see [14,12]). As explained in our ear-
lier paper [11], this ISS assumption on the inverse
z-system is already implicitly assumed in most of the
work in robust/adaptive output feedback control of
nonlinear systems [6,7].
(H1.2) puts a restriction on the nonlinearities that

lead the speed of the state components xi which are
not in the inverse dynamics. These nonlinearities are
captured in the uncertain functions �i’s. They have to
have a linear growth in those components but with the
growth rate L(y) allowed to depend on the output y.
They are also allowed to depend on the state z of the
inverse dynamics.
In the following only the functions �, L and � will

be used. It follows that the functions �i’s and q are
not required to be known precisely. So, actually, they
can depend on other state components and even exter-
nal signals, as long as Hypotheses (H1.1) and (H1.2)
still hold.
(H1.3) imposes a linear growth, close to 0, of the

nonlinear gain �(2(�(|y|))) of the system with input y,
state z and output �. We Hnd this restriction in all the
previous work on nonlinear output feedback, starting
from [11]. It is needed as soon as we impose the con-
trol law to be locally Lipschitz in y. It is satisHed in the
usual case where the trivial solution of the unforced
system ż = q(z; 0) is locally exponentially stable and
the vector Helds of the system are locally Lipschitz.

1.3.2. About (H2)
The restriction imposed by Hypothesis (H2) is the

extra price we have to pay for imposing a linear high
gain output feedback. As written above, if we were
to accept to use a truly nonlinear controller, these re-
strictions could be removed as shown in [5].
(H2.1) is putting a polynomial growth restriction at

inHnity on the growth rate L(y) and the nonlinear gain
�(2(�(|y|))). It is linked to the high gain structure of
the controller.
(H2.2) imposes that the function � increases at least

like powers. For instance, close to the origin it can
behave like s1=‘ but not like 1=(−log(s)). We know,
from [12, Proposition 8], that, without loss of general-

ity, the function � can be assumed to be C1 on [0;+∞)
and convex and the function � to be C1 on (0;+∞)
and concave. So (H2.2) says that � should not “start”
too fast at the origin nor “settle” too fast at inHnity.

2. Design of the output feedback

The output feedback we propose is made of a
linear high gain (partial) observer and a linear high
gain controller.
For the design of these two blocks, we select a real

number a and compute a set of data (d0; d1; Q; P; K; F)
according to the following Lemma which was already
announced in [9] and whose proof is given in the
Appendix.
Let Ii be the identity matrix of order i, and set

Ai =


0

... Ii−1

0 0 · · · 0

 ; B= col(0; : : : ; 0; 1)∈Rn;

C = col(1; 0; : : : ; 0)∈Rn+1;

Di = diag(0; 1; : : : ; i − 1): (7)

We have:

Lemma 1. For any strictly positive real number a,
there exist real numbers d0 and d1, symmetric ma-
trices P and Q, and column and row vectors K and
F satisfying the following set of inequalities:

0¡d0; 06d1; 0¡P; 0¡Q;

P(An+1 − KCT) + (An+1 − KCT)TP6− d0P;

Q(An − BF) + (An − BF)TQ6− d0Q;

−aP6PDn+1 + Dn+1P6d1P;

− aQ6QDn + DnQ6d1Q: (8)

Remark 1. As a consequence of Lemma 1, the
set (d0; d1; Q; P; K; F) is dependent on the design
parameter a, as well as all the real numbers di’s to be
introduced later on.
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2.1. Observer design

We adopt here the high gain observer of [10].
For notational convenience, we denote xn+1 =−u∗.

Let the ki’s be the entries of the vector K given by
Lemma 1, i.e.,

K = col(k1; : : : ; kn+1): (9)

We introduce the following (n+1)th-order observer

˙̂xi = x̂i+1 + kiri(x1 − x̂1); 16 i6 n− 1;

˙̂xn = x̂n+1 + u+ knrn(x1 − x̂1);

˙̂xn+1 = kn+1rn+1(x1 − x̂1): (10)

Following [10], the gain r, involved in this observer,
is obtained as a solution of the system

ṙ = −r(br − %(y; r)); (11)

where the strictly positive real number b and the func-
tion % are other design parameters to be made pre-
cise later on. However, we note at this time that, by
imposing

%(y; r)¿ b; r(0)¿ 1; (12)

we get that r(t) is larger than or equal to 1, for all
positive times t and for any solution.
For every 16 i6 n+ 1, let

ei = xi − x̂i : (13)

Then, with (1) and (10), it holds

ė i = ei+1 − kirie1 + �i; 16 i6 n;

ėn+1 = −kn+1rn+1e1: (14)

We introduce the scaled estimation error ( in Rn+1:

(= col((1; : : : ; (n+1); (15)

as follows:

(i =
ei

ri−1+a ; ∀16 i6 n+ 1: (16)

We have

(̇= r(An+1 − KCT)(− (aIn+1 + Dn+1)
ṙ
r
(+ )1;

(17)

where

)1 = col
(
�1
ra
; : : : ;

�n
rn−1+a ; 0

)
: (18)

The main property of interest to us of the observer can
be expressed with the help of the quadratic function

Ve = (TP(: (19)

By means of (8) and (11), we can see that, along the
solutions of (17), the time derivative of Ve satisHes

V̇ e6− ([d0 − (2a+ d1)b]r + a%)Ve + 2(TP)1:
(20)

2.2. Controller design

Here, we follow the suggestion of [5]. But we
restrict the controller to be linear in (y; x̂2; : : : ; x̂n+1).
For this, as usual, we consider the following auxiliary
system:

ẏ = x̂2 + e2 + �1;

˙̂x2 = x̂3 + k2r2e1

...

˙̂xn = x̂n+1 + u+ knrne1: (21)

We introduce the scaled state and input variables

Qx = col
(
y
ra
;
x̂2
r1+a

; : : : ;
x̂n

rn−1+a

)
; (22)

Qu=
x̂n+1 + u

rn
: (23)

Using the notation introduced previously, we have

Q̇x = rAn Qx + rB Qu− (aIn + Dn)
ṙ
r
Qx + r)2 (24)

where

)2 = col
(

�1
r1+a

+ (2; k2(1; : : : ; kn(1

)
: (25)

We compute the scaled input Qu as

Qu= −F Qx (26)

with F given by Lemma 1.
The main property of interest to us of the con-

troller can be expressed with the help of the quadratic
function

Vc = QxTQ Qx: (27)
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By means of (8) and (11), we can see that, along the
solutions of (24), the time derivative of Vc satisHes

V̇ c6−([d0 − (2a+ d1)b]r + a%)Vc

+2r QxTQ)2: (28)

3. Main result

Theorem 1. Consider system (1). Under hypotheses
(H1) and (H2), the following output feedback makes
the solutions of the closed loop system bounded and
their components z and xi, 16 i6 n, to converge to
the origin:
˙̂xi = x̂i+1 + kiri(x1 − x̂1); 16 i6 n− 1;

˙̂xn = x̂n+1 + u+ knrn(x1 − x̂1);

˙̂xn+1 = kn+1rn+1(x1 − x̂1);

u= −x̂n+1 − rnFcol
(
y
ra
;
x̂2
r1+a

; : : : ;
x̂n

rn−1+a

)
;

ṙ = −r(br − %(y; r)); (29)

where the scalars ki’s, a and b, the matrix F and
the locally Lipschitz function % are the approp-
riately chosen feedback parameters. 1

Proof of Theorem 1. From the hypothesis (H1.2)
and the fact that r can be imposed to stay larger than
1, we get

|�i|
ri−1+a 6 L(|y|)[(| Qx1| + · · · + | Qxi|)

+ (|(2| + · · · + |(i|)] + �(Vz)
ri−1+a : (30)

By completing the squares, this yields

2(TP)16 L(|y|)Vc + d2L(|y|)Ve

+d3
√
Ve
�(Vz)
ra

; (31)

with some nonnegative real numbers d2, d3, depending
on a. So, it holds

V̇ e6−([d0 − (2a+ d1)b]r + a% − d2L(|y|))Ve

+L(|y|)Vc + d3
√
Ve
�(Vz)
ra

: (32)

1 See Eqs. (8), (37) and (59).

Similarly, we get

2r QxTQ)26
(
d4L(y) +

d0
2
r
)
Vc

+ rd5Ve + d6
√
Vc
�(Vz)
ra

(33)

with some strictly positive real numbers d4 to d6,
depending on a. This, in turn, implies

V̇ c6−
([

d0
2

− (2a+ d1)b
]
r + a% − d4L(|y|)

)
Vc

+ rd5Ve + d6
√
Vc
�(Vz)
ra

: (34)

Now, consider the function

Vec =
2d5
d0

Ve + Vc: (35)

Its time derivative satisHes

V̇ ec6− 2d5
d0

×
([

d0
2

− (2a+ d1)b
]
r + a% − d2L(|y|)

)
Ve

−
([

d0
2

− (2a+ d1)b
]
r + a% −

[
d4 +

2d5
d0

]

× L(|y|)
)
Vc + d7

√
Vec

�(Vz)
ra

(36)

with some nonnegative real number d7, depending on
a. So let us select our design parameters b and %
to satisfy

d0(a)
4(2a+ d1(a))

¿ b¿ 0; (37)

%(y; r) = %1(y) + %2(y; r); (38)

%1(y) =
max {d2(a); [d4(a) + 2d5(a)=d0(a)]}

a

×L(|y|); (39)

where %2 is a function, lower bounded by b, to be
deHned in (55) below.
Note that, as L, %1 is a locally Lipschitz func-

tion of the state of the closed loop system. Our
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motivation for this choice is that it leads to

V̇ ec6−
(
d0r
4

+ a%2

)
Vec + d7

√
Vec
ra

�(Vz): (40)

Now, with ‘¿ 1 the real number given by the
hypothesis (H2.2), let +z be the function, deHned on
(0;+∞), as

+z(s) =
�(s)‘

s
: (41)

As �, this function +z is C1 on (0;+∞). Precisely,
we have

+′
z(s) =

�(s)‘−1

s2
[‘�′(s)s− �(s)]¿ 0: (42)

So +z is a nondecreasing function. Being nonnegative,
it has a limit +z0 as z goes to 0. So we can extend the
deHnition of +z to [0;+∞) by letting

+z(0) = +z0: (43)

This way we get a nondecreasing continuous function
on [0;+∞). It follows that

∫ v
0 ((�(s)‘)=s) ds deHnes

a C1 function on [0;∞) which is radially unbounded.
Also, because + is non-decreasing it holds∫ v

0

�(s)‘

s
ds6 �(v)‘: (44)

With this at hand and with the function Vz given by
hypothesis (H1.1), introduce the function

U = c
∫ Vz

0

�(s)‘

s
ds+

1
‘

(
2
√
Vec
)‘
; (45)

where c is another design parameter to be chosen as
a strictly positive real number. This function U is
positive deHnite and radially unbounded in ( Qx; (; z). It
is also diRerentiable at any point except at (0; 0; z).
But it is locally Lipschitz. So it admits an upper right
Dini derivative along any solution. We denote this
derivative U̇ . With hypothesis (H1.1), it satisHes

U̇ 6−c �(Vz)
‘

Vz

[
Vz − �(|y|)]−

(
2
√
Vec
)‘−1

×
[(
d0r
8

+
a
2
%2

)(
2
√
Vec
)

− d7
ra
�(Vz)

]
: (46)

Since +z is a nondecreasing function, by consid-
ering successively the two cases Vz¿ 2�(|y|) and

Vz ¡ 2�(|y|), we get the inequality
�(Vz)‘

Vz

[
Vz − �(|y|)]¿ 1

2�(Vz)
‘ − 1

2�(2�(|y|))‘:
(47)

Similarly, with the two cases �(Vz)¿ (2
√
Vec) and

�(Vz)¡ (2
√
Vec), and using the fact that we can

guarantee that r remains larger than 1, all along any
solution, we get(
2
√
Vec
)‘−1 d7

ra
�(Vz)

6d7�(Vz)‘ +
d7
ra

(
2
√
Vec
)‘
: (48)

All this gives

U̇ 6−
( c
2

− d7
)
�(Vz)‘ +

c
2
�(2�(|y|))‘

−
(
2
√
Vec
)‘ (d0r

8
+
a
2
%2 − d7

ra

)
: (49)

So we choose c satisfying

c¿ 4d7(a): (50)

Then let d8, depending on a, be the square root of the
minimum eigenvalue of Q. We have

d8|y|6 ra
√
Vec (51)

By imposing the constraint a=2%2¿d7=ra in the
choice of the function %2 to come later on, we get

U̇ 6− c
4
�(Vz)‘ − d0r

8

(
2
√
Vec
)‘

+
c
2
�(2�(|y|))‘

−
(
a
2
%2 − d7

ra

)
1
ra‘

(2d8|y|)‘: (52)

So our idea is to select the function %2 in order to get
the inequality

c
2
�(2�(|y|))‘ −

(
a
2
%2 − d7

ra

)
1
ra‘

(2d8|y|)‘6 0:

(53)

From hypothesis (H1.3), such a choice is possible
since, when |y|6 s0, it is suTcient to have

a=2%2 − d7=ra

ra‘
(2d8)‘¿

c
2
k‘: (54)
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A speciHc expression for %2 is for instance

%2 =max
{
b;

2d7(a)
a

}
+

c
a(2d8(a))‘

ra‘

×max

{
k‘;
(
�(2�(|y|))

|y|
)‘}

: (55)

This is a locally Lipschitz function. In this way,
r being larger than 1, with (44), we obtain

U̇6− c
4

∫ Vz

0

�(s)‘

s
ds− d0r

8

(
2
√
Vec
)‘

(56)

6− min
{
1
4
;
‘d0
8

}
U: (57)

So it follows from [16, Section 13] for instance, that,
along any solution, U (t) is exponentially decreasing
and therefore also bounded.
Now consider any closed-loop solution. Its state can

be taken as (r; Qx; (; z). Let it be right maximally deHned
on [0; T ). From the properties of U (t), we know that
Vec(t) and Vz(t) are bounded on [0; T ). Therefore, for
each solution, the components Qx(t), ((t) and z(t) are
bounded. This, in turn, gives that Qx1(t)=y(t)=ra(t) is
bounded, i.e. we have

| Qx1(t)|6X1 ∀t ∈ [0; T ) (58)

for some real number X1, depending on the solution.
Let us show that, by picking a small enough, we can

guarantee that the component r(t) is also bounded on
[0; T ). We know that we have (see (11), (38), (39),
(55))

ṙ = −r
(
b1r − b2 − b3L(|y|)

−b4ra‘ max

{
k‘;
(
�(2�(|y|))

|y|
)‘})

(59)

with

b1 = b; (60)

b2 = max
{
b;

2d7
a

}
; (61)

b3 =
max {d2; [d4 + 2d5=d0]}

a
; (62)

b4 =
c

a(2d8)‘
: (63)

With the help of hypotheses (H2.1), and the
inequality

|y(t)|6X1ra ∀t ∈ [0; T ); (64)

we get

ṙ6−r(b1r − [b2 + b3p] − b3Xm
1 r

am

−b4[2k + 2‘−1p‘]ra‘ − 2‘−1b4Xm
1 r

am‘): (65)

But if a is selected to satisfy the constraint

am‘¡ 1; (66)

with the help of Young’s inequality, we can Hnd a
positive real number b5 so that

b1r − [b2 + b3p] − b3Xm
1 r

am − b4[2k + 2‘−1p‘]ra‘

−2‘−1b4Xm
1 r

am‘¿
b1
2
r − b5: (67)

This yields simply

ṙ6− r
(
b1
2
r − b5

)
: (68)

It follows readily that the component r(t) is also
bounded on [0; T ).

So all the components being bounded, T must be
inHnite. This implies that the solution is bounded on
[0;+∞) and U (t) converges to 0 as t goes to ∞.
So the state components (xi(t); ei(t); z(t)) converge to
the origin.

4. Conclusion

In this paper, a high gain linear output feedback is
proposed for global regulation of an equilibrium of
a class of nonlinear systems where the nonlinearities
have a linear growth in the (partial) unmeasured state
components, with an output dependent growth rate and
with ISS inverse dynamics. This feedback involves an
on-line tuned gain.
We have seen that the main loss we have by impos-

ing a linear structure, as compared to the best avail-
able results using truly nonlinear output feedback, is
that the growth rate and the gain from the output to
the perturbation via the inverse dynamics should have
a growth which cannot be more than polynomial.
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The stability analysis has been made possible by

1. the scaling of some components, as usual when
high gain is used. However here we use the modi-
Hcation of the scaling introduced in [10].

2. the application of the Lyapunov version of the non-
linear small-gain techniques [2].

Appendix A. Proof of Lemma 1

A.1. On the pair (Q; F)

The existence of the pair (Q; F) follows from the
following lemma by letting:

0= − 1
n− 1 + a=2

: (A.1)

Lemma 2. Let R be the following diagonal matrix:

R= −I − 0 diag(n− 1; n− 2; : : : ; 0); (A.2)

where 0¿− 1=(n− 1). Let A∈Rn×n and B∈Rn be
the matrices in the canonical controller form as in
(7). Then, there exist matrices F and Q satisfying:

Q(A− BF) + (A− BF)�Q¡ 0; (A.3)

RQ + QR¡ 0; (A.4)

Q¿ 0: (A.5)

Proof. By letting

X = Q−1; Y� = FQ−1 (A.6)

the statement becomes
There exist matrices Y and X of appropriate dimen-

sions such that

[XA� + AX ] − [YB� + BY�]¡ 0;

XR+ RX ¡ 0;

X ¿ 0: (A.7)

To prove this result, we proceed by induction on
the dimension.

Case n= 1: We let

X1¿ 0; A1 = 0; B1 = 1;

R1 = −1; Y1¿ 0: (A.8)

We have

[X1A�
1 + A1X1] − [Y1B�

1 + B1Y�
1 ] = −2Y1; (A.9)

X1R1 + R1X1 = −2X1: (A.10)

It follows that

M11 = 2Y1; M21 = 2X1 (A.11)

and X1 are strictly positive real numbers.
Case n = j + 1: We assume that we know Xj and

Yj solutions of

[XjA�
j + AjXj] − [YjB�

j + BjY�
j ]

= −M1; j ¡ 0; (A.12)

XjRj + RjXj = −M2; j ¡ 0; (A.13)

Xj ¿ 0: (A.14)

where Aj, Bj and Rj are deHned recursively as

Aj+1 =

(
Aj Bj

0 0

)
; Bj+1 =

(
0

1

)
;

Rj+1 =

(
Rj − 0Ij 0

0 −1

)
: (A.15)

Let us deHne Xj+1 and Yj+1 as

Xj+1 =

(
Xj Sj

S�
j Tj

)
; Yj+1 =

(
Uj+1

Vj+1

)
; (A.16)

where Sj, Tj, Uj+1 and Vj+1 are to be chosen to solve
(A.12) for j + 1. We have

Xj+1A�
j+1 − Yj+1B�

j+1

=

(
XjA�

j + SjB�
j −Uj+1

S�
j A

�
j + TjB�

j −Vj+1

)
: (A.17)
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By taking the symmetric part and by comparing with
(A.12), we see that, by choosing

Sj = −Yj; Uj+1 = AjSj + BjTj; (A.18)

we get simply

−M1; j+1 =

(−M1; j 0

0 −2Vj+1

)
: (A.19)

On the other hand, we compute

Xj+1Rj+1 =

(
XjRj − 0Xj −Sj
S�
j Rj − 0S�

j −Tj

)
: (A.20)

It follows that

−M2; j+1

=

( −M2; j − 20Xj RjS�
j − (1 + 0)Sj

S�
j Rj − (1 + 0)S�

j −2Tj

)
(A.21)

=

( −M2; j − 20Xj −RjY�
j + (1 + 0)Yj

−Y�
j Rj + (1 + 0)Y�

j −2Tj

)
:

(A.22)

It remains to Hnd the real numbers Tj and Vj+1 so that
the matrices

Xj+1 =

(
Xj −Yj

−Y�
j Tj

)
; (A.23)

M1; j+1 =

(
M1; j 0

0 2Vj+1

)
; (A.24)

M2; j+1

=

(
M2; j + 20Xj RjY�

j − (1 + 0)Yj

Y�
j Rj − (1 + 0)Y�

j 2Tj

)
(A.25)

are positive deHnite. This is always possible if M2; j +
20Xj is positive deHnite. Indeed, in this case, it is suf-
Hcient to take these two numbers large enough. But,
since we have the following recurrence:

M2; j+1 + 20Xj+1

=

(
M2; j + 40Xj −RjS�

j + (1 + 30)Sj

−S�
j Rj + (1 + 30)S�

j 2(1 + 0)Tj

)

¿ 0; (A.26)

our result holds for j in {1; : : : ; n} if

M21 + 20(j − 1)X1 = 2(1 + 0(j − 1))X1¿ 0:
(A.27)

This condition is satisHed if, for all j in {1; : : : ; n},
we have

0¿− 1=(j − 1): (A.28)

A.2. On the pair (P; K)

The existence of the pair (P; K) follows from the
same arguments by letting

R= −I − 1
a
diag(0; : : : ; n− 2; n− 1); (A.29)

X = P; Y = PK (A.30)

and doing a recursion with

Aj+1 =

(
0 CT

j

0 Aj

)
; CT

j+1 =
(
1 0 : : : 0

)
;

Rj+1 =

−1 0

0 Rj − 1
a
Ij

 (A.31)

Xj+1 =

(
Tj −Y T

j

−Yj Xj

)
; Yj+1 =

(
Vj+1

Uj+1

)
:

(A.32)
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