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Abst rac t  

A l o c a l   a n a l y s i s  of the   one   s tep   ahead   adapt ive  
c o n t r o l l e r  of [ l ]  i s  p resen ted .  We s tudy   t he   behav io r  
o f   t he   c losed   l oop   adap t ive   sys t em,   i n   p re sence   o f  
pe r iod ic   i npu t s ,   a round  a t r a j e c t o r y   d e f i n e d   a s   t h e  
so lu t ion   o f  a nominal  system. We e s t a b l i s h   t h a t   i f  
t h i s   s o l u t i o n  i s  unique ,  i t  i s  uni formly   asymptot ica l ly  
s t a b l e  and we c a n   t o l e r a t e  a w i d e   c l a s s  of smal l  per- 
turba t ions   f rom  th i s   nominal   sys tem.  

1. In t roduc t ion  

Cons ide r   t he   fo l lowing   adap t ive   con t ro l l e r  [ l ] .  

@ ( k ) ’  : ( u ( k ) ,  ..., u ( k - m - d + l ) , y ( k ) ,   . . . , y   ( k - n + l ) )  

?(k)’B*(k) = ym(k+d) (1.2) 

where  y(k) i s  a sca l a r   ga in ,   ym(k+d)  i s  a r e f e r e n c e   o u t -  
pu t  known d s t e p s   i n   a d v a n c e   a n d   u ( k ) ,   y ( k )   a r e   t h e   i n -  
put   and  output  of a p lan t   which   can   be   descr ibed   by :  

A(q-’)y(k) = q-lB(q-l)u(k)   +w(k)   (1 .3)  

-1 A(q ) and  B(q-l)   are   polynomials  of unknown degree .  
{w(k) 1 i s  a sequence  which may depend  upon  iu(k) 1 and 
. ; y (k ) j .  The i s  given when w(k) = 0 .  

Goodwin, Ramadge and  Caines  have shown i n  [ Z ]  i f  
n, m a r e   n o t  less t h a n   t h e   d e g r e e  of  A(q-l)   ,B(q-l) ,  
r e s p e c t i v e l y ,  d i s  t h e   p l a n t   d e l a y ,   t h e   p l a n t  i s  min- 
imum phase   t hen   t he   adap t ive   con t ro l l e r   ensu res   g loba l  
s t a b i l i t y  and t h e   t r a c k i n g  error t e n d s   t o   z e r o   f o r   t h e  
nominal   plant .   Egardt   in  [ 3 ]  e x t e n d e d   t h i s   r e s u l t   f o r  
t h e   p l a n t   w i t h :   [ w ( k )  I < w .  This was done by p r o j e c t -  
i n g   t h e   p a r a m e t e r s   i n t o  a compact s e t  t o  gua ran tee  
the i r   boundedness .  

We have shown i n   [ 4 ]   t h a t   E g a r d t ’ s   r e s u l t   c a n   b e  
extended t o  the   case   where :  

lw(k ) ’  < 5s (k )  + w 

s ( k )  = bs(k-1) + max ( l lC(k-d)# ,s )  

S > o  , o z U < l  

when 6 i s  s u f f i c i e n t l y   s m a l l .   T h i s   r e s u l t   h o l d s   u s i n g  
t h e   p r o j e c t i o n   t e c h n i q u e  of Egardt   and  taking:  
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s (k) 
~ ( k )  = 7 . 

I n  [ 5 ]   g l o b a l   s t a b i l i t y  i s  shown i f   t h e r e   e x i s t s  
a cons tan t   parameter   vec tor  e* which   g ives   in   c losed  
loop   w i th   t he   nomina l   p l an t  a t r a c k i n g   t r a n s f e r   f u n c t i o n ,  
(which may b e   n o n c a u s a l ) ,   h a v i n g   t h e   f o l l o w i n g   p r o p e r t i e s :  

i )  The Kyquis t   p lo t  of i t s  c a u s a l   p a r t   l i e s   e n t i r e l y  
w i t h i n  a c i r c l e  of r a d i u s  1 and  cen ter  1. This  is  a 
c o n i c i t y   c o n d i t i o n .  

ii) The noncausa l   pa r t  i s  s u f f i c i e n t l y   s m a l l .  

I t  i s  i m p o r t a n t   t o   n o t e   t h a t   t h e   p r e c e d i n g   r e s u l t s  made 
no assumpt ions   concern ing   the   re fe rence   ou tput .   But ,  
a s   an   ex tens ion   o f   t he  work  of  Anderson  and  Johnson [ 6 ] ,  
Kosut  and  Anderson [ 7 ] ,  Astrom  [B],   Krause  [9],   Anderson, 
Bitmead,  Johnson  and  Kosut  [ lo],   Riedle  and  Kokotovic 
[ll],  Kokotovic ,   Ried le   and   Pra ly   [12] ,  . . .  on t h e  
s t a b i l i t y  of e r ro r   mode l s ,  i t  has   r ecen t ly   been   e s t ab -  
l i s h e d   i n   [ 1 3 ]   t h a t   i f   t h i s   s i g n a l  i s  t a k e n   i n t o   a c c o u n t ,  
t h e n   t h e   c l a s s i c a l   c o n i c i t y   c o n d i t i o n   c a n   b e   r e l a x e d   t o  
a s i g n a l   d e p e n d e n t   c o n i c i t y   c o n d i t i o n .   T h i s   i m p l i e s  
t h a t   i n   o u r   c a s e  we c a n   e x p e c t   t h e   f o l l o w i n g   s u f f i c i e n t  
c o n d i t i o n :  The t r a n s f e r   f u n c t i o n   e v a l u a t e d   o n l y   a t  
f r e q u e n c i e s   c o n t a i n e d   i n   y m ( k )   l i e s   i n  a c i r c l e  of 
r a d i u s  1 and  cen ter  1. However, t h i s   t y p e  of s ta tement  
i s  only  known f o r   y ( k )   s m a l l .   T h i s   c o r r e s p o n d s   t o   t h e  
case  of s l o w   a d a p t a t i o n .  

In t h i s   p a p e r  we w i l l  s tudy  a p rob lem  s imi l a r   t o  
[ 4 ] .  However, i n s t ead   o f   a s suming   t ha t   t he re   ex i s t s  a 
cons tan t   parameter   vec tor  € *  which   g ives   fo r   t he   nomina l  
p l a n t  a t r a c k i n g   t r a n s f e r   f u n c t i o n   e q u a l   t o  1 f o r  any 
f requency ,  we  now assume t h a t   t h i s   h o l d s   o n l y   a t   t h e  
f r e q u e n c i e s   c o n t a i n e d   i n   y m ( k ) .   T h i s  i s  n o t   p o s s i b l e  
i n   g e n e r a l ,   b u t  i s  p o s s i b l e   f o r  some p a r t i c u l a r  
s e q u e n c e s   { y $ ( k ) j   c a l l e d   t e s t   r e f e r e n c e   o u t p u t s   ( s e e  
d e f i n i t i o n   i n   S e c t i o n  2 ) .  

In   our   y roblem  formula t ion ,   the   nominal   case  i s  t h e  
d a t a  of  A(?-  ),B(q-I)  and a tes t  r e fe rence   ou tpu t   Iy$ (k )} .  
The cons tan t   parameter   vec tor  a *  and the   co r re spond ing  
s i g n a l s   u * ( k ) , y * ( k )   a r e   c a l l e d   t h e   t u n e d   s o l u t i o n   o f  
t he   adap t ive   sys t em.  We e s t a b l i s h   t h a t   u n d e r   t h e  assump- 
t i o n  of un iqueness  of t h e   t u n e d   s o l u t i o n ,   t h i s   s o l u t i o n  
i s  e x p o n e n t i a l l y   s t a b l e .  I t  f o l l o w s   t h a t   t h e   s t a b i l i t y  
i s  r o b u s t   t o  a w i d e   c l a s s  of s m a l l   p e r t u r b a t i o n s  of t h e  
n o m i n a l   p l a n t   o r   t h e   n o m i n a l   t e s t   r e f e r e n c e   o u t p u t .  

S ince  we w i l l  ana lyze  o n l y  t h e   l o c a l   b e h a v i o r  of 
t h e   s y s t e m   a r o u n d   t h e   t u n e d   s o l u t i o n ,   t h e   p r o j e c t i o n  
and  the  normalizat ion  (s , (k)  = s (k) -Z)   in t roduced   in   [3 ,41 ,  
r e s p e c t i v e l y ,   a r e   n o t   a c t i v e .  We w i l l  c o n c e n t r a t e   o u r  
a t t e n t i o n  on slow a d a p t a t i o n ,  i . e . ,  w i th  E sma l l :  

y ( k) E 

2 .  Problem  Statement 

In t h e   f o l l o w i n g  a more u s e f u l   r e p r e s e n t a t i o n  of 
t h e   p l a n t   ( 1 . 3 )  w i l l  be   t he   nomin ima l   s t a t e   space  
r e p r e s e n t a t i o n   d e f i n e d   a s   ( c a n c e l l a t i o n   o f   p o l e s   a n d  
z e r o s   a t  0) : 
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X(k+l) = IX(k) + G1u(i) + GZw(k) 

y (k )  = h’X(k) ( 2  .I) 
wi th  

X(k) = [y (k )  , . . . ,  y ( k - n * + l ) , u ( k - l )  ,..., u(k-m*)]’ 

and n* and m* a r e   l a r g e  enough f o r   X ( k )   t o   c o n t a i n   a l l  
t he   e l emen t s  of- : (k-d) .  I r  f o l l o w s   t h a t  a ma t r ix  H 
e x i s t s   s a t i s f y i n g  

:(k-d) HX(k) 

We a l s o   i n t r o d u c e   t h e   f o l l o w i n g   n o t a t i o n :  

z ( k ) ’   ( u ( k )  j : (k)’)  

z ( k ) ’  = ( i ( k )   ( k ) ’ )  ~r 

With t h i s   n o t a t i o n   t h e r e   e x i s t s  a ma t r ix  J s u c h   t h a t   t h e  
c o n t r o l   u ( k )   c i n   b e   w r i t t e n   e x p l i c i t l y   a s :  

I t  fo l lows   t ha t   t he   comple t e   c lo sed   l oop   adap t ive   sys t em 
c a n   b e   w r i t t e n   a s  a nonlinear  nonautonomous  system: 

G1.r(k) ’J 

S (k )  
X(k+l) = [ F - 7- ]X(k) +L ’;,(k+d) +G2  w(k) 

5 (k )  

6(k)  = ; ( k - l )  - cHX(k)X(k)” [h -H’ i (k - l ) ]  
1 + EX(k) ’H’HX(k) 

We a r e   i n t e r e s t e d   i n   t h e   e x i s t e n c e  of a bounded s o l u t i o n  
and i n  i t s  s t a b i l i t y .  For the   ex i s t ence   p rob lem,  l e t  
us  make the   fo l lowing  

D e f i n i t i o n :  A t e s t   r e f e r e n c e   o u t p u t  i s  an  X-periodic 
sequence   Iy$(k)}   for   which   there   ex is t s   an   N-per iodic  
sequence   {X*(k )>   and   cons t a t  S* w i t h  F * # O  s a t i s f y i n g :  

G Fk’J 

i) X*(k+l) = ( F - 7 ) X  * (k )  +x ym *(k+d) ( 2 . 3 )  
l’r 

X*(k)’(h- H’5”) = 0 . (2.4) 
ii) A l l  e igenva lues  of G ;*’J 

(F-- l‘r 
j*  ) 

a r e   s t r i c t l y   i n s i d e   t h e   u n i t   c i r c l e .  

Equation 2.4 i s  c a l l e d   t h e   t u n i n g   c o n d i t i o n .   I n  
the   appendix  we show t h a t   t h i s   c o n d i t i o n  i s  g e n e r i c a l l y  
s a t i s f i e d   i f   y i ( k )   d o e s   n o t   c o n t a i n  more  than  (m+d+n/2) 
f r e q u e n c i e s .   ( ? * , X * ( k ) )  i s  c a l l e d   t h e   t u n e d   s o l u t i o n  
o f   t he   adap t ive   sys t em.   I f  i t  e x i s t s ,  i t  i s  a s o l u t i o n  
of ( 2 . 2 )  (with  ym(k+d)  replaced  with y,$(k+d)  and  w(k) 
s e t   t o  0 ) .  L‘e .also i n t r o d u c e   t h e   f o l l o w i n g   n o t a t i o n :  

-*(k-d) = HX*(k) . 
S o t i c e   t h a t ,   w i z h   c o n d i t i o n  ii, X*(k) i s  uniquely   def in-  
ed .  The fol lowing  assumption w i l l  be  used. 

Assumption A l :  For   t he   nomina l   p l an t   t he re   ex i s t s  a 
t e s t   r e f e r e n c e   o u t p u t   l y $ ( k )  3. 

We w i l l  now concen t r a t e  o u r  a t t e n t i o n  upon t h e  
behavior  of  system ( 2 . 2 )  a round   t he   t uned   so lu t ion .  
For t h i s  we c o n s i d e r   t h e   a c t u a l   o u t p u t   r e f e r e n c e   y n ( k )  
as   be ing   ob ta ined   f rom a t e s t   o u t p u t   r e f e r e n c e   y $ ( k )  
by  : 

ym(k)  = y i ( k )  + v(k )  

where  :v(k) i  i s  a bounded  sequence. 

L e t   u s   d e f i n e   t h e   i n c r e m e n t a l   v a r i a b l e s  

x ( k )  = X(X) - X*(k) 

S(k) = ? ( k )  - e* . 
Afte r  some manipula t ions  we o b t a i n   t h e   f o l l o w i n g  
equiva len t   incrementa l   form  of  ( 2 . 2 )  : 

R-(S ,x ,k )  = - H  l+E(a*(k)+Hx)  ’(;*(k)+Hx) 

( ( ? * ’ H -  h’)x+  q*(k-d)’e)] + ( x * ( k )   + x ) x ’ H ’ ~ ]  . 
Problem  Statement:  I n  t h i s   p a p e r  we s t u d y   t h e   s t a b i l i t y  
of  system (2 .5 )  a round   t he   o r ig in .  Our o b j e c t i v e  i s  t o  
show t h a t   l o c a l   s t a b i l i t y  i s  p rese rved   i n   t he   p re sence  
of   srnal l   per turbat ions  of   the  nominal   plant  and  of t h e  
t e s t   r e f e r e n c e   o u t p u t .  The r e f e r e n c e   o u t p u t   p e r t u r b a -  
t i o n s   a r e   c h a r a c t e r i z e d  by t h e  bounded  sequence  v(k) .  
The p l a n t   p e r t u r b a t i o n s   a r e   c h a r a c t e r i z e d  by the  sequence 
w(k) .  To s t i l l  encompass a w ide   c l a s s  of unmodelled 
e f f e c t s ,  we can  assume t h a t   t h e   s e q u e n c e   w ( k )   s a t i s f i e s  
t h e   f o l l o w i n g   n o i s e   t o   s i g n a l   r a t i o   i n e q u a l i t y :  

k k-i  

i = O  
w i th  

t > O  , W > O , O C ; l < l  

I t  i s  n o t   d i f f i c u l t   t o   s e e   t h a t   w ( k )  may i n c l u d e   t h e  
e f f e c t s  of n e g l e c t e d :   p o l e s   o r   z e r o s   c l o s e   t o   z e r o ,  
n e a r l y   c a n c e l l a b l e   s t a b l e   p o l e s i z e r o s ,  some n o n l i n e a r i t -  
i e s ,  some t i m e   v a r i a t i o n s . .  . 

3 .  E x p o n e n t i a l   S t a b i l i t y  of t h e  Tuned S o l u t i o n  

The s t a b i l i t y   p r o p e r t i e s  of the  system ( 2 . 5 )  
a r o u n d   t h e   o r i g i n   a r e   d i c t a t e d  by t h e   f o l l o w i n g   l i n e a r  
t ime  varying  system: 

The ma t r ix  M(k,E) being  N-periodic ,  we can  s tudy 
th i s   sys tem  apply ing   the   F loquet   theory .  Tie have :  

- Lemma: Under Assumption A l ,  i f  L i * ( k ) z * ( k ) ’  i s  in- 

v e r t i b l e   t h e n   t h e   c h a r a c t e r i s t i c   v a l u e s   o f   ? I ( k , E )   a r e :  

s-1 

k= 0 

G S*’J 
j . .  .‘F - k 6* ! + O ( 1 )  , 

E-1 
1 - E T { -  :*(k-d)c*(k-d) ’ 3  + E O(1) , 

k=O 

where O(1) a r e   c o n t i n u o u s   f u n c t i o n s  of E which   leads   to  
0 a s  E t e n d s   t o  0 .  

- Proof :  A more g e n e r a l   r e s u l t   h a s   b e e n   e s t a b l i s h e d   i n  
[13]. We g i v e   h e r e  a proof more adapted  to  our  problem. 
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Since ll(k,E) is  N-periodic,  there  exists  an N- 
periodic  Lyapunov  transformation  which  maps PI(k,E) into 
a  time  invariant  matrix whose eigenvalues  are  the 
characteristic  values  of  the  system.  In  particular  for 
E = O ,  this  transformation  is  given by 

where L(k) is  the  unique  X-periodic  solution  of: 
G e*’ 1 r J  G1 L(k+l) = (F-- Bk ) L(k) -9 O“(k)’ . 

Using  the  same  transformation  for E # O  gives: 

I L(k) 
fi(k,E) = ) M(k,E) ( I ) 

EA (k,E; 2 

I - EO*(k-d)v*(k)+ELA4(k,E) 1 
where the Ai(k,E)’s are  bounded  N-periodic  matrices  and 
(J*(k) is  defined by: 

+“(k) = - (h’- 8*’H)L(k) + 6*(k-d)’ . 
In appendix, we prove: 

Property 1: Under  Assumption A l ,  we have: 

(J”(k) = G*(k-d)’ . 
To  complete  our  proof,  let us  take  the  product  from 
k = O  to N - 1  of  R(k,c). One  can  see by  induction  that: 

k=O \ €Al2 I+ €All 

with 

where the  Li(&)’s  are  bounded. 

The result  follows by  noticing that, as  a  consequence 
of Lemma 1 of [15], this  product  is  similar  to: 

f I + AZ2 + E LAl2 2 0 

where L is  a  matrix whose existence  and  boundedness  are 
guaranteed  for E small  enough  satisfying  (see (11) of 
[151) : 

where invertibility  of  A 2 2 ,  All  is  given  by  assumption. 

This  lemma  leads us to introduce  a new assumption. 

Assumption  A2:  The test reference  output y$(k) is  such 
that  the  corresponding  tuned  solution  satisfies: 

N-1 

k=O 
Z $*(k)ps:(k)’ > a I , 3 > 0 . 

This  is  the  classical  persistent  spanning  assumption. 
In  the  appendix we show  that  this  condition  is  equiva- 
lent  to  the  uniqueness  of  the  tuned  solution  and  generi- 
cally  to  the  fact  that  the  test reference  output is 

persistently  exciting  of  order  at  least  equal  to  the 
number  of  parameters. 

Theorem 1: Under  Assumptions Al, A 2 ,  there  exists E* 

such  that  for  all E,  O <  E < E*, the.  tuned solution  is  an 
exponentially  stable  solution of the  nominal  system 
(v(k)=w(k)=O). In  particular,  there  exists  a  constant 
C such  that: 

Proof: This  is  a  direct  consequence of Lemma 1. In 
particular,  for E sufficiently small, ‘the  spectral 
radius of 

- 

N-1 N-1 

k=O k=O 
I,I(k,E) is 1 -E )min Z O*(k)d*(k)’ + E O(1) . 

This  implies  the  existence of Co such  that 

I1 N-1 

5 Co(l- E ~ N )  2 Co(l- EC()  
N 

where the  second  inequality  is  obtained  from  Assumption 
A3 and  the  property  of 0(1), for E small  enough.  Then 
using  the  K-periodicity we obtain: 

This  theorem  extends  the  result  of  Anderson  and 
Johnson [6] which was established  for  the  ideal  case: 
any  reference  output  is  a  test  reference  output. 

It is  remarkable  that  for  this  one  step  ahead 
adaptive  controller,  the  number of frequencies  and  not 
their  location  is  important.  Both  the  tuning  condition 
(Assumption A l )  and  the  persistent  spanning  condition 
(Assumption A2) do not generically  constrain  the  loca- 
tion  of  the  frequencies. 

However, Assumption A 1  imposes  also  that  the  eigen- 
G,e;’J 

values of ( F  -- 3k ) lie in the  unit  circle,  which  is 

related  to  the  frequency  location  via e * .  It has been 
demonstrated  by  Astrom  in ( [ 8 ] , [ 1 4 ] )  that  violation  of 
this  stability  condition  can by  itself  create  instabil- 
ity. 

4. Total Stability  of  the  Tuned  Solution 

Since  the  tuned  solution  is  an  exponentially  stable 
solution of  the  nominal system, it  has  also  stability 
properties  with  respect  to  all kinds of  permanent  per- 
turbations ( see 81.8  of [16]). In  particular, we have: 

Theorem 2: Under  Assumptions A l ,  A2 and  for  all E, 
0 < E < E, there  exist NO(&) ,vO(c),SO(~) such  that  if  the 
initial  conditions  satisfy: 

and  if we have  the  following  noise to signal  ratio 
bounds 

i=O 

then  the  solution x(k), B(k) to the  actual  system ( 2 . 2 )  
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s a t i s f i e s :  

/ / x (k )  - x*l:k)// + / /E (k )  - 2*//  5 S ( E )  

f o r  some va lue  N ( E ) .  

S u b s t i t u t i n g   t h e s e   b o u n d s   i n t o   E q u a t i o n  ( 4 . 1 )  g i v e s :  

S (k+ l )  <;(SEES,+ C //GI/ (vo+ Sow*) + (IlGIl 5 +Kvo)X+KK 2 ) . 
Therefore ,   N(k+l)  w i l l  be   sma l l e r   t han  N i f :  

CKK 2 + ( C / I G / J 5 0 + C K ~   - E ) N + C ( C E K ~ +  / / G / / ( v o + i O ~ * ) ) 2 O  . 

T h i s   i n e q u a l i t y   h a s  a s o l u t i o n   i n  S s a t i s f y i n g  0 < N <  
i f f :  

C ( /  GI/ S o  + C K v  < E 
0 -  

( C l l G / / t   + C K v o - : )  2 > 4 K C  2 (ZEN + / / G / / ( v ~ + ~ ~ w * ) )  . 
This   g ives   the   bounds  5 ( E ) ,  v ~ ( E ) ,  S o ( s ) .  We s e e   t h a t  
these   bounds   t end   to  ze?o a s  E t ends  t o  ze ro .  

T h i s   t h e o r e m   s t a t e s   t h a t   i f   t h e   n o m i n a l   p l a n t   a n d  
i t s  a d a p t i v e   c o n t r o l l e r   a r e   s u c h   t h a t   t h e r e   e x i s t s  a 
test  re ference   ou tput   which  i s  p e r s i s t e n t l y   e x c i t i n g  o f  
o r d e r   e q u a l   t o   t h e  number of adapted   parameters   then  
g e n e r i c a l l y   t h e   a c t u a l   s y s t e m   h a s  a bounded s o l u t i o n  
p rov ided   t ha t   t he   pe rmanen t   pe r tu rba t ions   v (k )   and   w(k )  
s a t i s f y   n o i s e  t o  s i g n a l   r a t i o   l i m i t a t i o n s .  In p a r t i c u -  
l a r ,   t h e   d i s t u l r b a n c e  on t h e   r e f e r e n c e   o u t p u t  i s  l i m i t e d  
by the   deg ree   o f   pe r s i s t en t   spann ing   o f   : * (k ) .  

In [ 7 ]  Kosut  and  Anderson  were  aiming a t  such a 
r e s u l t   f o r  a c o n t i n u o u s   t i n e   s c h e m e ,   b u t   t h e i r   a n a l y s i s  
was incomplete .   Here we have  obtained  more  complete 
r e s u l t s   b u t   i n  a more r e s t r i c t e d   c a s e ,   b e c a u s e  we 
s t u d i e d   t h e   l o c a l   b e h a v i o r   a r o u n d  a p a r t i c u l a r   s o l u t i o n  
of   the  nominal   adapt ive  scheme.  

P roof :  Let Y ( k + l )  be   the   comple te   s ta te   o f   sys tem ( 2 . 5 )  
By t h e   v a r i a t i o n   o f   c o n s t a n t s   f o r m u l a ,  we have 

I ' (k+l) = r: l l : i)P(O) + 1 1 M(i) 
k k k  

i = O  i = 3  j=i+l  

We d e f i n e  

N(k) = / /Y(k) / /  . 
With  Theorem 1, we o b t a i n   u s i n g   a b b r e v i a t e d   n o t a t i o n s  

K(k+l) 5 C [ z k s ( O )  + L L ~ - ~ [ / / G / /  ( ' v ( i + d ) '  + Iw( i )  I )  

k 

i = O  

+ { R x ( i ) l  + ~ ~ ~ R ~ ( i ) ~ ~ l  , 
wi th  c =1- L > .  Xow, the   p roof   p roceeds   by   induct ion .  
We want   to  show 

N ( i ) l S   P i  0 2 i 5 k'F(k+l) 2 N 
w i t h   a n   a p p r o p r i a t e   c h o i c e  of X. Bogndcn-wLil_: S ince  

i /x(i)l i  2 :;UP / jx*(k) / /  + / l x ( j ) l /  

w e  have   wi th   the   induct ion   assumpt ion:  

k 

w(k) ~ 2 : , o > ( N + w * )  

w i th  

w* = s u p / / x * ( k ) / /  + w . 
k 

Bound on Rx,Rt:  Assuming t h a t   3 ( k ) ,  < 2 and  using 

t h e  Schwarz  and t r i a n g l e   i n e q u a l i t i e s ,  i t  i s  e a s y   t o  
de r ive   f rom  the   expres s ions   fo r  Rx and R? t h e   f o l l o w i n g  
i n e q u a l i t i e s :  

' ~ 2 ; )  

- - - - - - - 

"here  P1, P 2  and  P4 a re   po lynomia l s   w i th   pos i t i ve  co- 
e f f i c i e n t s  of  degree 1, 2 and 4 ,  r e s p e c t i v e l y .   T h e s e  
p o l y n o m i a l s   a r e   i n c r e a s i n g   f u n c t i o n s   o f  N(k) ( F ( K )  > 0). 
Ki th   t he   i nduc t ion   a s sumpt ion ;  i t  f o l l o w s   t h a t ,   g i v e n  a 
boynd 8, t h e r e   e x i s t s  a c o z s t a n t  K ,  s u c h   t h a t   i f  iB(k) ' 
< , 5 * / 2 ,  t hen :  

Appendix :   Proper t ies   o f   the  Tuned So lu t ion  

Here we assume t h a t   t h e   s e q u e n c e   y i ( k )   c a n   b e  
w r i t t e n   a s :  S, 

L 
y :': (k)  7 y ;? z k 

i=IN mi i 
3 Yk 

w i t h  

N < - E  , x2 (7 (N-1) , z ,  = exp(j-) , y" = G;i 
where 7 i i  is  t h e  complex  conjugate  of y* 

1 

1 1 2 r i  
1 - 2  ?i m , - i  

m i  * 

In t he   fo l lowing  w e  denote  by E t h e   s e t  
E = .:i : y* 

m i  # 01 

I t s  c a r d i n a l  i s  n E '  

The v e c t o r  U(z-') i s  d e f i n e d   a s :  

r(2-l) = ( A ( z - 3 , .  * . , z  -m-d+lA (2-l) , z-lB (2-l) , . , . , z -n 

-B(z - ' ) )*  

P rope r ty  81: I f  

B(zI1) # 0 , V i e  E . 
Then the   t un ing   cond i t ion  i s  equ iva len t   t o   t he   fo l low-  
i n g   l i n e a r   s y s t e m :  

Coro l l a ry   A l :  Under t h e  same assumpt ion   the   tun ing  
c o n d i t i o n  i s  s a t i s f i e d   i f f :  

(B(zi -1 ) ) '  EIR -Range ( V ( z i l )  * )  

This   cond i t ion  i s  only expressed  in terms  of  the  nominal 
p l a n t .  I t  shows t h a t   t h e   t u n i n g   c o n d i t i o n  i s  s a t i s f i e d  
g e n e r i c a l l y   i f :  

i E  E i E  E 

n < r n + d + n  
E -  

This  means t h a t  y,$(k) c o n t a i n s  no more t h a n   m + d + n  
f r e q u e n c i e s .  2 

Proof :  The t u n i n g   c o n d i t i o n   c a n   b e   w r i t t e n   i n :  
yk (k )  = C*+e*(k-d) 3 Yk 

and   t he   con t ro l  i s  obtained  f rom 

y i (k+d)  = E*'z*(k) , Vk . 
It  f o l l o w s   r e a d i l y   t h a t :  

y*(k)  = y"(k) , Yk m 
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Now we notice  that  the  characteristic  polynomial  of  the 
tuned  closed  loop  system  is: 

~(2-1) = v ( z - l ) , e *  

Let  T (2-l) be the  transfer  function  between 
yi(k+d) and y*(k). From  the  state  space  representation, Y 

And  from  the  polynomial  representation, we have: 

The  identity  of  the  sequences {y*(k)! and iy;(k)l 
yields : 

Z Y;~(Z:T~(ZY') - 1)z; = 0 , yk 
i E  E 

But  since  the  sequences {z.}, i E E  are  linearly  indepen- k 

dent,  this  relation  shows that, with the  expression  of 
Ty ( z - ' )  , 

And  since B(zT1) is  not  zero. We have  obtained  the 
following  necessary  condition: 

zd-'B(zI1) i = V(zi1)'8* , ViEE . 
Clearly,  this  is  also  a  sufficient  condition. 

Corollary  A2:  Under  Assumption Al, we have: 

- Proof:  The  second  relation  has  already  been  establish- 
ed.  For  the  first one, we notice  that u*(k) is  also 
N-periodic and, therefore: 

u*(k) = Z u z , Yk . k 
iEE i  i 

The  conclusion  follows  from  the  identity 

Property  A2:  If  the  tuning  condition  is  satisfied  and 

B(zI1) # 0 , YiEE 

The  uniqueness  of 8* and  persistent  spanning  (Assump- 
tion  A2) are  equivalent  properties. 

Proof:  Let Tu(z ) be  the  transfer  function  between 
y$(k+d) and u*(k), we have: 

-1 
- 

Let  T (z-l) be the  transfer  function  between 
yi(k+d)  an$  $*(k). From  the  state  representation, we 
have : 

But  also  comparing  the  definitions  of $*(k) and V(2-l) 
and  using  the  expression  of  T (z-l) ,T ( z - ' ) ,  we have: . u  

This  expression  allows us to  rewrite  the  persistent 
spanning  condition  in  the  frequency  domain  as: 

1866 

- 
N-1 

i E  E k=O /P(Zi 11 

And we know that  both y& and P(zi ) are not  equal to 
zero  for iEE. Therefore,  the  fact  that  this  matrix  is 
positive  definite  is  equivalent  to  the  fact  that  the 
matrix (V(zjl)iEE) is  full  rank.  But  with  Property Al 
we know that  this  is  equivalent  to  the  uniqueness  of e * ,  

C $*(k)h*(k)'= C iy;,i 2 v(z-l)v(z;l) ' 
-1 2 > a 1  , 

-1 

Let us now prove  Property 1. 

- Lemma: For any e * ,  we have  the  following  identity: 
-1 3 - -d e*'H(zI - (F- G1 ~ i ; ;  J)) 9 x  - z 

P r o o f :  This  transfer  function  is  just z-d8*'T,(z-1) 
where Th(z-l) is  defined in the  proof of Propezty  A2. 
Since w6 have 

The  conclusion  follows  readily. 

Now to prove  Property 1, we have 
transfer  function: 

H ( z  ) = z + (h,- E;H) (21 - (F - G -1 -d 
1 

to show  that  the 

with <+*(k):i as input, has {$*(k-d)! as an ouput.  From 
this lemma, we can rewrite H ( 2 - I )  simply  as: 

-1 9," -1 2 G 

E" H ( z  ) h'(z1- (F- G1 J)) 

But  this  is  just Ty(z ) .  Therefore,  the  conclusion 
follows  from  the  definition of  $*(k)  and Corollary  A2. 

-1 
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