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Abstract: We study the problem of designing observers for controlled systems which are
uniformly observable and differentially observable, but with an order larger than the system
state dimension : we have only an injection, and not a diffeomorphism. We establish that they
can be transformed into a triangular canonical form but with possibly non locally Lipschitz
functions. Since the classical high gain observer is no longer sufficient, we review and propose
other observers to deal with such systems, such as a cascade of homogeneous observers.
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1. INTRODUCTION
1.1 Context

A lot of attention has been dedicated to the construc-
tion of nonlinear observers. Although a general theory
has been obtained for linear systems, very few general
approaches exist for nonlinear systems. In particular, the
theory of high gain (Khalil and Praly (2013) and refer-
ences therein) and Luenberger (Andrieu and Praly (2013);
Andrieu (2014)) observers have been developed for au-
tonomous non linear systems but their extension to con-
trolled systems is not straightforward.

For designing an observer for a system, a preliminary step
is often required. It consists in finding a reversible coor-
dinate transformation, allowing us to rewrite the system
dynamics in a targeted form more favorable for writing
and/or analyzing the observer. In presence of control, two
tracks are possible depending on whether we consider the
input as a simple time function, making the system time
dependent or as a more involved (infinite dimensional) pa-
rameter, making the system a family of dynamical system,
indexed by the control. Accordingly the transformation
mentioned above is simply time-varying or input depen-
dent. Moreover, along the later itself, with the input seen
as a parameter, the strength of the input dependence of
the transformation may vary.

For example, in (Hammouri and Morales (1990); Besancon
et al. (1996)), the transformation can depend arbitrarily
on the input with the objective of obtaining a targeted
form which is state-affine up to input/output injection,
or more generally as in Besangon (1999), a targeted form
which has a triangular structure. The dependence may
also be on the derivative of the inputs as proposed in
Gauthier and Kupka (2001) with the so called phase-
variable representation as targeted form.

Alternatively, we may impose the transformation not to
depend on the input. This is the context of wuniformly
observable systems. For example Gauthier and Bornard
(1981); Gauthier et al. (1992) propose this track to ob-

tain, as targeted form, a so-called triangular canonical
form for which a high-gain observer can be built. More
precisely, as detailed below, it is known that this observer
can be built when, together with the uniform (in the
control) observability of the system (see (Gauthier and
Kupka, 2001, Definition 1.2.1.2) or Definition 2 below),
the transformation, obtained from the strong differential
observability (see (Gauthier and Kupka, 2001, Definition
1.2.4.2) or Definition 1 below), is a diffeomorphism.

In this paper we study the case where we have uniform
observability and strong differential observability, but the
latter with an order larger than the system state di-
mension, implying that the transformation is at most an
injective immersion, and not a diffeomorphism as above.
We shall see that, in this case, the system dynamics can
still be described by a triangular canonical form but with
functions which may be non locally Lipschitz. This leads
us to study observers able to cope with such an extreme
context and, in particular, to propose a new observer made
of a cascade of homogeneous observers.

1.2 Definitions

Consider a controlled system of the form :

i=f(z)+g@)u , y=nh=) (1)

where x is the state in R”, w is an input in RP and y
is a measured output in R. Given an input time function
t — u(t), we denote X (x,t) a solution of (1) going through
z at time 0. We are interested in estimating X(z,t)
knowing y and w but only as long as (X(x,t),u(t)) is in
a given compact set C x U. Let S be an open subset of
R™ containing C. We will use the following two notions of
observability defined in Gauthier and Kupka (2001) :

Definition 1. (Differential observability). (See (Gauthier
and Kupka, 2001, Definition 1.2.4.2).) The system (1) is
differentially observable of order m on S if the function :
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h(zx)
th(l')
H,(z)= :
L7 h(z)
is injective on S. If it is also an immersion, the system is
called strongly differentially observable. ]

Definition 2. (Uniform observability). (See (Gauthier and
Kupka, 2001, Definition 1.2.1.2).) The system (1) is uni-
formly observable on S if for any pair (z,,2p) in S? with
x4 # Tp, there is no C! function u : [0,T) — U such that

WX (za,t)) = h(X (b, 1))

for all t < T such that (X (z4,5), X(2p,5)) € S? for all
s <t. |

In the case where m = n, i.e. H,, is a diffeomorphism, we
have :

Proposition 1. (See Gauthier and Bornard (1981); Gau-
thier et al. (1992)) If the system (1) is uniformly observable
and strongly differentially observable of order m = n, it
can be transformed into the following triangular canonical
form :

2.,’1 = Z2 Jrgl(zl)u

2':1‘ = Zij4+1 +gi(z1,...,zi)u (2)

Zn = pn(2) +gn(2) u,
where the functions g; are locally Lipschitz. [ ]

Such a triangular form named Lipschitz triangular form,
with Lipschitz nonlinearities is fortunately the nominal
case for the high gain paradigm.

But as we shall see in Section 2, when the system is
strongly differentially observable of order m > n, trian-
gularity is preserved but Lipschitzness is lost. Hence high
gain observers as those presented in Gauthier et al. (1992)
can no longer be used.

We thus present in Section 3 possible designs of observers
for the triangular canonical form (2) with non-Lipschitz g;.
Everything is finally illustrated with an example in Section

Notations.
(1) We define the signed power function as
b ) b
la]” = sign(a) |a|
where b is a nonnegative real number. In the partic-
ular case where b = 0, |a] is actually any number in

the set
{1} ifa>0
S(a) = { [-1,1]ifa=0
{-1} ifa<0

Namely, writing ¢ = |a]® means ¢ € S(a). Note
that the set valued map a — S(a) is upper semi-
continuous with closed and convex values.
(2) For z in R? with p > 4, we denote
Xi = (xla "'axi) .

and, for x in S,

H;(z) = (h(2),..., L} " h()) 3)

2. IMMERSION CASE (m > n)

The specificity of the triangular canonical form (2) is not
so much in its structure but more in the dependence of
its functions g; and ¢,,. Indeed, for any k, Hy(z) satisfies
always :

Q 1 0 ... 0 0

= o | He@) + + LyH(2)u
0.0 ... 01 i
0., 0 Lih(x)

To get (2), we need further the existence of a sufficiently
smooth function py, satisfying

Lih(z) = ¢r(Hi()) (4)

and of sufficiently smooth functions g; satisfying
Lyl (@) = gi(h(x), ..., L h(x)) (5)

and this at least for all z in C if not in S.

Let us illustrate via the following elementary example
what can occur.

Ezxample 1. Consider the system

. 3 .
To = 23, %3 =14+u, y=mo

It is uniformly observable, differentially observable of order
3 and strongly differentially observable of order 5 since

T = X2,

Hs(z) = (M(x), Lih(z), L3h(z)) = (21,22,23)

where Hj is a bijection and Hj is an injective immersion
on R3. For Hs, we have

Lih(z) = 3a3 = 3(L?h(£))2/3

Hence there is no Lipschitz function g satisfying (4).
Similarly, for Hs, we have

LyL3h(z) = 323 = L}h(x) = 3(L}h(x))?/?
so there is no locally Lipschitz function g3 satisfying (5).m

Concerning the existence of continuous functions ¢ and
g; we have the following results given without proof due
to space limitations.

Proposition 2. Suppose the system (1) is differentially
observable of order m on an open set S containing the
given compact set C. There exists a continuous function
©m : R™ — R satisfying (4) for all z in C. If the system
(1) is strongly differentially observable of order m on S,
the function ¢,, can be chosen Lipschitz on R™. ]
Proposition 3. Suppose the system (1) is uniformly ob-
servable on an open set S containing the given compact
set C, then, for all i, there exist continuous functions
gi : R* — R satistying (5) for all z in C. |

Note that the values of ¢, and g; are only imposed on the
compact set H,,(C). In particular, their behavior when
|z| tends to infinity is free and can be chosen to satisfy
some extra constraints given by the observer design (see
Assumption (7) in Section 3).

Note also that no assumption on H,, is needed for Propo-
sition 3 to hold. But it says nothing on the regularity of the
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functions g;, besides continuity. As we saw in Example 1,
even the usual assumption of strong differential observabil-
ity is not sufficient to make it Lipschitz everywhere. Thus,
a triangular canonical form still exists but maybe without
Lipschitzness of the functions it involves. Fortunately, as
stated in the next result, local Lipschitzness of g; may be
lost only at the image via H; of points where the rank of

o0H;
—— changes (23 = z3 = 0 in Example 1).

ox

Proposition 4. Assume there exists a neighborhood of x,
OH;
in S on which —— has a constant rank ¢. Then, if

x
the system (1) is uniformly observable, there exists a
neighborhood J\f* of x,, a real number L, and a function
g; defined on R*, such that

Ly () = gi(h(a), .. L *h(x))
and, for all (z4, 2p) in R™ x R™,

i
18 (Zasts s Zasi) = 8i(Zts oo 20| < LS [z — 205 - m
j=1

This shows that, with uniform observability, we should
get functions g; in (2) which are locally Lipschitz except
maybe close to the image of points where the rank of
the Jacobian of H; changes. For a strongly differentially
observable system of order m = n, this cannot happen and
we thus recover the result of Proposition 1.

From Khalil and Praly (2013), it can be expected that a
standard high gain observer would not work for a canonical
form (2) with non-Lipschitz g;. Hence we need to be able
to design an observer for the canonical form (2) with
continuous but non-Lipschitz functions g; .

3. OBSERVERS FOR A NON-LIPSCHITZ
TRIANGULAR FORM

All along this section it is assumed that the system (1)
is differentially observable of order m on an open set &
containing the given compact set C. It is also assumed that,
the system is uniformly observable on §. According to
Propositions 2 and 3, the image by H,, of the dynamics (1)
is contained ! in the triangular form (2), with m replacing
n and with continuous g; and ¢, functions. The only
observer we are aware of able to cope with g; no more than
continuous is the one presented in Barbot et al. (1996).
Its dynamics are described by a differential inclusion (see
Appendix) :
2 € F(2,y,u)

where (2,y,u) — F(%,y,u) is a set valued map. It can
be shown that any absolutely continuous solution gives in
finite time an estimate of z under the only assumption of
boundedness of the g;’s. But the set valued map F' above
does not satisfy the usual basic assumptions (upper semi-
continuous with closed and convex values) (see Filippov
(1988); Smirnov (2001)). It follows that we are not guar-
anteed of the existence of absolutely continuous solutions
nor of possible sequential compactness of such solutions
and therefore of possibilities of approximations of F. So
we do not pursue with this observer and look at other
possible ones.

3.1 Homogeneous observer
Homogeneous observers are extensions of high gain ob-

servers able to cope with some non Lipschitz functions. In
our context they take the form :

1

not equal since we have an immersion and not a diffeomorphism.

J

m—1
m

m—2 m—2
m  m—1

o > : :

2 _2 2
m m-—1 " 3
1 1 1
pogl e HERI I 3
0 0 ......... 0

Table 1 : Holder restrictions on the g; when dy = —1

. 1—dg(m—2)
21 =2+ g1(Z1)u—Fky [Z — 2| T 00D
R o A 1—dg(m—3)
z3 + 92(21, ZQ)U — ko LZl — Zl] T—dg(m—1)

INEH
[
I

(6)

1+dg
Zm = Om(2) + gm(D)u — Ky [21 — 21] T 00D

where the k;’s are gains to be tuned and dj is a parameter
to be chosen in [—1,0). We refer to Notation (1) for the
case dg = —1.

We have :
Proposition 5. Assume there exist do in [-1,0) and ¢o > 0
such that, for all (z;,e;) in R* x R*, we have :

gi(21 +e1, .., 20 +€i) — gi(21, 05 23)| (7)

1—dg(m—i—1)

(3
< COZ lej| TR0
j=1

and (,, verifies the same condition as g,,. Then, there
exist (k1,...,kn) such that, for all (z,2,u) in R™ x R™ x
L2 (Ry;U) such that X(z,t) € C for all ¢ in Ry, any

loc
absolutely continuous solution Z(%,xz,t) of (6) is defined
on R and there exists Ty, depending on (2, x), such that :

Z(z,x,t) = Hp(X(x,t)) , Vt > T . ]

For the case dy € (—1,0), the proof of this proposition
follows from the arguments in Andrieu et al. (2008) (see
also Qian (2005)), more specifically from the proof of
(Andrieu et al., 2009, Corollary 7) and (Andrieu et al.,
2008, Theorem 5.1) and from the fact that the function
H,, is injective.

For the case, dy = —1, we refer the reader to (Levant,
2001 b, Theorem 1). Although the arguments there are
not sufficient. Actually it is possible to prove this result
using a Lyapunov argument which we omit here due to
space limitations.

Assumption (7) imposes that, for each i, g, is Holder with
order a; larger than the values given in Table 1 below for
the case dy = —1, where ¢ is the index of g; and j is the
index of e;.

3.2 Cascade of homogeneous observers

In the case where Assumption (7) is not satisfied, we can
still take advantage of the fact that the homogeneous ob-
server dot not ask for any restriction besides boundedness
on the last function g,, when dy = —1.

From the remark that such an observer

(1) can be used for the system
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Z21 = 29+ Tl(t)

Zh—1 = 2 + Te—1(1)
Zr = Di(t)

provided the functions r; are known and the function
®;. is unknown but bounded, with known bounds.

(2) gives estimates of the z;’s in finite time,

we see that it can be used as a preliminary step to deal
with the system

21 = 2o —‘y—Tl(t)

Zpo1 = 2k + re—1(t)
2 = 21+ 0k(21,. -, 20) U
2k+1 = (I>k+1(t) + gk+1(2’1, ey Zk+1) u
Indeed, thanks to the above observer we know in finite time

the values of 21, . .., 2, so that the function gg (21, . . ., zK)u
becomes a known signal r(¢).

From this, we can propose the following observer made of
a cascade of homogeneous observers :

?21 = Zoo +sat(g1(211))u — ka1 [221 —y]?
299 € —ko2S(221 — )

m—1

»;:’ml = Zmo +sat1(g1(211))u — k1 |21 —y] ™

';:'m(m—l) = Zmm + sat,,_1 (gm(émly ey ém(m—l)) U

1
) _km(m—l) |_Zm1 - y~| "
émnb € _k'mm S(éml - y)

where the k;; are positive real numbers to be tuned and
where we have used the notations
i)}

sat;(gi(21, ..., 1)) = min{G;, max{—G;, gi(z1, ...
with the positive real numbers G; given as

gi<h(x)7...,Ljflh(x))‘ <G Yz e

As a direct consequence of (Levant, 2001 b, Theorem 1)
or Proposition 5, we have

Proposition 6. If, in (2), the functions g; are locally
bounded, then we can find positive real numbers (k;;) such
that, for all (x,u) in C x L7 (Ry;U) such that X(z,t),
solution in C for all ¢t in R4 and, for all 2 in R%,
there exist absolutely continuous solutions Z (2,,t) of the
observer above which are defined on Ry and for which

there exists Ty such that, by denoting Z,, the last block
of m components of Z, we have

Im(z 2, t) = Hp(X(2,t)  VE>Tp . n

A drawback of the cascade of homogeneous observers is
that it gives an observer with dimension w in general.
However, it is possible to reduce this dimension since,
for each new block, one may increase the dimension by
more than one, when the corresponding added functions

g; satisfy (an appropriate version of) (7). For instance, in
the example below the first block has dimension 3, leading
to an observer of dimension 12 and not 15.

4. EXAMPLE

Consider the system

. . 3 .
Ty = xo, o2 = —wy+a3, I3 = —T24+v, Yy = 21 (8)

with v as input. When v = 0, it admits 222 + 223 + 23 as
positive definite and radially unbounded first integral. So
we can expect the existence of solutions remaining in the
compact set

C = {zeR®: 22} + 223 + 25 < ¢}
for instance when v is a small periodic time function,
except maybe for some particular pair of input v and initial
condition (x1, x2,x3) for which resonance occurs. Also due
to their periodic behavior, such solutions are likely to have
their x3 component recurrently crossing zero.

The system (8) is uniformly observable since, whatever v
is, the knowledge of the function ¢ — y(t) = X;(x,t) and
therefore of its derivatives gives us right away x1, zo and
x3. So it satisfies the first basic condition needed for an
observer to be designed following the techniques described
above. This is done in the following although we are aware
of the fact that, by exploiting the monotonicity of x3 — z3,
if we know a compact set in which the solutions remain,
then we can find ko and k3 such that the following very
simple reduced order observer is exponentially convergent

€y = —y+ a3 —koty To = & + kay

€3 = —(L4ks)ia+u i3 = &3+ kay

4.1 Strong differential observability

After letting u = v — ug, where ug is at our disposal,
computations give successively

1
Hg(l‘) = T2 3
—x1 + X3

H;(z)
—29 — 3(1y — ug) w3

(14 322) (21 — 23) + 6(x2 — ug)*z3

H; is a bijection on R3 but not a diffeomorphism even
on C because of a singularity of its Jacobian at z3 = 0.
So the system is differentially observable of order 3 on
C but not strongly. According to Propositions 2 and 3, it
admits a triangular canonical form of dimension 3 but with
functions 3 and {g;};=1,3 maybe non Lipschitz.

We have the same result with the order 4 and Hy.

H5(3§‘) =

For the order 5, Hj is injective on R? and an immersion at
least on C when we select ug large enough. So the system
is strongly differentially observable of order 5 on C and it
admits a triangular canonical form of dimension 5 with
@5 locally Lipschitz but functions {g;};=1,5 maybe non
Lipschitz at points where the rank of H; is smaller.

4.2 An homogeneous observer of order 3

The triangular canonical form of dimension 3 mentioned
above is

Z1 = 2
zZ9 = Z3
Z3 = p3(2) + g3(2)u ©)

Yy = z1.
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Fig. 1. Errors between the state z and its estimate given
by a high gain observer.

where

2
3

w3(2) = —z9 — 3(,222— ug)(zs +21)% ,
93(2’) = 3(2’3 —‘r—Zl)g .

These functions are not Lipschitz at the points on the
hyperplane z3 = —z; (image by H3 of points where z3 = 0)
known to be visited possibly recurrently along solutions.

As expected a high gain observer has problems dealing
with this system. Figure 1 shows the results of a simulation
done with such an observer initialized at the origin, for
a system solution issued from x = (1,1,0) with v =
5sin(¢/10). Each time the system solution crosses the
singularity hyperplane z3 = 0, the error jumps likely
because the observer does not manage to compensate for
the infinite Lipschitz constant of ¢35 and gs at this point.

On another hand, because g3 and @3 are Holder of order
%, we can consider an homogeneous observer as discussed
in Proposition 5. It is

. 1-d
21 =22 — ]Cl |_Z1 - 2’1-| 1_2"[')0

Zo =123 —ka [21 — 2] =

. 1+dg

23 = (21, 22, 23,u) — kg |21 — 21T
with dy to be chosen in (—1,0) and where 1) = @3 + gsu
is given in (9). It converges if the k; are sufficiently large
and the function ¢ verify inequality (7), i.e. :
[P(21 + €1, 22 + €2, 23 + e3,u) — Y (21, 22, 23, u)| <

Llex|* + lea|** + les|*]

with
1+do 14+do
> > >14d .
al_l—?do ) a2_1—d0 ) az 2 1+do
In our case, we have a; = % = a3 and ay = 1, so that the
condition (7) is satisfied with dy = —3. The results of a

simulation with this dy and k1 = 8, ko = 35, ks = 75 are
presented in Figure 2.

i

)

3 I I I I I I I I I
0 0.5 1 1.5 2 25 3 35 4 45 5

Fig. 2. Errors between the state x and its estimate given
by a homogeneous observer.

Note that in this case, the third-order exact differentiator
proposed in Levant (2001 b), obtained by picking dg = —1,
would also work.

4.8 A cascade of homogeneous observers

The function Hj is a bijection but its inverse Hz ' is not
locally Lipschitz around the points such that z3 = —z;
(i.e. H3({x3 = 0})). This may lead to too high sensitivity
to disturbances on the estimate of x3. Therefore, it may
be preferable to implement the observer in dimension 5.
Indeed, Hj is an injective immersion and has a locally Lip-
schitz inverse. The triangular canonical form of dimension
5 given by Hj is

Z1 = 29

22 = Z3

23 = 24 + 93(21, 22, 23)u

24 = 25 + ga(21, 22, 23, 24)u
Z5 = p5(2) + g5(2)u

Yy = z1.

where the functions gs, g4, g5 and @5, not expressed here
due to space limitations are Holder of order 2/3, 1/3,
1, and 1 respectively. Hence Assumption (7) is satisfied
with dg = —1. So an homogeneous observer can be
used. However, we choose here to illustrate the cascaded
observer proposed in Section 3.2. It takes the following
form :

Z11 = 212 — k11 [211 — ]

?12 = Z13 — k12 L211 - y]

Wl Ity

3

N

Zo1 = 200 — ko1 201 — ¥
Zog = 203 — koo 201 — y]?
Zo3 = Zo4 + satz(gs(211, 212, 213))u — kg [Z21 — y/]
294 € —k24S(%21 — )

-

I

%33 = %34 + sata(g3(211, 212, 213))u — kaz [ 231 — ¥
Z34 = Z35 + sata(ga(211, 212, Z13))u — kaa 231 — y]
Zgs € —k3sS(231 — )

ql= o
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5 I I I I I I I I I
0 0.5 1 1.5 2 25 3 35 4 4.5 5

Fig. 3. Errors between the state z and its estimate given
by a cascaded homogeneous observer.

The results of a simulation with the gains

ki1 = 14, k13 = 56, ki3 =110
ko1 = 28, koo = 277, kog = 790, kos = 1100
k31 = 50, k3o = 947, k33 = 6232, k34 = 11842, k35 = 11000

and a discretization time step of 107% are given in Figure
3 (see Levant (2003) for information on the gains settings)

5. CONCLUSION

It is known that observers can be designed for systems
which can be transformed into a triangular canonical
form, the functions of which are locally Lipschitz. We
have established that, when omitting the requirement of
local Lipschitzness, such systems include those which are
uniformly observable and differentially observable with
an order maybe larger than the system state dimension.
Hence, in this case, the usual assumption of strong dif-
ferential observability of order equal to the system state
dimension is too restrictive. But then we have to deal
with an observer design for a non-Lipschitz triangular
canonical form. Homogeneous observers give an answer to
this problem for some classes of Holder functions. We have
proposed to combine them in a cascade way to go beyond
this Holderness, imposing only continuity.

All this is only a preliminary work. Many topics remain to
be addressed : sensitivity to uncertainties in the dynamics,
sensitivity to measurement noise, gain tuning procedure.

APPENDIX : BARBOT ET AL’S OBSERVER

The set valued map proposed in Barbot et al. (1996) to
obtain an observer for a triangular canonical form where
the functions are only locally bounded is defined as follows.
Given (2,y,u), (v1,...,0p) is in F(2,y,u) if there exists
(%2, sy Zm) in R™~1 such that:

v =2+ g1(y)u

22 € Sat(?:’g) — k’l S(y - 21)

Vi =Zig1 +0i(y, 22, .., Zi)

5i+1 S Sat(2i+1) — k‘z S(é’l — 21)

 Zm)

yZm) U — K S(Zm — Zm)

Um € ©m (Y, Za, . ..
+0m(y, 22, ..
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