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Abstract. We study adaptive systems in presence ofsmall periodic forcing terms frefcrencc signal,.;

noise] and withour any assumption on the plant order. Poincaré met.hod isapplied. Anecessary condition

condition is œufficient if these zeros are non degenerat.e. In this 1attercase, called the regularcase. 3.

sufficH,otcon,ditionfor(un)stahiltyisalsogiven. Anexampleillustratestheseresults
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Int.roducing stationnarity assumptions from the begining, similar

resulta obtained using two lime scale averaging technique

penyasexponentialstabilityisforlinearfeedbacksystems(Praly,

1%2, l!JS3, 1986). But"bounded" does not imply "satisfactory".A

Kosut andAnderson(1984)havepiOposedtolinearizethesys

lem about a r.ime function called the tuned solution and chosen in

a periodic forcing term. Anecessary condition and a sufficient con

dition for existence and asufficient condition forstability ofa

periodic solution is derived using the Poincaré method (see chap

VIII. 5 in (Lefschetz, 1977),forexample)

tovic (H.l85) have completed this approach in the case of slow adap- }"(k+1) = F Y(k) ~ G u(k) + H d(k) (1.1)

taLion.Usingaveragingtheory,theyhavederivedsufficientcondÎ

rions forstability and unstability of the linearized syste m (seeaIso

(Kokotovic et al. (1985), Riedle et al. (1986)). However a technical

difficulty ta cxtend this result to the truely nonlinear systerns stands u(k)=- K(O(k)) Y(k)~ J(O(k))r(k)

iu the choice of the tunedsolution mentionned above: the simplicity

of t.he lineariaed system and the factthat the r.uned solution is actu

dly a solution of the nonlînearsystem are incompatible in general

ln the limiting case where we have an approximation of a solution,

the results of stability (but not unstability) is completed invoking a

total stabiiir.y argument as proposed by Anderson et al. (19S6).Fol-

~(k+l) ~ O(k) + L(Y(k),6(k),r(k),\(k))

TheLfunctioncharacterizesafamilyofadaptationlawsîndexed

oy \(J:). The closed loop system can readily bewritten in

)'(k+i) A(O(k))Y(k) + B(6(k))w(k)
O(k+l) - O(k) + C(Y(k),6(k),w(k),À(k)) (1.4)

ct al. (19S.»), arobust stability result for the nonlinear eyst.ern ha.." with w={r,d). Itturnsoutthatmostadaptivecontrollersinfeed-

Lecn derived by Praly, Rhode (1985) buck with a lincar time invariant system with arburury arder and

Howeve r, using a different approach, Riedle and Kokotovic cxt.raneous additive disturbance satisfy (1.4). For example if a least

(lDSG) for the cont.inuous t.ime case and Praly (1985) for the discr-ète algorit.hm with forgetting factor is ueed, the form (lA) is

.hcory is upplied toareducedordernonlinearsysteminsteadofthe the é-vector. If an indirect pole placement were used, the funetion

Jiucariaed system as ubove. This requires a coordinate transforma- \(0) would incorporute the operation ofsolving the linearsystem

rion based on the existence ofa locally ar.rractive integral manifol cl given by the Bezout identity .. , More interestingly, in ail thèse

praly
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The smaller ~ is {i.e. the forcing ter-rn is], the slower 0 is adapted. In

this circurnst.ance, the actualsystem{1.8) is a small perturbation of

\-: (k-l) ~ A(Of(k))Xf(k) T B(Of(k)),(k)

edk~l) ~ edk) ~ Of (0)

l'Lis system can be considered as a family of linear syste ms indexed

by Of (0). ln particular. for v bounded. this system has a unique

solution (X[(O[(O),k).O, (0)), bounded on (-00,00) associated wit h

c:1chO,(OJfor,vhichA(()[{O))hasnoeigenvalueontheunitcircfe

\Iol't'ovcr.thissolutionisperiodicwhenevervisperiodic

ln t.he following, our problem is tostudy under which condi

tians this property holds for the actual system (1.8) with c

sulficiently small (i.e. small forcing term or forced slow adaptation)

TiJefoliowingassumptionswilibeused
\1:11 is:'-J-periodic(i.e.periodicwithperiodN)

Therccxistsanopenset.fsuchthatA(O),B(O):uccontinu-

....3:C(X,O,v,~I) iscontinuouslyditIerentiableinX,O.v.l

'cssumpt.ion Al requires thatboth the reference and the discurbance

~·perioùic. Il, is mocivated by our desire of investigating the

local properties of the adaptive system around a part.icular solutio n

rorcaseofinterpretationofthisanalysis,thissolutionshouldbe

.,;t:.Jtionnary,lnthiscontext.theperiodiccaseisthesimplest.Note

bowever t hnt by a total stabilit.y argument (Theorem Lf of'Ander

SOIl et al. (1986) for exemple], the results extend to any v which

(l.S), Ior any Mi is related tothe existence of Of

(LlO)

Insectiona,weshowhowthestabilityoftheseparticularsolutions

isgivenbYtheeigenvaluesofA(O[)and~(O[).Eachofthese

-\{ljl),v-fi::;nonsingu.

Then (UJ) has a unique Xcperiodic solution

(X[.v(tp,k),Ojs(J/'.k))satisfying

that if is in J', Xj.v(W,k) is [Iocally] cont.inuously

4.(lI,)Af-fissingular

with M multiple of:"J. but A(W) has no eigenvalue in the spect.rurn

ofv. Then (1.9) has a linear manifoldof:\1-periodic solutions

(X r u(,!"k),8 f U(,p,k))"pannedbythekernelofA(,»)M_!

In these two cases, the initial conditions (X/ ....f(tIJ,O).O/M(t,;'.0))

of these Mcperiodic solutions are fixed points of the rnap transform

ing the initial condition (X[(O),O!(O)) into the values attime J,I

(X! (.M),O[(M)),using(1.9)recursively. Similarly, let TM be t.his

so called 'vl-advance map associated with the actual system (1.8].

(X(M), O(M)) ~ TM (X(O), 0(0))

If (X(O),O(O)) is the initial condition of an Mcperiodic solution of

(1.8), it is afixed point of TM.TheconverseistruewbenMisa

Lemma2_1,("ssertion 1 ojth,S,28ojAmold(1978)),'IX(k),O(k))
is an.\1-periodic solution of (1.8), withAfmultiple of N, ,fandonly

Ifi/sinitialcondition(X(O),O(O)JisafixedpointofT.v

Instead of looking for fixed points of TM, we can equivalent.ly

(for ~rfO) look for zeros of Zu{X,O,<:) defined by

[z.,] [ID]Zu = 2.'141 - 0 + 0 (TM-l)

Let ('Y:\.f(O,f),0u (0,<:),<:)denote a zero of Z.fo,f'By definition of ZM,

(X.\f(0,<:),8M (O,( )) is an init ial condit ion of an M· periodic solut ion of

(LS) we denote by(XM(k,f),Ou(k,f)), Let (X',,,,') be one of the

accumulation points for c going to zero (if it existe] of the initial

condicione (X M (U,f),O.\f (O,e)), i.e. there existe a sequence of e

to zero such that the corresponding sequence

(SIf(O'~)'(}M(O,f)) converges to (X·.1//). we have the following

Theorem 2.1: Un der aS8umptionsAl to A.9, for any integcrAl, If

ti-'·.asde[inedabove,ùsinf,therecxi!;tsan.A1.periodicsolutionof

8y:slem (Xodv,·.k).O[ ....dw·.k)), with initial condition

which is an accumulation point 0/ ('\"".\f(k .e ),9M(k ,~)),

solution oj üie octvol sçstem cnd sb" sotùfiee



Remark2.1:i)NotethatA(w')-I may be singular

il) ln the the orv of r-rit.ical systcms (see \liller.;"'1ichel{IDS2)), equa

uou (:! ..5) is cullcd the bifurcation equation. To obtain this eq uat.ion

in our case, we ha ve first ta evaluate X/M(lt',k), for «ach

Ihi::-.onecanuselhefirstcommentsofthissectÎon.Secolld.withC

given bv the adaptation law. we evaluate the sumof (:!.:l). This is

usually done usi ng Parseval's Theorem

iii)..-\.s known from the averaging theory (seeMiller,:\lichel(1982)

for exarnpte]. the bifurcation equation is also the condition for rj)'

1hc ,~ys lem /1.8) has 11 (lo eal1y un iqu e) .v.pe rio die sol utio n

lX ....., (k .e l, ().\'(k .{)), continuously differentiab!e in e, sali.s! !Jing

Consequently the ON(k,E) slay unlformly in

neùJhborhouf/o!thepointw'andinparticularO,v(k.c)belongslor

Remark 2.2: i) On the contrary of Lju ng (1977) or Bodson et al

(U)86), no stability assumpt.ion is needed for existence. From

Poincar é , we know that non degeneracy of the fixed point !P' is

cbt ained by rcplacingX(k) by XfM(Bu(k),k) in the sccond equa-

ii) Pract.ically, this Theorem tells us t.hat it. is sufficieur to find a

nondegeneratezeroforthebifurcationequaüon.LJsually,thisnon

degeneracy is equivalent to a persistent spanning condition [see sec-

iii) (2.10) givee an approximation of the periodic solution of (1.8)

simply in termsof(X/ N (1/./ ,k ),1{>' ), periodic solution of the frozen

jy) The proble m of existence of solutions 1/J' is of main iuterest. In

the case of model reference adaptive controllers, Pomet (1986) has

l':>tablisheJthat.generically,thecorre:.pondingbifurcationequatîon

Y) Thcorem 2.1 gives us ail the possible accumulation sequences of

'vl-per-iodic solutions of (1.8) as f goes to zero. In partic ular. if the

bifllrcationequ:ttion hasnosolutionw", tuen either(1.8) hes no

Vl-periodic solution foré in a neigborhoud of zero or 0.u(O,é) has no

accumulation points in the regularity domain I'
In ",ectiont. we propose an example to illustrute the use of

Proof: < Thankstothebifurcationequation assumptîon,weknow

thut (X p'(1,',',O),I,/,O) is a zero of ZN, with lj;' in I". From the

regulatit.y propertics given by assumption A2, A3, we can use the

implicit function theorem (see theorem 6.1.1.of (Miller, Michel

IDS2).Theresult willfollowif

P·l~J

\~X-XIN(O.O)

frozensystem for which(Xj1'J(O,O),B) isknown tobe the initial con-

Preof: < Since r/J' is in I", we can use assumptions Aâ. A3 for { in dit.ion of un Nvperiodic solution, i.e. for ail Osuch thatA(O)N-I is

aneigborhoudofzero. Thesolution{XM(k,f),OM(k,t))withinitial

condition (X:u(O,t),O,U(O,é))dependscontinuously(at leust for finir.e

k) on parameter f and this initial condition. Coneider a

"'cquenceoffconvergingtozerosuchthat(.Y:u{O,f),0.u(O,f))con-

Alimit(X(k,O),(;l(k,O))existsalsoforalik and

by continuîty and choice of (XM(O'~)'()M(O,€)), it is an ;"'l-periodic

This variable has been used previously by Riedle and Kokotovic

(1985) to rewrite the lineariaed system in a form suit.able forappli-

Bifurcation Equation assumption:

Dili), C(Y,fJ) and the sequence v ace,u,chthattheceexi,t,avec·

torl./J",belongingtofandsatisfying

[~

and A (1{>')N~I are non singular

Theorem 2.2: Unâer as",umptions Allo A3 and the bifurcation

S'uchlhat/oral1l·lfl:::S(·

The top left block comesfrom(2.4)whichgivesfortc-=O

The top and bouom right block follow from (2.12) and the bot.tom



Llock llllililportant.Theresultfollowssince

[
4(0\,' _1 0 ] [1

I7Z"(.\"j.'. (O.OJ'/01 ~ . , ~(O) 0

3. STABILITY OF THE PERIODIC SOLUTION

Having obtainednecessary condition and sufficient condition

for existence of periodic eolut.ions (.\v(k.d.O.....(k,f)), we arenow

intcrested in their(un)stabilityproperty.Wehave

Theorem 3.1: Under a.,sumptt·ons.4.1 to.4.8 and the bIfurcation

0< c :sc, , the .Y-periodic solution given by theorem 2.~1 is

ijunljorm'ya8ymptoticallystablelftheeigenvaluesof.-1.(lUi ) have

mod u/us .~trictly lese than one and the real part of the eiqenvalues of

S:(c.'-}arestrict/ynegative

ii)unstable,jatleastoneeignevalueofA(v/)hasamoduluslar!ler

Ihanoneoraneeù]envalueof'E.(1j./)hasapo.Hciverealpart

Comment: This t.heorem establishes thatstability of the periodic

il L", solution of the bifurcation equation, is a etabiliaing par-ame

t.hespectral radius of A, (tt>i) isstrictly smaller th an 1

ii) 1./ is an exponentially stable equilibrium of

Proof: <. from continuit.y of w solution witb respect to its initial

condition {at Ieaston flnite timeintervals),wehave
Lemma3.1 (A.ssertion 2 of Theorem 3.28 of Arnold (1978)): The

S·periodic solutionhas the same (un)stabilitypropcrlyas the

On the ether hand, the existence of invariant manifolds for a

map (see Theorem 5.1 and corollary .'5.1 (may be used in reverse

Lime for unstability) of (Hartman, 1982) forexample) irnplies t.hat a

sufficientconditionfor(un}stabilityofafixedpointisgivenby the

position of the eigenvalues of the Jacobian matrix of this map,

evaluatedatthefixedpoint.Consequentlyweareleadtostudythe

we notice that from (2.10) and the cont.inuous

differentiability of A,B,C,X:,,(O,t),ON(O.f), we can use

Aubin, Ekeland, 1984) to ob tain the

exi5tenceofafunction.:l(f),boundedonaneighborhoudofzero

wc ap ply Lemme 1 of (Kokotovic, 19ï5): since .-l (W~ )'" -1 is non

-iugular , there exists a Iunction L (t) bounded on a. neighborhoud of

zero such thatS is equivaient to fomir.r.ing e as argument)

>-PIW,)V}+,(I)

1 c., Re À{~(w'J} ~ ,(,)

o(l)and~arecontinuousfunctionSOfEwlJichtendto

To illustrate the resulta of the previoussections, Ictus con

sideradisturbedfirstorderplantwithanunknownpole

y(kH)~, y(k)+u(k)~J<Re(dzf)

in closedJoapwitha deadbeatadaptivecontroller(see(Gaodwîn.

"(k) ~ -e(k)y(k) -r-

are roots of z·v=l and d, rare complex numbers

To simplify, we assume that Zr,Ztl are distinct and different from

±landthatRe(ztl)ispositive

Theclosedloapsystemcanbewritteninthefarmp.4),with

B(9)~(11f C(y,O,w,>-)~ y(Y;:~:J,+d) (4.3)

Clcarly assumpt.ions Al ta A3 are satisfied with r = R

The frozen system: The set of periodic solutions is complet.ely

a,-fO iff "'~ 1, ~,-fo iff ,"~-l

Consequently, the y areaH"M·periodicwith~=N ifNisevenand

\[=2.:'J if N is odd. Using Parseval's Theorem to evaluate E(ç)

dcfinedin(2.8),weobtain

[~ 1 [ 1 ~ 1DO

Finally, vTN beingrelated to 7ZN through (2.3),with (2.15), we

ln part.icular this gives us ail the possible limits of periodic sol utions

ol'(1.2) which would be cont.inuous in c



ItfotlowsthatE(t')hasoneandonlyonelcrolyingin

lO,Xl) and with negative derivative. On the ether hand

ii)Forü~O,wehavetoevaluateE at 0=1. E(l)iszeroiffa

iii) ForJ~O. we have to evaluate E atW=-l. In thiscase, if

R('("'JJ2: 0, there is no ,3 sa t isfying E {- I )= O

Conclusion: From Theorem 2.2, the system (4.1)-(4.2). has an N·

periodic solution Ior é small enough if

e> 0 and *2: Re(z:~~,+(~:i" ))

inéif(·1.l3)holds.Ontheotherhand.lf(.1.1-l)holds,theonly

Ioci both stable when N is odd. one stable and one

un:;tablewhen:'Jiseven.ThefoUowingllguresarephaseportraits

(O-a, y) of (4,1)+1.2). Tosimplify,we plot only 1 point out of \1

fig.l
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