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ABSTRACT

The study of robust adaptive controllers has led
us to introduce a new modified least squares algorithm.
It incorporates a normalization signal, a covariance
matrix regularization, and a parameter projection. In
this paper we investigate properties of minimum vari-
ance controllers using this parameter adaptation.
First, we show that for any mean square bounded driving
noise, the input output signals are mean square
bounded. Secondly, if the noise is a moving average
and its noise model parameters satisfy a very strict
passivity condition, then the controller is asympto-
tically optimal. The price paid to remove the passi-
vity condition, in the first part, is the a priori
knowledge of a compact set containing a stabilizing
reguiator and the sign and a lower bound on its leading
coefficient.

1. INTRODUCTION

Research about the behavior of adaptive systems in
the presence of output disturbance has led to two types
of results.

In [6], Egardt studies the case of uniformly
bounded disturbance with no assumption about its sta-
tionarity and autocorrelation. First, he shows that
instability can occur due to escape of the adapted
parameters. Second, he establishes that {if the
adapted parameters are bounded then the input-output
signals are also bounded. This justifies introduction,
in the adaptation law, of mechanisms to keep bounded
parameters: dead zone when an upper bound of the dis-
turbance is known, projection of the parameters into a
compact set when upper bounds of stabilizing parameters
are known.

In {1], the case of mean square bounded distur-
bance is treated. This type of disturbance leads to
use vanishing adaptation gain. This is obtained by
normalizing the input-output signals and the error
signal used in the adaptation law by the &y-norm of the
input-output signals. An assumption about the auto-
correlation and the stationarity of the disturbance is
introduced in a stochastic framework: the disturbance
is considered as a moving average process, the auto-
correlation condition is expressed in terms of a very
strictly passive operator. With this assumption two
types of results are obtained: the escape of adapted
parameters does not occur, the minimum variance objec-
tive is achieved. Neverthe]ess, the very strict passi-
vity condition is usually considered as restrictive.
Several propositions have been made to remove this con-
dition (such as filtering the error signal [91). They
generally lead to loss of the optimality property in the
ideal case (i.e., the VSP condition is satisfied).
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Notation:
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In this paper we will show that the analysis of
[61 can be extended to the mean square bounded dis-
turbance case. We use an adaptation law incorporating
both normalization and projection. Following [6], this
projection allows us to remove the autocorrelation-
stationarity assumption in the proof of mean square
boundedness of the signals. Moreover, in the ideal
case, we prove that our algorithm achieves the minimum
variance objective. To be complete, let us mention
that this adaptive controller can be proved robust to
a wide class of unmodeled effects (see [31]).

To summarize, this paper has three objectives:

1. To extend the result of Egardt to the mean square
bounded disturbance case.

2. To prove the optimality of a robust adaptive
controller.

3. To provide a theorem, to be used in place of the
stochastic key technical lemma of [1l. In partic-
ular, it can be used in the proof of the robust-
ness of stochastic adaptive controllers [5].

In Section 2, we state the problem. In Section 3,
we present our algorithm and establish one of its key
properties. In Section 4, we prove the mean square
boundedness using the thecrem mentioned above. In
Section 5, we study the optimality. In Section 6, we
give our conclusion.

In the following the superscript - means

random varjable. This notation will be used only when
confusion is possible.

2. PROBLEM STATEMENT

Consider the adaptive control of a linear time
invariant finite dimensional single-input, single-
output plant having autoregressive representation of
the form

Al )y(t) = q7%(q

where y(t), u(t), x(t) denote th? Output input, and
disturbance, respectively. = z are scalar
polynomials in the unit deTay operator q-
-n
Ag™h) = 1+a1q'1+---+a q

Yure) + x(t) (2.1)

(2.2)

B(g™) = by +bq e vb g B, (2.3)

q'd represents a pure time delay. The sequence x{t)
will be taken to be a stochastic process defined on a
probability space (2,F,P) such that

(2.4)
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Classical analysis of stochastic recursion schemes
(such as those of [1]), consider x(t) as a moving
average of a martingale difference seguence w(t).

This case will be considered in Section 5. For the
time being, no assumption about the stationarity and
autocorrelation of x(t) is needed.

Our objective is to find a control law which sta-
bilizes the system and aims to asymptotically minimize
the variance of y(t)-y"(t), where yT(t) is a bounded
deterministic desired output seguence.

If the polynomials A(q™1), B(q~1) were known and
if x(t) were a finite moving average process, it is
well-known [2] that our objective would be achieved
using a linear time invariant control law of the type

sta™hyu(t) +R(a7Hy(t) = c(g )y (t+a)

where S{q °1), R(q'l) C(q'l) are polynomials in q-l
with degree Ngs Moy Nes respectively, and C(q™*) is
monic. In the fo%]ow1ng we will denote ¢ the vector in
R" (n=ngtngtnc+2) of their coefficients

(2.5)

(2.6)
The following assumpticns will be made about the

system (2.1):

Al. The delay d is known.

a2. 8(qh)
disk.

has all its zeros inside the open unit

A3. Integers ng, np
(unknown) polynomials S,(

B(q7) = S.(qH)A(a Yy +q7¢

are known sTch that there exist
*(q‘l) satisfying

+q %R, 7HB(g7). (2.7)

In the following, s, wil]l be the vector obtained from
Se(a71), Re(q71), Cylq 1) =1. We also define Q.(q-1)
as the following polynomial (see (2.7))

Qula™) = S.(a7)/Bla™). (2.8)
Ad. A vector ¢ in R" and a scalar K are known such
that
(5¢-34) (5g-84) < (2.9)
A5. A scalar ¢ is known such that
SO* z 5, {2.10)

where s, is the first component of ¢,, i.e., the
leading Boefficient of S,(q-1).

Comment: Assumption A2 1is necessary because our
control objective considers the minimization of a cost
function only involving y(t), not u(t).

Assumption A3 is satisfied if an upper bound of
the order of the plant is known.

Assumption A4 means that the stabilizing con-
troller defined by A3 has finite gains and an upper
bound (may be large) is known.

Assumption A5 is more restrictive. It refers to
the usual assumption about the sign of the leading
coefficient of the plant. It allows bypassing the
problem of singuiarity in the transformation:
adapted parameters — controller parameters.

3. AN ADAPTIVE CONTROLLER

In order to achieve our control objective we will
consider an adaptive minimum variance controller based
on a least squares estimation incorporating parameter
projection, covariance matrix regularization, and
signal normalization.

As usual, Tet £(t), «(t) be the following vectors
in RD
e{t)= (s (t) voes, () ro(t) . or (t)
S R
T
eyl (9)) (3.1)

u(t-ns)y(t)...
J(ted-nc))T, (3.2)
with y(t) as (a posteriori predicted output)

glt) = &' (t)]

The algorithm is:

s(t-d). (3.3)
a priori prediction error
e(t) = y(t) - s(t-d) +(t-q) (3.4)

usual update:

g(t) = 1/1+3(t-4)TF(t-d)3(t-0) (3.5)

§'(t) = e(t-d) +g(t)F(t-d)3(t-d)e(t) (3.6)

FP(t) = F(t-d) - g(t)F(t-d)3(t-d)3(t-d) F(t-¢) (3.7)
matrix regularization:

F(t) = (T-2 /a)F (R) + 0 I, O<n <y (3.8)

leading coefficient regularization:

g"(t) = 5'(t) +Max(0, 5o-So(t))F ((X)/F (t).  (3.9)

projection into the sphere 5o Kvxl/ao

s(t) = s+ (5 (£)-e IMiIn(1,K3 5 /e (t)-2 1) (3.10)

control law
M T
y (t+d) = s(t) 5(t) (3.11)
where F 1(t) is the first column of F(t), Fi{(t) is
the first component of F_(t}; <(t-d), &(t) are nor-
malized signals as defined below. In the following,
we call adaptation law equations (3.5) to (3.10).

The properties of this adaptive controller are
discussed in [3}. Let us mention here the presence of
d distinct interleaved algorithms since £(t) is updated
in terms of s(t-d). Though mean square boundedness can
be proven without this multiple recursion, this will
highly simplify the notations. Moreover, we will need
it in the study of optimality in Section 5.

Normalization Procedure: Before entering the adapta-

tion law, the signals are normalized as follows: let
c{t) be the output of a first order filter with
s(t-d)Te(t-d) as input or more precisely,

2

c(t) = po(t-1) +max{la(t-d)I%,s), o >0. (3.12)

A sequence v(t) is normalized as
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V(t) = o(t) 3v(t). (3.13)

In the following, we denote (.) the normalized signals.

Usually u is chosen smaller than 1 (see [31).
However, here, the presence of only mean square
bounded disturbances leads to take p=1. As a conse~
guence the adaptation gain decreases to zero. This
also allows us to solve the minimization problem of the
control objective.

The interest of the modifications we have intro-
duced in our algorithm is demonstrated by the following
property.

Property of the Adaptation Law: Let & be the inter-
section of the closed sphere with center 6. and radius
K and the closed half space s_>o0.. Let & be any
vector in ¢. Depending on &, we “define wy(t) as the
"fixed prediction" error given by this parameter vector
(note that o(t) is built from a(t) and not 8. There-
fore we(t) is not exactly a prediction error);

T

we(t) = y(t) - e'¢(t-d). (3.14)
Note that (with (2.1),(2.7),(2.8)):
8% 0y =ru (t) = 0l (1), (3.15)
We have
Property 3: Whatever 5(t) may be, the adaptation law
Teads to the following inequality:
V(1) s v (t-d) + 5 (6)7 - g(1)E (1) (3.15)
with
V() = (e(t)-8) TF(t) L(a(t)-2). (3.16)

Proof: See [41, for example.

This property allows us to relate the mean square
(adaptive) a priori error to the minimum mean square
(fixed) "prediction® error.

Theorem 3: There exists a positive constant V such
that for any (gq,k)EN
atk o 2 atk 2
T oe(t) < V+—(l+x1)M1n( T (1)), (3.17)
t=qg+l cep t= q+l “6
Proof: Straightforward from Property 3. Noting that

Va(ti is uniformly bounded independently of €9 and
that g(t) 51/(1+x1).

Comment: From a technical point of view this theorem
shows that the adapta§1on law may be considered as an
operator: of for which (3.17) provides a
bound on the average va]ue of its instantaneous gain
8(t)2. This property will be used in the next section
to establish mean square boundedness by a small gain
theorem.

From a practical point of view this theorem seems
to indicate that the minimization involved in our
control objective could be realized. However, w.(t)
is not truly a prediction error. In Section 5 wé will
need to introduce assumptions about the autocorrelation
and stationarity of x(t) in order to complete the proof
of optimality.

4. MEAN SQUARES BOUNDEDNESS ANALYSIS

Using the adaptive controller (3.2)-(3.11) for the
plant described by (2.1), we can write the signals

included in ¢(t) in terms of e(t), x(t), y"(t) only

y(t) = ¥y (t) +e(t) (4.1)
§t) = ¥+ (2" ()2 (t-d)) Ta(t-a) (4.2)

= y"(t) + g(t)3(t-d)F(t-d)3(t-d)e(t) (4.3)
B(a H)u(t-d) = Alg™Hy™(t) + Ala He(t) - x(t). (4.4)

Let o' (t) i

in R be equal to ¢(t) without its com-
ponent u(t):

ST () = (u(t-1) ... u(t-ng)y(t) ...

ylt+d-1) ...

y(t-np)

§(rrden )T (4.5)

We have the following property.

Lemma 4.1: Provided assumption A2 holds, there exists
a finite positive constant i such that

T rT T-1 ?

2
Zebtedte-d € 11 L 5, )

re()2+x(t)d).  (4.5)

Proof: It follows the line of the proof of Lemma 11.3.1
of [1], noticing that

g(t)e(t-d)F(t-d)3(t-d) < (4.7)

l+k1'

Now if we write the control law (3.11) explicitly in
terms of u(t) with e"(t) defined as ¢'(t), we have

u(t) = (e (2) + Y (trd) ) /s (1),

But since s {t)>o_, we have established the following
theorem re91ew de¥inition (3. 12) of o(t)).

(4.8)

Theorem 4: There exists a constant vy such that
T 1
Tose(T) s v LW M) 2 re(t)2+x(8)?).  (4.9)

With Theorems 3 and 4, we are now in position
to establish the mean square boundedness of the signals.
Following the discussion of the previous section, we
consider the boundedness problem as shown in Fig. 1.
The property of the operator H: e(t) +o(t) is g1ven by
inequality (4.9). It is strictly causal with 2 -gain
YT at time T. In order to use a small gain thedrem we
need the instantaneous gain e(t) to tend to zero. In
fact we have:

Lemma 4.2: Provided x(t) is almost surely mean square
bounded (assumption (2.4)), there exists positive
random variables almost surely finite L,o such that:
For any >0, if

t/o(t) < & Ytel[q+l,q+k], q=1 (4.10)
then
gtk _ 2~ .
7z .e(t)” s L+ ewlog{g+k/qg). (4.11)
t=q+l
Proof: Let us take a=¢, in Theorem 3. We have
+k _ q+k
T )< v+ (142 2 (4.12)

by t
t=g+l 1)t q+1 oy

But since x(t) is a.s. mean square bounded and Q*(q'l)
is a polynomial, there exists an a.s. finite random
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variable o such that

(4.13)

The conclusion follows from Lemma A.1l in the Appendix,
noticing with (4.10) that

/t, (4.14)

This lemma shows that the mean square value of
the instantaneous gain e(t) on any time interval
tends to zero as the length of this interval tends to
infinity. This property is sufficient to prove our
main theorem.

Main Thecrem: Subject to assumptions Al to A5, the
adaptive controller (3.2)-{3.11) in closed loop with
the system (2.1) with assumption (2.4) leads to mean
square bounded signals in the following sense:

Sup 1 ; y(t)2 < t= a.s (4.15)
7 Tt=1
Sup 1 g u(t)2 <+ a.s (4.16)
T T t=1
Proof: Let ¢, = be random variables such that
e =l=-vEq (4.17)
0<acx<l a.s. (4.18)

Let us consider a time interval (To’Tl] such that

VtE(TO,Tl]:t/:(t) <<, T /e(ty) > ¢ (4.19)

T; may be infinite. Outside such types of intervals
(i.lS),(4.16) are satisfied.

Since x(t) is a.s. mean square bounded and y(t)
is bounded, there exists an a.s. finite random
variable Ml such that (from Theorem 4)

A1) € T+ (o). (4.20)
t= l
From the definition of 5,, it follows that
e(t) = (5,-5(t-d)) a(t-d) + s (8 (e21)
Since 5{t) is uniformly bounded and «. (t) is a.s. mean

square bounded, there exist a constant® Mo and an a.s.
random variable M3 such that

To 2 -
t£1e<t) < MZQ(TO)+-M3TO. (4.22)
This yields with M4 =M1+M3
~ T-1 _ 2
S(T) s M T+ My (T )+ tT+1<>;<> (4.23)
Let us now use the Bellman-Gronwell lemma
3 - N 2
s(t)5M4T+Mzﬁ(To)t=To+l(l+Ye(t) )
i 0w T aeand). (6.24)
+ 7 z e 1 ve(i . .
4 =T 41 i=t+l

Since l+x <expx, we have, using Lemma 4.2:

Q+k 1+ e<t)2) ) (9+_k)1-:§

- q+1 3 exp vL. (4.25)
It follows that, with M5 an a.s. finite random
variable
i R 1-3 T-1 i
(1) sALT+o (T )T T T (.
5 o T, £=Tg+1
0 (4.26)
Now using property 3 with ¢=35,, we have
T-1 G-, T-1 3 - 2
It oe(t) s ({Ll+x ot (V(t-d)-V(t)+u,. (t
ot EETs ) o S e, (0T
0
(4.27)

with V(t) a uniformly bounded sequence. Then from (4.14),
Lemmas A.1, A.2 of the Appendix, we know that there
exists an a.s. finite random varijable M6 such that

T-1 & 2

. T ot S(t)° < M6(T-l)a. (4.28)
Hence N
(T ~ :(TO) T o3 N
T < M5(1 + To (T:TJ + M6). (4,29)

The definitions of T, &, ¢ lead to the conclusion

o{T)/T < M 1+;+M6). (4.30)

5(

5. ASYMPTOTIC OPTIMALITY

In order to study optimality of our adaptive
scheme, let us be more specific about the type of
allowed disturbances.

A6. We assume that there exists an exponentially stable
monic polynomial C+(q'1) with degree < Ne such that

x(t) = C,(a Hwlt)

where w(t) is a stochastic process adapted to the

sequence of increasing sub-sigma algebras of F
tEN) generated by the observations up to and

1nE1ud1ng time t. Moreover, we assume that

(5.1)

E(w(t)F ‘- l) =0 a.s. (5.2)

E(w(t )Z‘Ft o= a.s. (5.3)
Ll <

S$p 7 t:lw(t) a.s (5.4)

From (5.1),(5.4) it follows that (2.4) is satis-
fied. Hence, from our main theorem, the signals are
mean square bounded.

Following [1], for example, we know that_ the mini-
mum variance (which could be achieved if A(g~1), B(q-1)
C+(q‘1) were known) can.be computed as follows: let
si(a71), Re(q71), Q,(q7") (with degree d-1) be the
unique solution of

3

¢,(a™HBlg™h Ha a7 R, (qHsteh) (5.5)

o, (07 = 5,0 hslah. (5.6)

We denote s, the vector obtained from S,(q” l)
C+(q'1) as in (2.6) and we(t) the following si

L (t) = g (a7 hw(e).

= 5.(q
-1

JACISE

(5.7)
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The minimum variance is then the variance of w (t)

2 _ . 2 2412
vO o= E(e (trd)7F) = (Eo%sy (5.8)
We have the following theorem
Theorem 5: Subject to assumptions Al to A6, if
(1/¢, C.(g T1Y - 3) is very strictly passive and if g, satis-
f1es
g, €6. (5.9)

then the controller (3.2)-(3.11) in closed loop with
the system (2.1) leads to mean square bounded signals
and

2

= v a.s. (5.10)

i.e., the conditional tracking error variance is
asymptotically optimal.

Proof: Following [1], and with the help of Theorem 4,
it is sufficient to prove that

(5.11)

Since then the stochastic key technical Lemma 8.5.3 of
[1] can be used.

In order to establish (5.11) let us introduce the
following notations

b(t) = (s,-8'(t))Te(t-0) (5.12)
n(t) = y(t) - y(t) (5.13)
From (3.3), (3.5), (3.6), (3.14) we have
n(t) = g(t)e(t) (5.14)
s, (8) = a{E) = b(t) (5.15)
Now since & €&, we can use property 3 (with the help
f (3.5)) & write
v, (t) s ¥, (t-d) +B(t)? - 27(2)B(t)
+ +
-3 (e-d) TR (t-d) 3 (t-d)7 (1) 2. (5.16)

Then the proof follows exactly the 1ines of [7] and
[8]. Moreover, the difficulty in the proof of [8] (see
Ex. 11.13 of [1]) does not exist in our case since we
know that Vg (t) is uniformly bounded and that the
S.

signals are *a.s. mean square bounded.

6. CONCLUSION

We have investigated properties of a minimum
variance controller for which the adaptation law incor-
porates a signal normalization, a covariance matrix
regularization, and a parameter projection. OQOur
assumptions are: the plant is minimum phase, an upper
bound of its order and its delay are known, and we
know a compact set containing a stabilizing reguiator
and the sign and a lower bound of its leading coef-
ficient. We have established that even in the presence
of mean square bounded disturbance, the input-output
sugna]s are mean square bounded. Moreover, if the
noise is a finite moving average process such that its
coloring filter satisfies a very strict passivity con-
dition, then our controller {s asymptotically optimal.
In the derivation of our results, we have proved the
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Lemma A.l:

following Temma (compare with Lemma 8.5.3 of [1]).

Lemma 6: Let o(t), e(t), w(t) be sequences such that
o{T) ¢ K T-+Tzle(t)2
t=1
e(t)® ~ u(t)® 5 (V(t-1))-V(t))e(t)
%-tglu(t)z < KZ'

If V(t) a uniformly bounded sequence, then o(T)/T is
uniformly bounded. This lemma seems to be a key

technical lemma in the study of stochastic adaptive
controllers in nonideal cases (see [5] for example).
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APPENDIX

Let v(t) be a sequence of positive real
numbers such that

T
Lot g (A.1)
T t=1

Then for any q>1, k>0, we have:

. q+k v(t } gtk

i) fome1 1 V(1+Tog =7) (A.2)

+k -
i) J—z-iwk)ld Oca<l. (A.3)

t= q+1 ta 1-
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Proof: Let s{t) be defined as the sum
1 T
s{T) == £ v(t) (A.4)
T t=1
we have
vi{t) = ts(t} - (t-1)s{t-1). (A.5)
Hence
Gtk y(t) 9tk s(t-1
i z = +k) - + L A.6
i) el T s(g+k) - s(q) M (A.6)
q+k gtk
svie o H sl 2 A
t=q+1 q
gtk - -
i) ¢ ¥1§l < (g+k) s (a+k) - a* s (q)
t=g+l t*
+K
s T ey Lyseen). (ae)
t=q+l (t_l)(k td
But from the mean value theorem and the mono-
tonicity of t2=1 we have
£2 - (4-h)% < ah(t-n)®L, nso0 (A.9)
This yields
(t-h)((£=n)"% = t™%) ¢ ah £7%, (A.10)

The conclusion follows taking the continuous
summation.

Lemma A.2: Let v{t) be a sequence of positive real
numbers bounded by V. For any a, O0<ac<1, there exists

a constant C such that: V{q,k)
q+k a4 [0}
z ~d)- < + . A.ll
MR UCORONERICLY (A.11)

Proof: (In the case d=1 to simplify notations.) We
have

QEK .
t=g+l

(v{t-1)-v(t)) = -{a+k) v(atk)

+q%v(q) + 9« ((t+1)%-t%)v(t).

+
z (A.12)
t=g+l

Then the conclusion follows with the same arguments as
thase of the proof of Lemma A.l.

O

-~
(2

NOS

et

}2

Figure 1
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