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A b s t r a c t  

A d i r e c t  scheme i s   p r o p o s e d   f o r   d i s c r e t e - t i m e  
c o n t r o l   o f  a v e r y   r a p i d l y   s a m p l e d   c o n t i n u o u s - t i m e  
system.  Knowledge o f   t h e   r e l a t i v e   d e g r e e   a n d   o f   a n  
u p p e r   b o u n d   o f   t h e   o r d e r   o f   t h e   c o n t i n u o u s - t i m e   s y s t e m  
p r o v e s   t o   b e   s u f f i c i e n t  a priori k n o w l e d g e   f o r   t h e  
d e r i v a t i o n   o f   t h e  scheme.  Convergence t o   z e r o   o f   t h e  
t r a c k i n g   e r r o r   i s   e s t a b l i s h e d   f o r   t h e   s a m p l e d   s y s t e m .  

1 .  I n t r o d u c t i o n  

T h e   s u b j e c t  we w a n t   t o   a d d r e s s   i n   t h i s   p a p e r   i s  
t h a t   o f   t h e   e x i s t e n c e   o f  a d i s c r e t e - t i m e ,   m o d e l -  
r e f e r e n c e   a d a p t i v e   c o n t r o l l e r   f o r  a v e r y   r a p i d l y  
s a m p l e d   c o n t i n u o u s - t i m e   s y s t e m .  We assume t h a t   t h e  
g i v e n   s y s t e m   i s   m i n i m u m   p h a s e   a n d   t h a t   a n   u p p e r   b o u n d  
o f   i t s   o r d e r   a n d   i t s   r e l a t i v e   d e g r e e   a r e  known. W i t h  
v e r y   f a s t   s a m p l i n g ,   t h e   c o r r e s p o n d i n g   d i s c r e t e   t i m e  
sys tem  i s   nonmin imum  phase i f  t h e   r e l a t i v e   d e g r e e   i s  
l a r g e r   t h a n  1 ( s e e   A s t r o m ,   e t   a l .  [ l ] ) .  A v e r y   r i c h  
l i t e r a t u r e   h a s   b e e n   d e v o t e d   t o   t h e   p r o b l e m   o f   a d a p t i v e  
c o n t r o l   o f   n o n m i n i m u m   p h a s e   s y s t e m s   ( s e e   t h e   s u r v e y  
g iven  by  MISaad,   Or tega,   and  Landau [Z]). The d i f -  
f i c u l t y   w h i c h   a r i s e s   i n   t h i s   s e t t i n g   i s   t h a t   t h e  
t r a c k i n g   t r a n s f e r   f u n c t i o n   m u s t   r e t a i n   u n s t a b l e   z e r o s .  
As  a c o n s e q u e n c e ,   t h e   c o n t r o l l e r   c a n n o t   b e   o b t a i n e d  
by a l i n e a r   e s t i m a t i o n  scheme. One way t o   c i r c u m v e n t  
t h i s   p r o b l e m   a n d   t o   l i n e a r i z e   t h e   e s t i m a t i o n  scheme i s  
t o   i n c o r p o r a t e  some a p r i o ~ i  k n o w l e d g e   a b o u t   t h e   s y s t e m  
(see  [j] f o r   a n o t h e r   t y p e   o f   s o l u t i o n ) .  As v e r y   o f t e n  
c o n j e c t u r e d ,   J o h a n s s o n   i n  [ 4 ]  h a s   e s t a b l i s h e d   t h a t   t h e  
minimum a pr-loFi  k n o w l e d g e   r e q u i r e d   f o r   m o d e l   m a t c h i n g  
i s   t h a t   o f   t h e   p o s i t i o n s   o f   t h e   u n s t a b l e   z e r o s .  
E x p l i c i t   u s e   o f  a prioz-i k n o w l e d g e   i n   a n   i n d i r e c t  
s c h e m e   h a s   b e e n   p r o p o s e d   b y   C l a r y   a n d   F r a n k l i n   i n  151.  
T h e y   h a v e   n o t   s o l v e d ,   h o w e v e r ,   t h e   p r o b l e m   c r e a t e d   b y  
s i n g u l a r i t y   o f   t h e   O i o p h a n t i n e   e q u a t i o n .  

I n   t h i s   p a p e r ,  we s h a l l   d e r i v e  a d i r e c t  scheme 
w h i c h   u s e s   t h e  a priori i n f o r m a t i o n   g i v e n   f o r   v e r y  
f a s t   s a m p l i n g   o f   c o n t i n u o u s   t i m e   s y s t e m s   b y   A s t r o m ,   e t  
a i .   [ l ] .  T h e y   h a v e   e s t a b l i s h e d   t h a t  i f  n i s   t h e  
number o f  p o l e s   a n d  m i s   t h e  number o f   z e r o s   o f   t h e  
c o n t i n u o u s   t i m e   s y s t e m ,   t h e n :  

i )   t h e   s a m p l e d - d a t e   r e p r e s e n t a t i o n   o f   t h e   s y s t e m  
w i l l  have  n -1   zeros   and n p o l e s ;   a n d ,   f u r t h e r m o r e ,  

T h i s   w o r k  was s u p p o r t e d   i n   p a r t   b y   t h e   J o i n t  
S e r v i c e s   E l e c t r o n i c s   P r o g r a m   u n d e r   C o n t r a c t   N 0 0 0 1 4 - 8 4 -  
C-0149,  and i n   p a r t   b y   t h e   N a t i o n a l   S c i e n c e   F o u n d a t i o n  
under   Gran t  NSF E C S  83-11851. 

_I, _I. 
I~ ,> 

On l e a v e   f r o m   E c o l e   N a t i o n a l e   S u p e r i e u r e   d e s  
M i n e s   d e   P a r i s ,   C e n t r e   d ’ A u t o m a t i q u e   e t   I n f o r m a t i q u e ,  
3 5 ,  rue   Sa in t -Honore ,   77305   Fon ta ineb leau ,   Cedex ,  
F rance .  

i i )   a s   t h e   s a m p l i n g   p e r i o d   t e n d s   t o   z e r o ,  m z e r o s  
t e n d   t o  1 a n d   a r e   s t a b l e .   T h e   r e m a i n i n g  n-m-1 z e r o s  
t e n d   t o  k n o w n   v a l u e s   w h i c h   d e p e n d   u p o n   o n l y   t h e   r e l a -  
t i v e   d e g r e e  n-m, and i f  t h e y   a r e   u n s t a b l e ,   t h e y   a r e  
r e a l   a n d   l i e   o n   t h e   i n t e r v a l   ( - ~ , - 1 ] .  

I n   S e c t i o n  2 we p r e s e n t   o u r   a l g o r i t h m .   S e c t i o n  3 
i s   d e v o t e d   t o  a c o n v e r g e n c e   a n a l y s i s   i n   a n   i d e a l   c a s e .  
F i n a l l y   o u r   c o n c l u s i o n   i s   g i v e n   i n   S e c t i o n  4. 

make 

A 1  : - 

A2 : - 

A3 : - 

2. A D i r e c t   A d a p t i v e  Scheme 

U n d e r   t h e   a f o r e m e n t i o n e d   c i r c u m s t a n c e s ,  we s h a l l  
t h e   f o l l o w i n g   a s s u m p t i o n s .  

The  sampled-data  system may be   rep resen ted   by  

A ( q - ’ ) y ( t )  = B U ( q - ’ ) B ( q - ’ ) u ( t )   ( 1 )  

w h e r e   A ( q - l ) ,   B ( q - ’ ) ,   a n d   B u ( q  ) a r e   p o l y n o m i a l s  
i n   t h e   b a c k w a r d   s h i f t   o p e r a t o r   q - ’ ;   A ( q - 1 )   i s  
m o n i c   a n d   A ( q - l )   a n d   B U ( q - l )   a r e   r e l a t i v e l y   p r i m e ;  
t h e   z e r o s   o f   B ( q - l )   a r e   s t a b l e   a n d   t h e   s i g n   o f  
B ( 0 )   i s  k n o w n   ( s a y ,   p o s i t i v e ) ;   { y ( t ) j   a n d   r u ( t ) }  
a r e   t h e   o u t p u t   a n d   i n p u t   s e q u e n c e s ,   r e s p e c t i v e l y ,  
o f   t h e   s a m p l e d   s y s t e m .  

I n t e g e r s  n and m a r e  known  such  tha t  

- 1  

n 2 deg  A(q- ’ )   and m >  deg  B(q ) .  - 1  

- 1  
Bu(q ) i s  known,   and  has  degree d .  I t s   z e r o s   a r e  
deno ted   by   zu i   where  i=l t o  d.  I f   t h e   s y s t e m   h a s  
d e l a y s ,  some o f  t h e m   a r e   i n f i n i t e .  For t h e   p u r -  
p o s e s   o f   t h i s   p a p e r ,  we s h a l l  assume t h a t   a l l   z u i  
a r e   r e a l .  

Now l e t   C ( q  ) a n d   T ( q - ’ )   o f   d e q r e e  N-m and N,  - 1  

r e s p e c t i v e l y ,   b e   c h o s e n   p o l ’ y n o m i a l s   w i t h  

N = max{n,m+d). 

The r e l a t i v e   p r i m e n e s s   o f   A ( q -  ) and B ( 9 - l )   i m p l i e s  
t h a t   t h e r e   e x i s t   p o l y n o m i a l s   S ( q - ’ )   a n 8   R ( q - l )  o f  
deg ree  N-m and N - 1 ,  r e s p e c t i v e l y ,   s u c h   t h a t  

- 1  

L e t   u s   d e n o t e   S ( q  ) a s   t h e   f o j l o w i n g   p o l y n o m i a l  of 
degree  N a n d   w i t h   l e a d i n g   c o e f f i c i e n t  bo s t r i c t l y   p o s i -  

- 1  

E x a m i n a t i o n   o f  ( 2 )  w i l l  show t h a t ,  i f  C ( q - l ) T ( q - l )  
a n d   B U ( q - l )   a r e   r e l a t i v e l y   p r i m e ,  t h e n   ? ( q - l )   a n d  

B U ( q - ’ )   a r e   r e l a t i v e l y   p r i m e .   T h i s   i m p l i e s   t h a t   S ( q - ’ )  
a n d   B U ( q - l )   a r e   p r i m e .   T h i s   f a c t   m o t i v a t e s   o u r   n e x t  
assumpt ion .  
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- Ab: A c o n v e x   s e t  CEIRN i s  known  such  tha t  

i )   t h e   v e c t o r   o f   c o e f f i c i e n t s   o f   S ( q  ) b e l o n g  
- 1  

t o  @, and 

i i )   f o r  a n y   p o l y n o m i a l   S 1 ( q - ’ )   c o r r e s p o n d i n g   t o  
a n y   v e c t o r   i n  C ,  

and 

L a t e r  we ,wi l l  s e e   t h a t   S ( q  ) i s   t h e   d e n o m i n a t o r  
o f   o u r   c o n t r o l l e r .   S i n c e   t h i s   c o n t r o l l e r   i s  a sampled- 
d a t a   v e r s i o n   o f  a c o n t i n u o u s   t i m e   c o n t r o l l e r ,  we know 
t h a t ,   a s   t h e   s a m p l i n g   p e r i o d   g o e s   t o   z e r o ,   t h e   p o l e s  
o f   t h i s   c o n t r o l l e r   t e n d   t o  1 ;  m o r e o v e r ,   i n   g e n e r a l   t h e  
z e r o s   o f   t h e   s y s t e m   z u ’ ,   a r e   i n   [ - = , - 1 ] .   T h e   c o n v e x  
s e t  C o f   a s s u m p t i o n  (Ah) t h e r e f o r e ,   c a n   b e   d e s c r i b e d   b y  
t h e   f o l l o w i n g   i n e q u a l i t i e s   ( u s i n g   b o >  E ) :  

- 1  

I - 1  s ( 2  . )  2 E ,  l s i j d  
U I  

I i T  S ’ ( z  ) = b A > E .  
- 1  

2-r 

S y s t e m   R e p a r a r n e t e r i z a t i o n :   W i t h   t h e s e   a s s u m p t i o n s ,  we 
can now r e d e r i v e   t h e   p a r a m e t r i c   m o d e l   g i v e n   b y  
J o h a n s s o n   i n   C h a p t e r  5 o f  [ 4 ]  ( s e e   a l s o   A s t r o m   [ 6 ] ) .  
A p p l y i n g   ( 2 )   t o   y ( t j   y i e l d s  

C ( q - l ) T ( q - l ) y ( t )  = s ( q - ’ ) B , ( q - ’ ) u ! t )  

+ q - ’ R ( q - ’ ) B U ( q - ’ ) y ! t ) .   ( 3 )  

D e f i n e  a r e g r e s s i o n   v e c t o r   q ( t )  by 

T ( q   ) q ( t )  = [u(:) . . .  ~ ( t - N ) y ( t - 1 )  . . .  y ( t - N ) ] .  
- 1  

( 4 )  

D e f i n e  a p a r a m e t e r   v e c t o r  S t y   ( w i t h  so = bo) : 

3 = [ s o . .  . s N  r l  . .  . rN]  ( 5 )  

where   s i  ( i = O  t o  N )  a r e   t h e   c o e f f i c i e n t s   o f  S ( q  ) and 
r .  ( j = 1   t o  N )  a r e   t h e   c o e f f i c i e n t s   o f   R ( q - l ) .  

- 1  

J 

Then, i f  t h e   r o o t s   o f   T ( q  ) a r e   s t a b l e   a n d   a l l  
i n i t i a l   c o n d i t i o n s   a r e   a t   z e r o ,  we h a v e   t h e   e q u a t i o n  

- 1  

C(q - 1  ) y ( t )  = 5 T B u ( q - l ) t ( t ) .  (6 )  

o r   e q u i v a l e n t l y ,  

E q u a t i o n  ( 6 )  c a n   b e   u s e d   t o   e s t i m a t e   t h e   v e c t o r  5. 

C o n t r o l   L a w :   L e t   C ( q  ) a n d   T ( q  ) h a v e   s t a b l e   r o o t s ,  
- 1  - 1  

o u r   c o n t r o l   o b j e c t i v e   i s   t o   m a t c h ,   w i t h   r ( t ) ,  a 
r e f e r e n c e   i n p u t  

I n   v i e w   o f   ( 7 )   t h i s   c a n   b e   a c h i e v e d   b y   c h o o s i n g  
t h e   f o l l o w i n g   ( i m p l i c i t )   c o n t r o l   l a w  

- 
r ( t )  = $ ‘ p ( t ) .  ( 9 )  

A d a p t i v e   C o n t r o l l e r :  From ( 6 )  and (9 )  we can  p ropose 
t h e   f o l l o w i n g   a d a p t i v e   c o n t r o l l e r .  

L e t   ? ( t )  b e   a n   e s t i m a t e   o f  f a n d   d e f i n e   v ( t )   a s  

‘f’(t) = B u ( q - ’ ) O ( t ) .   ( 1  0) 

T h e   a l g o r i t h m   i s  

6 ( t )  = F ( ; ( t -1)  + P ( t - l )   ( t )   ( C ( q - l ) y ( t )  
C 1 + ( d T P ( t - l )   ( t )  

- C ( t - 1 )   ( t ) )  
T 

(11)  

where P i s   t h e   p r o j e c t i o n   o n  @ proposed  by  Goodwin 
and Sin: p.  92 o f  [ 7 ] ;  

P ( t )  = P ( t - 1 ) -   P ( t - 1 )   ( t )   ( t I T P ( t - 1 )  
1 + ( t ) T P ( t - l )   ( t )  ’ 

P (0 )  > 0 ;  

r ( t )  = j ( t )  .;(t). 
T 

(13)  

T h e   u s e - o f   t h e   p r o j e c t i o n  F g u a r a n t e e s   t h a t   t h e   p o l y -  
n o m i a l   S ( q - l , t )   o b t a i n e d  fr%m S ( t )   s a t i s f i e s   t h e   c o n -  
d i t i o n   t h a t  

A - 1  
! S ( z U i , t ) ,  > E ,  1 s  i < d  

and 

i i 0 ( t ) i  > 

where 5 ( t )   i s   t h e   l e a d i n g   c o e f f i c i e n t   o f   s ( z   , t ) .  

Remark :   F rom  ou r   s imu la t i ons  i t  seems t h a t   i n   m o s t  
cases i t  i s   n o t   n e c e s s a r y   t o   i m p l e m e n t   t h e   p r o j e c t i o n  

- 1  

3 .  C o n v e r g e n c e   o f   t h e   A l g o r i t h m  

T h e   f o l l o w i n g   t h e o r e m   g i v e s   t h e   p r o p e r t i e s   o f   o u r  
a l g o r i t h m .  

Theorem:  Under   the  assumpt ions A1 t h r o u g h  A4, t h e  
a l g o r i  t h m   d e s c r i b e d   b y   ( l l ) ,   ( 1 2 ) ,   a n d   ( 1 3 )   h a s   t h e  
p r o p e r t i e s   t h a t :  

i )   E ( t )   i s   b o u n d e d ,  

i i )   u ( t )  a n d   y ( t )   a r e   b o u n d e d   f o r   b o u n d e d   r ( t ) ,   a n d  

i i  i )  1 in - 1  - 1  
,,+,[c(q ) y ( t )  - Bu(q ) r ( t ) i  = 0. 

P r o o f :  We s h a l l   u s e   t h e   t e c h n i q u e s   o f   p r o o f   i n t r o d u c e d  
by  Goodwin,  Ramadge, and  Caines [8]. T h e   p r e s e n c e   o f  
B u ( q - l ) ,   h o w e v e r ,  w i l l  impose some a d d i t i o n a l   d i f f i -  
c u l t i e s .  We s h a l l   f i r s t   s t a t e  some t e c h n i c a l   l e m n a s .  

LEMMA 1 ( see  Lemma 3 . 3 . 6  o f   [ 7 ] )  : 

U n d e r   o u r   a f o r e m e n t i o n e d   a s s u r , p t i o n s ,  

i )   I ; ( t ) - $  -< K 1 ,  f o r  a1 1 t ;  

i i )  1 i m  C(q ) y ( t )  - S ( t )   q ( t )  1 = 0; - 1  T 

t- 
i i i )   l i m ! i P ( t )   - E ( t - l ) ’  = o .  

t- 

1189 
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LEMMA 2 (see Lemma 4 . 3 . 2   o f   [ 7 ] ) :  

L e t   P ( q   , t )   a n d   Q ( q - ’ , t )  be p o l y n o m i a l s   w i t h  
degree  np ,  n , r e s p e c t i v e l y ,   a n d   w i t h   t i m e - v a r y i n g  
c o e f f i c i e n t s q p .   ( t )   ( i = O   t o  n ) and q . ( t )  ( j = O  t o  n ) 
s u c h   t h a t   p i   ( t j   a n d   q . ( t )   a r e   b o u n d e d   a n d   s a t i s f y  

1 i m i q . ( t )   - q . ( t - l ) I  = 0. 
t-Mc J J 

- 1  

P 
J 

F o r   a n y   s e q u e n c e   v ( t ) ,   l e t   F ( P ; Q , v , t )   b e   t h e  
sequence   de f i ned   by  

w h e r e   t h e   f i r s t   t e r m   o n   i v e   r i g h t - h a n d   s i d e   i m p l i e s  
P ( q   , t )   o p e r a t e s   o n   Q ( q   , t ) u ( t ) ,   w h i l e   t h e   s e c o n d  
t e r m  imp1 i e s   t h a t   t h e   p r o d u c t   [ P ( q - l , t ) Q ( q - ’ , t ) ]  
o p e r a t e s   o n   u ( t ) .  Then f o r   a n y  E > 0, t h e r e   e x i s t s   T ( E )  
s u c h   t h a t ,   f o r  a1 1 t > T 

where 

T: = % p i p i   ( t )  1 .  
i ,t 

LEMMA 3 :  I f  

t h e n   t h e r e  ex 
B ( q - l ,   t )   s u c h  

i s t  t i m e - v a r y i n g   p o l y n o m i a l s   a ( q   , t )   a n d  
- 1  

t h a t  

[ c Y ( q - l , t ) % - l , t ) l  + [ B ( q - l , t  

a n d   t h e   c o e f f i c i e n t s   o f   a ( q  , t  
bounded. 

- 1  

B U h  1 1  = 1 
- 1  

a n d   B ( q - ’ , t )   a r e  

P r o o f :   T h e   h y p o t h e s i s   o n   S ( q   , t )   i m p l i e s   t h a t  

g ( q - ’ , t )   a n d  B ( q  ) a r e   r e l a t i v e l y   p r i m e   f o r   a n y  t .  
E x i s t e n c e   o f   u Y q - ’ , t )   a n d   B ( q - l , t )   f o l l o w s  from t h e  
B e z o u t   i d e n t i t y ;   m o r e o v e r ,   t h e   B e z o u t i a n   o f   S ( q - l , t )  
and   BU(q - l )  i s  ( s e e   K a i l a t h ,   E x .  1 .4 -17 ,  p. 159,  [ 9 1 )  

.. - 1  
- 

- 1  

w h i c h   i s   u n i f o r m l y   b o u n d e d   f r o m  be1oi.r by E . T h i s  
imp1 i e s   t h e   b o u n d e d n e s s   o f   t h e   c o e f f i c i e n t s   o f   a ( q - ’ , t )  
and B ( 4 - l  , t )  . 

d 

B e f o r e   p r o c e e d i n g   f u r t h e r ,   l e t   u s   n o t e   t h a t   t h e r e  
i s  no f i n i t e  escape   t ime ,   s ince   t he   mapp ing   f rom t t o  
t+l h a s   n o   s i n g u l a r i t y .   I n   p a r t i c u l a r ,   t h e   p r o j e c t i o n  
o p e r a t i o n   i n   t h e   c o n t r o l   a l g o r i t h m   i m p l i e s   t h a t   n o  
d i v i s i o n  by   zero  will o c c u r .   T h e   p r o o f   o f   t h e   t h e o r e m  
w i i l  now be   done   us ing   t he   sma l l   ga in   t heo rem:  

F o r w a r d   P a t h :   u ( t ) + y ( t ) :  

L e t   r , ( t )  be d e f i n e d  by 

r , ( t )   = C ( q - ’ ) y ( t )  - W T W  

= C ( q - l ) y ( t )  - i ( t )  B U ( 4   ) ? ( t ) .  
T - 1  

(16) 

A d d i n g   a n d   s u b t r a c t i n g   B u ( q - ’ ) r ( t )   t o  (16) a n d   u s i n g  
t h e   d e f i n i t i o n   o f   t h e   c o n t r o l   l a w   ( 1 3 )   y i e l d s  

We r e m a r k   t h a t   n ( t )   i s   g i v e n  by Lemma 1 a n d   t h a t ,  
w i t h  Lemma 1 ,  we c a n   a p p l y  Lemma 2 t o   t h e   l a s t   t e r m   o f  
( 1 7 ) .   H e n c e ,   s i n c e   t h e r e   i s   n o   f i n i t e   e s c a p e   t i m e   f o r  
any E ,  t h e r e   e x i s t s  T,(E) s u c h   t h a t  

, n ( t ) l  < E f o r  a11 t > T o  ( 1 8 )  

and 

f o r  some c o n s t a n t s  K2 and K ( E ) .  3 
- 1   - 1  - 1  - 1  

T h e   e x p o n e n t i a l   s t a b i l i t y   o f   C ( q  ) and  T(q  ) 
t h e n  imp1 i e s   t h a t  

f o r  some c o n s t a n t s  K4, KS,  and   K6 (€ ) .   Hence  we have 
o b t a  i ned 

f o r  some K ( E ) .  

F e e d b a c k   p a t h :   y ( t )   + u ( t ) :  

- 1  - 1  

7 

L e t   a ( q   , t )   a n d  81’9 , t )  b e   t i m e   v a r y i n g   p o l y -  
n o m i a l s .  Ap l y i n g   3 ( q -  , t )  t o  ( 1 )  a n d   a p p l y i n g  
a ( q - ’ , t ) B ( q - ’ ) T ( q - l )   t o  ( 1 3 )  r e s u l t   i n   t h e   f o l l o w i n g  
t w o   e q u a t i o n s :  

[ 3 ( q - ’ , t ) A ( q - l ) ] y ( t )  = [B(q-l,t)B(q-l)Bu(q-’)]u(t) ( 2 2 )  

[ a ( q - ’ , t ) B ( q - ’ ) T ( q - ’ ) I r ( t )  = [ a ( q   , t ) B ( q - ’ ) T ( q - l ) ] .  
- 1  

f l ( t ) T + ( t ) .   ( 2 3 )  

L e t   6 ( q  , t )  and i ( q  , t )  b e   d e f i n e d   a s   t h o s e  
- 1   - 1  

p o l y n o m i a l s   w h o s e   r e s p e c t i v e   c o e f f i c i e n t s   a r e   t h o s e  
c o e f f i c i e n t s   i n   6 ( t ) .   E q u a t i o n  ( 2 3 )  may b e   r e w r i t t e n  
as 

[a(s-’,t)B(q-’)T(s-’)Ir(t)= [ a ( q   , t ) B ( q - l ) l [ $ ( q - l , t ) .  
- 1  

u ( t )  +~(4-1,t)Y(t-l)l+[a(q-1,t)B(q-1)l. 

I T ( q - 1 ) [ 6 ( t ) T $ ( t ) l  - i ( t ) T I T ( q - l ) $ ( t ) l l .  ( 2 4 )  

Now, i f  a ( q   , t ) ,   B ( q   , t )   a r e   a s   g i v e n   b y  Lemma 
- 1  - 1  

3 ,  summing r e s p e c t i v e   s i d e s  o f  (22) and (24 )  y i e l d s   t h e  
equal  i t y  

B ( q - l ) u ( t )  = [ a ( q   , t ) B ( q - l ) T ( q - l ) l r ( t )  
- 1  

+ [B(q-l,t)A(q-l)l~(t)-[a(q-~,t)B(q-’)l. 

[ i & - l , t ) Y ( t - l ) l  
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From Lemmas 1,   2 ,  3 a n d   s i n c e   t h e r e   i s   n o   f i n i t e  
e s c a p e   t i n e ,   t h e r e   e x i s t s   T 1 l , E )   s u c h   t h a t  

f o r  some c o n s t a n t  K ( E )  

C l o s i n g   t n e   l o o p :  

15 

The  boundedness o f   u ( t )  and y ( t )   f o l l o w s   f r o m  
a p p l i c a t i o n   o f   t h e   S m a l l   G a i n  Theorem t o   ( 2 1 )   a n d   ( 2 8 ) ,  
w i t n  a c h o i c e   o f  E s u c h   t h a t  

EK, K. - 

We may  now c o n c l u d e   f r o m   ( 1 7 )   t h a t  

lim [ c ( q   ) y ( t )  - ~ ~ ( q  ) r ( t ) ]  = 0. 
- 1   - 1  

t" 

Conc lus ion  

I n   t h i s   p a p e r ,  we have   p resen ted  a d i s c r e t e - t i m e  
m o d e l   r e f e r e n c e   a d a p t i v e   c o n t r o l l e r   f o r  a d i s c r e t e   t i m e  
s y s t e m   w i t h   k n o w n   u n s t a b l e   z e r o s .   C o n v e r g e n c e   t o   z e r o  
o f   t h e   t r a c k i n g   e r r o r   h a s  b e e n   e s t a b l i s h e d   u n d e r   t h e  
a s s u m p t i o n   o f  known o r d e r .   T h i s   r e s e a r c h  was m o t i v a t e d  
by t h e   p r o b l e m   o f   c o n t r o l l i r , g  a minimum  phase 
c o n t i n u o u s - t i n e   p l a n t   w i t h   L e r y   f a s t   s a m p l i n g .   I n   t h i s  
case,   the   sampled   sys tem  has   uns tab le   zeros .   The 
k n o w l e d g e   o f   o n l y   t h e   r e l a t i v e   d e g r e e   o f   t h e   c o n t i n u o u s -  
t i m e   p l a n t   i s   s u f f i c i e n t   f o r   o b t a i n i n g   a p p r o x i m a t i o n s  
o f  t h e s e   z e r o s .   T h e   s u b j e c t s   o f   f u t u r e   w o r k  w i l l  be 
t o   s t u d y   t h e   r o b u s t n e s s   o f   o u r  scheme w i t h   r e s p e c t   t o  
s n a l l   p e r t u r b a t i o n s   o f   t h e   u n s t a b i e   z e r o s ,   a n d   t o   r e l a x  
t h e   a s s u n p t i o n   o f  k n o w n   o r d e r   o f   t h e   p l a n t .  
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