Adaptive Control of Feedback Equivalent Systems

J.-B. Pomet* and L. Praly'

Abstract We address the problem of sta-
bilizing a nonlinear system depending on
some unknown parameters in such a way
that all the systems obtained by varying
these parameters are equivalent to one sys-
tem, supposed to be state-feedback stabi-
lizable. The description of the adaptation
laws make use of passivity. We consider
both the “general” case, and the case where
some “matching assumptions” hold.

1 Introduction

We consider a family of nonlinear affine-in-
the-control systems, indexed by a parame-
ter vector p:

R'. (1)
The system S, corresponding to a given
value of p is described by :

p=(p...m) €

SP Loz f(p1x) +g(p,x)u (2)

f2,2) + 3 wtau(p 2X3)
k=1

lip

where the state z lives in an n-dimensional
C* manifold M™ and is completely mea-
sured,

(4)

is in R™, and f and the g;’s are known
smooth vector fields smoothly depending

u = (U1, Uny )
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on the parameter p; ¢ is the matrix field
defined by (3).

One particular p* in R’ will be called
the “true value of the parameter p”, and
our problem is to stabilize the system S,
p* being unknown. This will be done by
means of a dynamic controller, i.e. of a sys-
tem with a certain state, to be determined,
input z, and output u :

State: =z
. Spr

State: to determine

Adaptive Controller -

Fig. 1: Closed-loop system

The state of the overall closed-loop system
1s composed of z and the dynamic variables
(or the state) of the controller. By “stabi-
lize S§,»” we then mean that both z and
the dynamic variables of the adaptive con-
troller must be bounded, and z must tend
to a certain point 0 of M™", for all the so-
lutions of the closed loop system (global
properties), or only for some (local prop-
erties). By “p* being unknown”, we mean
that the adaptive controller must not de-
pend on, or use the value of, p*.

This general problem, as well as the
distinction between global and local re-
sults, is extensively discussed in [10], [8],
or [11], where a complete bibliography may
be found. The present paper is specifically
devoted to the case when all the systems
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S, are equivalent to one another by state
feedabck and diffeomorphism.

In section 2, we state precisely our as-
sumptions about the systems §,. In sec-
tion 3, we describe some general adaptation
schemes. Section 4 presents some adap-
tive controllers designed for the general
case where no more assumption is satis-
fied. Section 5 is devoted to the case where
some “matching assumption” is satisfied
and presents some modified controllers. Fi-
nally, in section 6 we give some geometric
conditions allowing to comstruct a diffeo-
morphism meeting this “matching assump-
tion”.

2 Assumptions

Linear Parametrisation (LP) assump-
tion: The fields f and g in (2) depend lin-

early in the parameter p :
I .

a®(z) + Zp; a'(z) (9)
=1

Bi(z) + Xopibi(z) , (6)

i=1

f(p,z)

I

9x(p, )

where the a'’s and the b.’s are smooth vec-
tor fields (independant of p).

Numerous practical examples, as position
control of a DC-motor [6] or control of bio-
chemical processes [4] satisfy this linear de-
pendance on the parameters. All the exist-
ing schemes for adaptive nonlinear control
require linear parametrization.

Feedback and Diffeomorphism Equi-
valence (FDE) assumption: There ez-
ists three smooth maps, a from R!x M™ to
R™, B from R x M™ to Mpym(R), and ¢
from RY x M™ to M™ such that

1. For each p, o(p,.) is a diffeomorphism
on M™, and the “matriz field” B(p,.)

1$ such that

rank g(p, 2)8(p, ) = rankg(p, =)

(M

2. There i3 a system
(8)

independant of p such thai, for any p,

& = f(z) + §(z)u

£ = ¢(pz) (9)
= o(p,z) + B(p,z)w (10)
transforms (2) into

€ = O + 3w (11)

Local Stabilizability of the Trans-
formed System ( STS(Q) ) assump-
tion : There ezist known functions vnom
and U, of class (at least) C' and C? respec-
tively, from a neighborhood Q of 0 in M™
to R™ and to R respectively, such that:

1. U(€) is nonnegative, and zero if and
only if € 1s zero, and for any K > 0,

{¢/UE) <K}

13 a bounded subset of M™.

(12)

2. For all £ in M™, we have:

Uiy = LiU() < —cU(§) (13)

where ¢ i3 a strictly positive constant
and § denotes the “nominal trans-
formed closed loop field”:

36) = f(&) + (&) vaom(€) (14)

Global Stabilizability of the Trans-
formed System (global STS) assump-
tion : The same as STS(QY), with Q = M™.
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For the sake of simplicity, we suppose that
@, a and ( are defined globally in assump-
tion FDE. If they were defined only for p in
a certain domain, but for any z, we could
modify our algorithms, adding a projection
to maintain the estimates of the parameter
in this domain (see [10] or [11]). If they
were defined locally with respect to z too,
only local results could be obtained.

The most touched-on situation, in the
present litterarure is concerned with fully
state-feedback linearisable systems. As-
sumption FDE includes it as a particular
case and is clearly more general. For lin-
earisable systems, STS is satisfied t00, Vnom
being a stabilizing linear feedback.

Notice that with assumptions FDE and
STS, defining unem by :

unom(pv .‘L‘) = Ol(p, $)+ﬂ(p’ Z)Unom(CP(p, l’)),

(15)
for any p the feedback u = uzom(p, z) sta-
bilises S,. In particular, u = Upem(p*, z)
stabilises Sp». This is not however a so-
lution to our problem, because p* is un-
known, and the controller must not depend
on its value.

3 Adaptation laws

From the f and ¢ in (2) and (3), we define
a new family (S, ), in which, for any p and
g, the system S, _ is :
Spq + & = f(p,2) + g(p,2)us + g(g, 2)uz
(16)
Remark 1 : In general, ¢ = (¢%,...,q")
will have the same dimension as p, but
we may omit the ¢"’s such that the bi’s
(see (6)) are identically zero, i.e. such
that g(g,z) does not depend on ¢*. In
particular, if ¢ does not depend at all on
the parameters, ¢ may be dropped in the
parametrization (16). This is also the case
if for some reason wj, is identically zero. N

Setting
an

the family (S,) is imbedded in the family
(S, ,) in an obvious way :

u = up + uz ,

(18)

We may consider that the system S,» to
be controlled is just S,. ., with ¢* = p*.
In the following, it will often be convenient
to write p* and ¢*, keeping in mind that
g =p~.

The controls u; and u, will be computed
thanks to some “estimates” of the parame-
ters : u; will depend on p, and u; on p and
d, some “estimates” of p* and ¢*.

The adaptation is the part of the con-
troller which gives these estimates p and §.
The following remarks are some guides to
design the adaptation.

Considering ¢, o and f given by assump-
tion FDE, if we define ¢ and w; by

£ = ¢(pz) (19)
o(p,z) + B(B,zx)w: , (20)
we have, from assumptions FDE and LP,
¢ = FO)+3Ew + A®,z,w)(p" - p)
520,290 2 + FEp,2)i21)

U

with
Alp,z,u) =
O, . 1 kg
——(p,.'L‘) a (.’1:) + Zu bk(.’lt) gt
8$ k=1
dy , . i
) |d@) + ).
k=1
(22)
where the u¥’s are the functions of p, z and
wy given by (20).
The adaptation will be based on linear

estimation, and must rely on an “observa-
tion equation”, i.e. an equation, satisfied
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by the signals present in the system, which
is linear with respect to (p*,¢*). If h is
any function of ¢, we may choose as an ob-
servation equation the one describing the
evolution of h(£(t)), namely :

FOU© + 10w
+ 26 40,2,00 6" - 9)
+ ZHOFE 6. D9(a", D)

+ —<o-§—§<ﬁ,x>ﬁ. (23)

To stress the fact that this equation is lin-
ear with respect to p* and ¢*, we may
rewrite it as :

z(il7ﬁ7ﬁ’d)z’u) = Z(i’ﬁ7q‘7x’u) <§*>
(24)

where
R -GIHGEFG
+ %(G)A(ﬁyszl)ﬁ
a m
- EO5H(52) 3wt
- SHOF 6,95, (25)

and the matrix fleld Z is naturally defined
from (23}, (24), and (25).

Then, a general, and implementable,
gradient-type adaptation algorithm is

(5) -
q
where the filtered equation error ¢ is of the

same dimension as &, and is given as the
output of a “strictly passive” filter :

—-Z7e (26)

z [(Z) - (Z:)] strictly e
| passive [T >
filter

Fig. 2 : The filtered equation error

such that e may be computed from avail-
able signals (e is defined by fig. 2 but can-
not be obtained this way, since p* and ¢*
are not available).

The ideas of hyperstability and passsiv-
ity were introduced in adaptive control in
[7], and one may find in [8] what we pre-
cisely mean here by “stricly passive”.

A possible choice of the filter in fig. 2 is:

(9)-(7)

where r is a positive function of the avail-
able signals. Using (25). e may then be
obtained by :

~re+ (h—z2) +z(§> (28)

n = h() . (29)
(28)-(29) only makes use of available sig-
nals (from (25), & — z only depends on
controls and state variables), and gives
an e which, from (24) and (25), satisfies
(27). This adaptation schemeis the one de-
scribed in [11] (with S]  here instead of S,
there). We then have the following prop-
erty :

Lemma 1 ([11]) No matter what the con-
trol laws u; and uq, or the smooth function
h are, for any z(t) solution of the con-
trolled system (u;,u3)-Sps v, and any so-
lution of (26)-(27), defined on [0,T) (0 <
T < 4+o0), we have, for all t wn [0,T),

e - + el + [ rlel?

< Ha-ehf + den
(30)

e +re =

n =

e =
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The various adaptation schemes we will
use in the two following sections are ob-
tained by precising the choice of both the
function A and the filter in figure 2. This
filter may be different from (27).

4 Adaptive Control in

the General Case
Here, we make no more structural assump-

tion besides LP, FDE and STS, and do not

use the control u,; u; is given by (32) :

(31)
(32)

quO,

u = U = unom(ﬁ;x) .

To describe completely the adaptive con-
troller, we have to define the adaptation,
i.e. how p in (32) is obtained. The adap-
tation scheme (section 3) will contain no §
(the term depending on g in (16) being now
identically zero, we just omit ¢, see remark
1). We propose two choices for the function
h, with corresponding choices of the filter
of figure 2, both of the type (27).

1. A first possible choice is to take for A
some coordinates on M™ and to define the
filter (fig. 2) by (27), with no ¢ and ¢*, and
r a constant real positive number. We only
mention the results obtained when the sys-
tems are fully feedback linearizable, and we
choose for h some coordinates in which (11)
and § are linear (¢ = 3(€) implies h = Ah
with A a Hurwitz matrix). Then, the adap-
tive controller (26)-(60)-(28)-(29) for feed-
back linearisable systems is similar to those
described in (3], though the point of view
is different there. We have the following
results for these controllers (see [3] or [8]) :
If FDE and LP are satisfied, and STS is
satisfied locally, i.e. STS(Q) is satisfied for
some 1, then any solution of the closed-
loop system (figure 1) such that z(0) and
17(0) are closed enough to zero and p(0) is

close enough to p* is bounded and such that
z(t) goes to zero.

As a global result, we have (from [8}),

If FDE and LP are satisfied, and STS s
satisfied globallyally, and if in addition
all the vector fields are globally Lipschitz,
then any solution of the closed-loop system
1s bounded and such that z(t) goes to zero.

2. Another possible choice for A is the real
positive function U given by assumption
STS. The filter of figure 2 is again of the
type (27), and we altogether obtain the fol-
lowing controller, which is the one we pre-
sented in [11] or [10], particularized to the
case of feedback equivalent systems :

Adaptive Controller AC;(U) :
u = unom(ﬁam) (33)
1‘3 = _ez(ﬁ,z»unom(ﬁax))T (34)
io= —re + S(0(5,) 5p(5:2))
+ W(5,2).p (35)
where
e = n—Ulpdz) (36)
ro= 1+ Ziiwl  (37)
W(ps) = Goeln,2) 3200, 2159
Z(p,z,u) = (zl(p,x,u),...
., 2 (p, T, u)) (39)
Fpow) = 2o(pa) 2L (5.2)
[ai(a:) + i ukb};(z‘)}40)
k=1

Notice that 7 is the state of the small sys-
tem necessary to realize (27) using only
available signals.

Theorem 1 ([11])

If assumptions LP and FDE hold, and as-
sumption STS holds locally, there exists an
open neighborhood of (p*,0,0) such that
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any solution (p,z,n) with initial condi-
tion (5(0), z(0),n(0)) in this neighborhood,
ezists on [0, 00), remains in a compact
set and its (z,n)-component tends to zero.
In addition, the point (p*,0,0) is a (non
asymptotically) stable equilibrium point.

Theorem 2 ([11]) If assump-
tions LP and FDE hold, and assumption
STS holds globally, and if in addition there
ezists a C° function d on II such that for
all (p,z) in Il x M, with Z defined in (89),

av
< dp) (L + Vipa?) |
then all the solutions are defined on [0, co),
remain in @ compact set and their (z,7)-
component goes to zero.

This algorithm therefore either gives on-
ly local results or requires the bound (41)
on the growth of the different vector fields.
This was also the case for the first al-
gorithm (h = some coordinates), but, as
stressed in [11] or [10], if the systems are
such that 3 is not Lipschitz in the coordi-
nates h, we cannot guarantee global stabil-
ity in the previous algorithm whereas we
can here.

5 Adaptive control with
matching assumptions

We call matching assumptions the fact that
FDE holds with the following restriction on
the dependance on p of ¢ :

Assumption FDEM2: Assumption FDE
is satisfied, and ¢ has the property that
there ezists a smooth map v, :

(p,Qap>x) — UZ(prvpvx) € R™ (42)

meeting, for any (p,q,p, ),

a . o )

a—:(p, z)g(q, )v2(p, ¢, b, x)+a—;(p, w)p(= (;
43

We will use here p to compute u; with

(see (15)) :

Uy = unom(ﬁ)z) )

(44)
and the estimate § of ¢* to compute u; by :
(45)
We then have

£ = 36 + Ap: 2, tuom(D,2)) (p* — B)
+ A2(ﬁ7 z, UZ(ﬁ) Quﬁa .’E)) (p* - QX46)

with A, the row vector defined by

2 ) lolan,) — glan, @)l

= Au(p,z,u2) (g1 — q2) (47)

We will again use the adaptation
schemes proposed in section 3 to obtain
(p,§). We propose three different choices :

1. First, as in section 4, we may chose
for h some coordinates on M™, using the
filter (27) with r some positive constant.
Again, we only mention the results ob-
tained if the systems are fully feedback lin-
earizable and the coordinates A are these
in which ¥ is linear. Thee adaptive con-
troller is given by (17)-(44)-(45)-(26)-(28)-
(29). The same controllers are described in
(3], but without the reparametrisation (and
consequently with p in place of §), and un-
der an assumption different from FDEM2,
see remark 2 below. We have the following
result :

If FDEM2 and LP are satisfied, and STS
s satisfied globally (resp. STS(QY) is sat-
isfied for some S1), then any solution of
the closed-loop system (resp. any such that
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z(0) and (0) are closed enough to zero and
p(0) is close enough to p*) is bounded and
such that z(t) goes to zero.

Notice that, unlike in the situation of the
preceeding section, we need no additionnal
assumption like global Lipschitzness to get
global stability. This would not be the case
if the vector field h was not linear in the
coordinates h (see [8]). This is one of the
reasons to prefer the following choice of A.

2. Another choice for h is h = U, the filter
being given by (27) with r equal to 1. The
expression of Z is then

Z(p:4:p,0) = (Z2]Y),  (48)
with, A, being defined by (47),
Y(ﬁ,$,v2(13,1;5,é,1)) (49)

Op R T
= 55(1’:z)Az(Py-”C,Uz(Pyp,q,z))-

This yields the following controller :

Adaptive Controller ACi(U) :

":L = unom(ﬁv‘r) + 1)2(137554;3)(50)

1? = —eZ(p,z,unom(P,z))  (51)

§ = —eY(p,z,0(p,5,4,7)) (52)

. au .. .

U —e + 5‘6—(5)-5(5) (53)
where

e =n-"U(), (54)

and Z and Y are given by (39)-(40) and
(49)-(47).

and the following result :

Theorem 3 If FDEM2, LP and STS
(resp. STS(Q) for a certain neighborhood
£ 0f (0,0) in R'x M™) hold, then all the so-
lutions (p(t),4(t),n(t),z(t)) of the closed-
loop system Spx-ACy(U) (resp. the solu-
tions with initial conditions in a certain
neighborhood of (p*,p*,0,0)) are defined on
[0, 00), remain in a compact set and their
(z,n)-component goes to zero. In addition,

(p*,p*,0,0) is a (non assymptotically) sta-
ble equilibrium point of this dynamical sys-
tem.

Here, we get a global result as soon as
assumption STS is global, without a re-
striction like (41) (but under assumption
FDEM2, which is stronger than FDE). Yet,
STS being globally satisfied is very restric-
tive. If it is satisfied only locally , AC3(U)
gives a good beheviour for only some so-
lutions : ¢ has to start close to 0, which
is natural, but (p,d) also has to start close
to (p*, ¢*), which is more unconvenient. We
will modify AC;(U) to get a better local re-
sult. Suppose that STS(Q?) is satisfied for
a certain 2, and U, is a positive number
such that

U¢) < U, = £e . (55)
We then define the following modified algo-
rithm which is defined only for U(¢) smaller
than U, :

Adaptive Controller ACY(U,U,) :
The same as AC}(U), but U is replaced
by

U, U
U, - U
in (53) and in the definition of Z and Y.
We have the following result :

(56)

Theorem 4 If FDEM2, LP and STS(Q2)
hold, and U, is chosen according to (55),
the solutions (p(t),§(t),n(t),z(¢t)) of the
closed-loop system Su-AC{(U,U,) such
that U(E(0)) < U, are defined on [0, 00),
remain in o compact set and their (z,n)-
component goes to zero, U(£) remaining
smaller than U,. In addition, (p*,p*,0,0)
is a (mom assymptotically) stable equilsh-
rium point of this dynamical system.

Sketch of proof: We only state the proof
of theorem 3; the proof of theorem 4 goes
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the same way, replacing U by (56) and con-
sidering that (56) is infinite when U is U,.

Consider a solution of the closed-loop
system. Lemma 1 (30) implies that § and
e =n — U are bounded on [0,T), the right
maximal interval of definition of the solu-
tion, and that the time-fuction e(t) is in
L*([0,T)). In addition, from (53), (13) and
(54), we have :

n < —cnp+ (I1+c)e (57)
which, together with e being L?, implies
that 7 is bounded too. This implies that
the solution itself is bounded on [0,T) and
therefore that T = 4o00. Then (57) and
(30) applied for T = +o0 give ¢ and 77, and
therefore U, going to zero. a

3. A third choice for % in the algorithm of
section 3 is

h(§) = ¢ . (58)
In this case, we chose as a passive filter (fig.
2) the following, with state x on M™ :

5(x) = Z[G) -G

1t

From assumption STS, this filter is (see [8])
“strictly passive with respect to U”. Now,
from (46), a particular solution (for y) of
the first equation in (59) is precisely ¢ (no-
tice that this would be faulse without as-
sumption FDEM2, (42) and (45)). This

means that we may compute e by

X =
e =

(59)

U .+
e = _56—(5) . (60)

Doing so, we obtain the following
Adaptive Controller ACL(U) :

1‘1 unom(ﬁyx) + 'UZ(I;J;;(LI)(Gl)
P = —Z(hz,unom(p )" (62)
§ = —Y(p,z,v:(p,5,4,2))7 (63)

This controller is the same as these
described in [5], except that the double
parametrization is not used there (replace §
by p and (62)-(63) by p= ~ZT =Y. The
approach to the synthesi presented here is
however different : the authors design the
adaptation, and the control u,, to make the
positive function

U + 3le"~8ll + 3lla" -4l

decrease along the solutions (in fact, U(¢)
is a quadratic function of £ and the third
term is absent there). The authors en-
counter the problem about implicit defini-
tion of 13 which we mention in remark 2.
We can, as for AC], modify it AC;, into
Adaptive Controller ACJ(U,U,) :
The same as ACy(U), but U is replaced
by

(64)

U, U
—_— 65
AT, (65)
in the definition of Z and Y.
Theorem 5 The adaptive comn-

trollers ACL(U) and AC3(U,U,) have the
same properties as ACY(U) and ACY(U,U,)
given by theorems 3 and 4, replacing (z,7)
by z.

See [8] for a proof using hyperstability. A
direct Lyapunov argument, using the func-
tion (64) is also described there. It is sim-
ilar to a proof given in [5].
Remark 2 Our algorithms are
exlicitely defined, i.e. give u, p, § (and 1) as
explicit functions of the state variables z,
P, 4 (and 7). Let us check this for AC{(U)
(or ACY(U)) : since ¢ stands for o(p,z),
and considering (54), p and 7 are given by
(51) and (53) as functions of p, 7, and «;
then (52) gives ¢ as a function of z, p, §
and 7. For AC,(U) (or AC;(U)), the same
holds, without 7.

This would not have been the case if we
had not used the two estimates p and § for
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p*. In fact, using only p, we would have

defined u,, instead of (45), by

(66)

Uz = v;(ﬁ,ﬁ,ﬁ,-’l)) .

Using then the same adaptation law as
above, but without overparametrization

would give, for AC,(U), instead of (61)-
(52),

X unom(ﬁ; SII) + U2(ﬁyﬁ)ﬁ7$) (67)
p = — Z(p,z,u) (68)

u =

which no longer gives explicitly u and p,
because p depends on Z which depends on
u which depends on p. Indeed, (67)-(68)
give an algebraic equation in (for example)
jS, which may fail to have a solution. This
problem of implicit definition had been first
mentionned, in the context of feedback lin-
earisation, in [5]. The overparametrisation
(16) is the only way we presently know to
solve this problem.

Notice however that it may just not oc-
cur, for instance if g does not depend on
p at all, because then Z does not depend
on u (this was pointed out in [5]), but we
saw (remark 1) that in this case, we may
drop all ¢ in our reparametrization, which
is therefore ineffective; indeed, v, in (43)
does not depend on ¢ in this case, and §
is not needed in our algorithms (if we keep
it, we just get § = 0). Also, in [3], an as-
sumption (“strong feedback linearisation”)
is made that allows to avoid this problem.
In these cases, since (43) is only used for
p = ¢, FDEM2 can be replaced by the ap-
parently weaker a.ésumption FDEM1 (see
section 6). |

6 Geometric Conditions

We give here some geometric conditions for
assumption FDEM?2. allowing to build the
diffeomorphism ¢ locally around a certain

(B, %).

Let, for any p, G, be the distribution
spanned by the control vector fields of S, :

Gy(z) = rangeg(p,z) , (69)

K, be the distribution made of the vector
fields in G, whose Lie bracket with any vec-
tor field in G, is in G,, and L, be the dis-
tribution made of the vector fields in K,
whose Lie bracket with the drift vector field
f(p,.) of the system S, are in G,.

{XeG,/[X,G}C G} (70)
{X € K,/ 1X, f(p, )] € Gp)(T1)

Proposition 1 Suppose that the dimen-
sion of Gp(z) and L,(z) are constant
(around (P, %)) and that G,(z) is involutive.

Then, there ezists locally, around (p,%),
some @, a and [ satisfying FDEM2 +f and

only if

K, =
L, =

1. G,(x) does not depend on p,

2. for + = 1,...,1, we have, locally
around (p, ),
d € G +Iflp), G (72

Proposition 2 Suppose that the dimen-
ston of Gy(z) and L,(z) are constant
(around (P, %)) and that for any p, the dis-
tribution G,(z) is tnvolutive.

Then, there exists locally, around (P, %),
some @, a and [ satisfying FDEM2 if and
only if, for i = 1,...,1, we have, locally
around (P, %),

at S gp + [f(pv ) ) ’Cp] (73)

The proof of proposition 1 may be found
in [8], and the proof of proposition 2 in the
forthcoming [9]. Some more general prop-
erties, including global results, as well as
a more extensive discussion may also be
found in these references. Proposition 1
and 2 are only concerned with local exis-
tence of the diffeomorphism , whereas our
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assumption FDE needs a global definition.
In fact, if the conditions of our propositions
are satisfied everywhere, building ¢ locally
may (or may not !) result in a global defi-
nition of ¢. See also the comment after as-
sumptions FDE and STS for the case where
¢ (and « and B) are defined only for p in
a certain domain, but for all z.

In remark 2, we saw that using a dou-
ble adaptation prevents the problem of im-
plicit definition of the controller from oc-
curing, but requires assumption FDEM2
instead of the weaker FDEM1 :

Assumption FDEM1: FDE is satisfied,
and @ has the property that there czisis a
smooth map ; meeting, for any (p,p,z),

g‘f(p, )g(p, z)02(p, b, %) + %E(P, z)p =0

(74)
This is the assumption required in [5] (“ex-
tended matching assumption”) for linearis-
able systems (though written a bit differ-
ently).

Clearly, if FDEMI is satisfied and the
control distribution G, does not depend on
p, FDEM2 is satisfied too. But (see [8]),
if G, is involutive, FDEM1 implies that
Gp does not depend on p. Therefore, we
could substitute FDEM1 to FDEM2 in our
proposition 1. Indeed, the conditions given
in [5] for the “extended matching condi-
tion” (equivalent to FDEM1) are exactly
conditions 1 and 2 of proposition 1.
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