Adaptive non linear stabilization and robust Lagrange stability

Z.-P. Jiang and L.Praly
Centre Automatique et Systémes
Ecole des Mines de Paris
35 rue Saint Honoré
77305 Fontainebleau Cedex
France

Abstract: We are concerned with the problem of stabilizing the equilibrium point of a non linear system in
presence of both parametric and dynamic uncertainties. For the parametric uncertainty, we propose a new
adaptive controller based on a Lyapunov design and guaranteeing Lagrange stability if a growth condition is
satisfied. For the dynamic uncertainty, we propose a new way of characterizing the unmodelled effects which
encompasses at least some singular perturbations as illustrated by an example. Finally we show how, by
modifying the above controller, Lagrange stability can be made robust to these unmodelled effects.
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1 Introduction

Important progress has been done in adaptive con-
trol of non linear systems. Main difficulties are now
well understood and some very sophisticated solu-
tions are available. Most of the results are synthetized
in [17] and the references therein with more recent
developments in [9,10]. However, these studies con-
cern the ideal case, the case where the system to be
controlled is exactly modelled up to the knowledge of
some constant parameters. We know from the lin-
ear case that robustness to unmodelled effects of the
properties of adaptive systems is a very difficult is-
sue. For the non linear case, results are already avail-
able for particular systems about the robustness of

Lagrange stability to some unmodelled effects : Tay-

lor et al. [19] and Kanellakopoulos et al. [8] have

studied feedback linearizable systems in presence of
singular perturbations, Campion and Bastin [1,2] and

Reed and loannou [18] have considered manipulators

under bounded disturbances and singular perturba-

tions. The objective of this paper is to report some pre-
liminary results for more general circumstances about
the following two aspects :

1 - introduce a new way of characterizing unmodelled
effects,

2 - study the robustness of Lagrange stability given
by an adaptive stabilizer based on a Lyapunov de-
sign.

In proposing a characterization of the unmodelled
effects in section 2, our goal is to study to what class
of uncertainties Lagrange stability is robust. We look
for a as general as possible description which could
encompass as many types of effects as possible. How-
ever, to remain simple, we shall focus our attention on
qualitative more than quantitative results. The idea to
get this characterization is to generalize to non linear
systems what was proposed in the linear case in [14],
namely the so called normalizing signal technique. It
has been shown to be a very powerful concept and its
ability to describe all the possible linear unmodelled
effects has been established in [6,15,16].

The adaptive stabilizer will be proposed in section
3. Based on a Lyapunov design, it will allow us to
stabilize a larger class of ideal systems than the one
considered in [12], namely those which are stabiliz-
able by a state feedback such that some particular
growth condition about the non linearities are satis-
fied. Moreover, for the purpose of robustness, specific
modifications will be introduced - parameter update
projection and signal normalization - .

To remain as simple as possible in this preliminary
study, we have considered only the global Lagrange
stability case. This will be the reason for some over

-restrictive assumptions.

Due to space limitations, the proofs will be omitted.
They can be found in [7].

2 Unmodelled effects

Let the system to be controlled admit a finite state
representation on RV and its dynamics, may be aug-
mented by input and output filters, be described glob-
ally by :

X = F(X,t,u), z = H(X,t) (1)
where the vector X is the state in RV which is not
measured and the dimension N is unknown, u is
the input vector in R™, z is a measured output in
R" and, finally, F and H are C' unknown functions
with 85(X, ), 2 (X,t) and F(X,t, u) bounded for all
(X, u) in compact sets and ¢ > 0. We assume also :
Assumption BO (Boundedness Observability) (2)
For all compact subsets K, in R” and K, in R™ and
for all initial condition X (0) in R, we can find a com-
pact subset Kx in RY such that, for the corresponding
solution X (t) of (1) defined on [0, T),

z(t) € Kz and u(t) € K, Vt € [0,T) implies X(7) €
Kx Vre[o,T).

Namely to know that the trajectory {X(t)}:e[or) is
bounded, it is sufficient to observe that the trajecto-
ries {z(t)}:¢[o,7) and {u(t)}:¢[o,7) are bounded.
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Our problem is : design a controller such
that the solutions X(t) of (1) are bounded and
lim;— 400 H(X(t),t) = £, a desired set point for the
measurement z.

Since the system to be controlled is only partially
known, we shall work from a reduced order model
whose state is z. This is why it may be interesting to
augment the dynamics of the system to be controlled
by filters (see [17, Example (24)]). The dynamics of
this model are chosen as being described by an equa-
tion involving an unknown constant parameter vector

* .

p*:

z = a(z,u) + A(z,u)p* (3)
where the functions a and A are known and continu-
ously differentiable, and p* is an unknown parameter
vector in a known compact convex subset II of R
This model is said to be linearly parameterized in ex-
plicit form. This is more restrictive than the case of
linear parameterization in implicit form :

(b(z) + B(z)p*) & = a(z,u) + A(z,u)p* (4)

as obtained with manipulators and considered in [1,
2,18]. Our model is supposed to be stabilizable for all
p:

Assumption S (Stabilizability) (5)
There exist three known functions u,, T and V such
that: 1-u, : R*xIl — R™ isof class C!,

2 - T is positive, of class C', T(v) = 0 iff v =0 and
liminf, .+ T(v) > 0, 3-V isofclassC?, positive,
V(z,p) = O iff z = € and, for any positive real number
K,, the set: {z |V(z,p) < K,, p € I} is a compact
subset of R®, 4 - forall (z,p) inR" x II, we have :

O [au) + ACu)e] € -XO)  (8)

Namely, for any p in II, £ is a globally asymptotically
stable equilibrium point of the system :

& = a(z,un(z,p)) + A(z,un(z,p))p (7)
and V is a corresponding Lyapunov function for this
closed loop model with time derivative —T (V).

Knowing that the model can be stabilized whatever
the (constant) value of the parameter vector is, we
need now to characterize the discrepancy between our
model (3) and the actual system (1). For this, we need
to choose two strictly positive real numbers a and
ro and a strictly increasing C' and convex function
¥ : Ry — Ry, with ¥(0) = 0. Then, we assume :
Assumption UEC(c, 7o, ¥) (Unmodelled Effects
Characterization) (8)
There exist an open subset X of RV, with H(X,0) =
R", and positive real numbers u,, uz, D and ¥ such
that, for any C! time function p : Ry — II and any
solution X(t) of :

X=F(X,t,un(z,p)) , 2= H(X,t), X(0) € X
9
defined on [0, T'), there exists a C' time function p* :
[0,T) — M, with ||p*|| < T, satisfying for all t €
[0,T) :
|%—:(z,5) [:i; — a(z, un(z,p)) — A(z, un(z,D)) p*] |
< mT(V(z,p)) + w¥7'(r) + D

(10)
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where r, called the normalizing signal, is defined by :

P = —a(r-¥IWV(EH)), 10) = (1)

Note that p* is allowed to be time dependent and to
depend on p. Also, the condition H(X,0) = R” means
that we are looking for results which are global with
respect to the model state initial condition z(0).

This assumption is the unmodelled effects charac-
terization we mentioned in Introduction. This charac-
terization is in some sense a closed loop one. Instead
of asking for inequality (10) to hold for all possible
input function 4 which would be a very stringent re-
quirement, we need only it holds for the particular
class of input functions u,(-, ), among which will be
the one actually used. However, one open loop as-
pect remains, since not knowing a priori what will be
the time function p, we are led to ask for (10) to hold
for all possible time function p. Also, the closed loop
model Lyapunov function V is involved in inequality
(10). One way to understand this is : the control law
uy, should be designed in such a way that the corre-
sponding V satisfies (10), i.e. the unmodelled effects
should be taken into account in the control design.

To help the designer in choosing the constant o
and the function T which are involved in assumption
UEC(a, ro, ¥) (8) and will be explicitely used in the
controller we shall propose in section 3.3, we have
the following Lemma whose proof is straightforward
from the arguments of [4, Chapter 3] :

Lemma 1l : Let v(t) be a C' function defined on
[0,T). We have the following properties :
1 -If ¥ is a strictly increasing convex function with

¥(0) = O then 2_:(‘21 (resp. %(ﬂ) is non decreasing
(resp. increasing) and, for all positive z, y and k > 1,

U(kz) < k¥)(z)

ity <) + i) D

2 - Let r, and r; be positive and such that :
i‘l S —Q (Tl - ‘I’l(’l))) , i'z = —Qz (7‘2‘— ‘I’z('l))) (13)

where a; > a3 > 0 are constant and ¥,, ¥, are
strictly increasing functions with ¥,(0) = ¥,(0) = 0
and ¥, and ¥, ¥7" are convex. Forallt € [0,T), we
have :

Ui () < 27 (ra(1))
+9;" (Max {0, (%,97(r1(0)) - Lry(0)) e=1*})
14
3 - Let r3 and r4 be positive and such that : (14)
F3 < —ars + f¥(V) + 7, F4 = —a (re — ¥(v)) (15)

wherea > 0,8 > 0 and v > O are constant and
V¥ is a strictly increasing and convex function with
¥ (0) = 0. Forallt € [0,T), we have :

U= (rs(t)) < Max{1,£ W1 (ry(t))
+9-! (Maxafo{, ‘7+(}xra(0)—'1;pr4(o))c"" }) (16)
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Inequality (10) in assumption UEC(a, ro, ¥) (8) cap-
tures - at least qualitatively — a wide variety of unmod-
elled effects. 1n order to help the reader to get some
grip on this assumption, we propose the following ex-
ample :

Example 1 (Singular perturbations) : Let the state
X =(%) of the system to be controlled satisfy the fol-
lowing equation :

&= fu(z,u) + fiz(z,u)z

(17)
ez = far(z) + far(z) 2

where ¢ is a small positive real number, z € R" is mea-

sured, z € RV~" is not and the functions fi,, fi2, fa1

and f;; are partially known (see (21) below) and con-
tinuously differentiable on R" x R™.

Assumption BO. (2) holds if : There exist a positive

definite symmetric matrix P and a strictly positive real
number ) such that, forall z € R" :

P fao(z) + fzz(z)TP < —=AMN-n

Indeed, the time derivative of V; = 2T Pz along the
solutions of (17), when they exist, satisfies :

(18)

A
" 22 max(P)

. 2
eV, < v+ 2ol e @ 1)

The conclusion follows from continuity of f,.
The reduced order model used for the control design
is obtained by setting ¢ = O, i.e. :

& = a(z,u) + A(z,u) p* (20)
where, precising the a priori knowledge on f;;, the
known functions a and A and the unknown vector p*
satisfy :

a(z,u) + A(z, u) p* def

fu(z,u) — fra(z, u) foa(2) ™" far ()

For this model, we assume the existence of u,,, T and
V such that assumption S (5) holds. For example,
this model could be globally feedback linearizable as
assumed - locally — by Taylor et al. in [19] and Kanel-
lakopoulos et al. in [8].

Let us show now that assumption UEC(a, ro, ¥)
(8) is satisfied if : there exist positive real numbers
ki, Dy and B € (0,2] such that, for all (z,p,n) €
R” x I x RN ",

(21)

182 [a(- un) + AC,un)p?]|* < BT(V)® + D,
192 fialyuadnll* < ku [TV +Inll?] + Dy
"% flz(',Un)" S kl ’r(‘/)l"pl2 + l)1

(22)
where all the functions are evaluated at (z,p) and :

def

h(z) = fa(z)™" fa(z) (23)
Indeed, as in [19], we define a new variable 1) :
VEn = z + h(z) (24)
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In the coordinates (z,7), the system is:

t=a(z,u) + Az, u) p* + \/Efm(-’c,“)ﬂ

en=falz)n+eH (25)
k' g-g%(:c) [a(z,u) + Az, u)p* + VES12(2, u)7)
Then let r, & (n" Pn)?/y with v > 5. With our

assumption and Young's inequality, the time deriva-
tive of r,, along the solutions of this system with
u = uy(z, p), satisfies :

Cy C

7"1 < —?Tl + 72€_Tp7 + Dz (26)

where ¢; > 0, ¢c; > 0 and D; > O are real numbers.
With point 2 of Lemma 1 and ¢ sufficiently small, this
leads us to choose @ and ¥ as :

C—ZE <a<2 and WY =TT (27)
Then, defining r by :
P=—ar 4+ aTP", r(0)=r,>0 (28)
we get with point 3 of Lemma 1 :
< o (29)

1
+ Max {0, %1+ (r:(0) — 202 —ro) e~at} 7

This together with (22) and Young’s inequality, implies
the existence of a positive real number c; such that :

|9¥ (z, P)VE frz(z, un(z,P))n|
e[t ek (o (225))]

1
+ cs\/e_:Max{O, (.’lm_g(ﬁ)ﬂ‘yll(‘_’lﬂz_’ _ "o) e—-ag}‘ﬁ

(30)
This is (10) in assumption UEC(a, o, ¥) (8) with the
last line defining the set X.° Precisely, in this line,
we notice the presence of the unmodelled dynamics
initial condition 7(0) but multiplied by /¢ times an
exponentially decaying term. In the linear case, if the
controller has a guaranteed bounded gain, there can-
not be any finite escape time. In such a case it would
be sufficient to take X = RV. But in the non linear
case, finite escape time is possible. So we let :

x = {@m [InlP < (31)

)

However, the consequent restriction on the initial con-
dition X (0) in UEC(a, ro, ¥) (8) can be omitted when
the initial condition r of the normalizing signal is ar-
bitrary as it is the case when this signal is not used
in the controller - it is then completely artificial - .
We remark also :

1 - o should be chosen depending on €. Precisely, ac-
cording to (27), o must be large when ¢ is small. This
implies some knowledge on €. In the case of linear
systems, this strong requirement can be overcome by
input filtering as shown by Ioannou and Tsakalis in
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[6].

2 - 2 in (17) does not depend on u. If u were present,
we would have difficulties since a term % would ap-
pear in the 7) equation in (25). With u = u,(z, p), this

would imply the presence of a term p which is not
bounded for all ((z, z),p) € RV x II. This differs from
the local stability analysis of [2,8,19]. In any case, one
way to make sure that the input will not appear in the
# equation is, as in point 1 above, to add integrators
on the input (see [5,6]). We know from [20, Theorem
3.c] (see also [3]) that if a system is smoothly enough
stabilizable, it is still stabilizable if we add integra-
tors on the input. However, in the context of adap-
tive control, adding integrators may cause problems,
the parameter dependence of the closed loop system
being reinforced. In particular for the case of manip-
ulators as considered by Reed and Ioannou [18] and
Campion and Bastin [2], we do not see how integra-
tors could be added in the adaptive case due to the
fact that the model is linearly parameterized only in
the implicit form (4).

3 - Assumptions (18) and (22) are restrictive. As re-
marked in Introduction, this is a consequence of our
will of establishing global Lagrange stability results —
compare with the local analysis of [2,8,19]. [ |

3 Lagrange stability

Our objective is now to study if assumptions BO (2) ,
S (5) and UEC(«, ro, ¥) (8) are sufficient to guarantee
the existence of a controller solving our problem. We
proceed by increasing order of difficulties.

3.1 p* given and constant

When the vector p* in (10) is given and constant, the
value of p* is available for computation. Therefore, we
may propose the following control law :

u = un(z,p*). (32)

We get :

Proposition 1 : Let assumptions BO (2) and S
(5) hold. Under these conditions if, for some a, 1o, ¥,
assumption UEC(a, 1o, ¥) (8) holds with p* known and
constant, i.e. ¥ = 0, and :

limsup —— 0
v—+too T()

then all the solutions of (1)-(32) are well defined on
[0, +00), unique and bounded. Moreover, if D = 0 in
(10), then :

L = — 243 — (33)

lim z(t) =

t—+4o00

(34)

The proof of this Proposition is based on the follow-
ing Lyapunov function :

Viz,r) = I(V(z,p*) + 57° (35)
with € > 0 and I(V) the function defined by :
v 2
(V) = /o ‘_I'% dv (36)

Since ¥, T, V and a are known, this function can be
evaluated on line and therefore used in a Lyapunov
design.
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3.2 p* unknown and time varying, V does not de-
pend on p

When the vector p* is unknown and time varying, the
control law (32) cannot be implemented. Instead we
use a dynamic controller with state p :

= F(z,p),

which is obtained by applying Parks’ Lyapunov design
[11]. We just mentioned that V defined in (35) is an
appropriate Lyapunov function for the case where p*
is known. Since the model equation is affine in the
parameter vector, we may try the following as a control
Lyapunov function :

W(z,r,p) = I(V(z,p)) + 5

u = un(z,p) (37)

" +—Hp P*II* (38)

Namely, let us design the function ¥ in (37) so that the
time derivative of W along the solutions of the closed
loop model (3)-(11)-(37) - which is not (1)-(37)- be
negative. Assuming that such solutions exist, we get
with (11) in assumption S (5) :

W< -9 — car® + car¥

PO ~ 29y » (39)
(- FEA) G- + B
Hence, in the case where V' does not depend on p, this
leads us to choose :

2 A~
F(z,5) = RGN Az, un(z, P)T

Note that, as a consequence, the values of € and r are
not needed to implement the controller. Moreover, we
know that p* is in the known convex compact subset
II. We use this a priori knowledge by projecting F onto
the boundary of II whenever p is on this boundary
and F is pointing outside II. The following controller
follows :

= Proj (p, LIGEN Az, un(=, )T 34(=)")

u = up(z,p)

(@7 (40

(41)
o
with p(0) € II and, with some extra but weak restric-
tions on the set II, the function Proj can be made
locally Lipschitz continuous and have the following
property (see [17] or [12)) :

(p-9)"y

(p-p*)" Proj(p,y) < (42)
< lyll

||Proj (p, v) |

o
for all (p, p*,y) in R' x I x R'. It remains to study the
properties this controller provides to the actual closed
loop system (1)-(41). We have :

Proposition 2 : Let assumptions BO (2) and S
(5) hold with V independent of p. Under these con-
ditions if, for some «, r¢, ¥, assumption UEC(a, ro, V)
(8) is satisfied with :

limsup —— 0

meup s >0 (49

I —py — 2p; —
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and if v is chosen sufficiently small so that :

7E sup |lp—pall <
(p1,p2)€IT®
(1 - —2p3 — llmsup —(—5> llmlnf‘ll('l‘(v))2

(44)
then all the solutions of (1)-(41) are well defined on
[0, +00). unique and bounded. Moreover, if D =
and ¥ = 0, then :

lim z(t) =

t—+o00

(45)

We remark :

1 - Inequality (44) hnplics that the larger the speed ¥

of the unknown vector p* or the larger the paramet-
ric uncertainty sup(pl pa)emr [[Py — Pa|| the faster the
adaptation should be

2 - Proposition 2 conﬁrmes one of the conclusion
which can be drawn from the work of Reed and loan-
nou [18] and Campion and Bastin [2] for manipula-
tors. In the case where we can choose V indepen-
dant of the updated parameter vector p, the only mod-
ification which is needed compared with the known
parameter vector case is a mechanism guaranteeing
boundedness of the updated parameter vector p. In-
stead of the projection used here and in [2], Reed and
Ioannou proposed the so called o-modification.

3 - The normalizing signal r is not explicitely used in
the controller (41). This implies that for the systems
studied in Example 1, we have a global Lagrange sta-
bility.

4 - In the case where singular perturbations are
present, only a local result is obtained in [2] and [18].
This follows from the fact that, in these two cases, the
control appears in the fast subsystem (see Remark 2
of Example 1).

5 - Robustness of Lagrange stability has also been
established locally by Taylor et al. [19] for feedback
linearizable models with a parameter independent lin-
carizing diffcomorphism. This independance implies
our parameter independent V assumption. There is
however a possibility to extend those results to the
case where V depends on the updated parameter vec-
tor if a so called matchiné condition is satisfied (see
[8,17]). Indeed, when # O but this condition
holds, it is possible by augmcnting the control in :

u = un(z,P) + v(r,z?,i?) (46)

to annihilate by v the term % ——- p in (39). Unfor-
tunately in this case assumption UEC(a ro, ¥) (8) is
not sufficient since u is no more in the class uy(:, p).
We need to make UEC(a, 7o, ¥) (8) more restrictive by
replacing :

for any C! time functionp : Ry — II and any solution
X(t) of :

X = F(X,t, u(H(X,1),P) ,

by : for any C? time functionp : Ry — Il and u :
R; — R™ and any solution X(t) of :

X((0)eXx (47)

X = F(X,t,u®), X0 ex (48)
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3.3 p* unknown but constant, V depends on p

As mentioned above, when V depends on p we have

the extra term %— %V p in (39). If such a term cannot
be annihilated via the control, we have to consider
it as a disturbance and to design a controller which
will guarantee robustness of Lagrange stability with
respect to it. For this design, we propose to replace
the control Lyapunov function W in (38) by :

W(z,r,p) = L{I(V(.9) + 5] +2 Ip - *I* (49)

where the function L is to be designed. For this new
function W, the same Lyapunov design as in section
3.2 - without projection - leads to the following in-
equality, replacing (39) :

2
W<- [‘I’2 +ear? —car¥ — ("T’) %AT%%TL’] r
(50)
where L' is the derivative of L. We conclude that
this derivative should be positive but as small as pos-
sible while guaranteeing radial unboundedness and
positive definiteness of L. This leads us to choose

L(z) = log(1 + z) and to propose the following con-
troller :

r=—a (r - W(T(V&Z,@))) , r(0) =
. ( SO 4z () %%(r.ﬂ*)
p=Proj | , (51)

X(V(x,p)) —
(1+1(V (2. p))+572)

u=u,,(:c,f5)

]
with p(0) € IT and I defined in (36). We have :

Proposition3 : Let assumptions BO (2) and S
(5) hold with, for all (z,p) € R" x I :

|2 <o ie [ rom)

(52)
where d is a positive real numper. We choose a, 1o, ¥,
€ and v such that :

A(' un)

W(Y(v
T(v)([, T(t)dt)* is non increasing for v > 0, with k
some positive real number,
2- ae < 2(1-¢) (53)
with vo defined by [,° Y(v)dv =1 and :
ar 2d ¥(T(v0))?

Under these conditions if UEC(a, 1o, ¥) (8) holds with
the above given a, ro, ¥ and moreover p,, iz, D, ¥ sat-
isfiyX=0and:

(ag + p2)* < 2ac (l—yl—pz—f lim sup )
v—+00 T( )
(585)
then all the solutions of (1)-(51) are well defined on
[0,4+00), unique and bounded. Moreover, if D = 0,
then :
lim z(t) =

t— <400

(56)
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We remark :

1 - In this case where V depends on the updated pa-
rameter vector p, together with the parameter update
projection another modification is used : a normal-
ization. Namely, compared with (41), we have intro-
duced, in (51), the denominator (1+ I(V)+ £r?). But
consequently, the normalizing signal r appears ex-
plicitely in the controller. This implies in particular
that the initial condition r¢ is no more the free pa-
rameter we can use to prove globality of the Lagrange
stability. This is opposite to the case of Proposition 2
(see remark 3 following Proposition 2).

2 - Inequality (52) generalizes the growth condition
introduced in [12] for the case T(v) = v.

W(Y(v
3 - Monotonicity of T o., TOINL is a weak (techni-

cal) growth condition on the functions ¥ and Y. For
instance, it is satisfied when these functions are poly-
nomials.

4 - In contrast with remark 1 following Proposition 2,
v should be large enough for (53) to hold. This is the
well known robustness versus fast adaptation trade-
off.

5 - All our assumptions are satisfied if the system to
be controlled is linear, V is quadratic in z, uy, is linear
in z, ¥(T) = T and T(v) = cv. In this case (51) is a
new — as far as we now - robust adaptive linear con-
troller which does not require any augmented error.
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