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a  b  s  t  r  a  c  t

This paper  proposes  a control  strategy  for an automotive  selective  catalytic  reduction  (SCR)  system  using
a NOx sensor  in  a feedback  loop.  As  is  representative  of  real  world  applications,  the  employed  NOx sensor
is cross-sensitive  to NH3, which  induces  several  complexities.  In  particular  the  ambiguity  of the  mea-
surements  could  be  detrimental  to  the  closed  loop  response,  as  it generates  multiple  equilibrium  points
(artefacts),  besides  the  point  of  practical  interest.  A study  of  the  closed-loop  dynamics  is  performed  in
eywords:
utomotive emissions
iesel engine
Ox sensor
elective catalyticreduction

the  vicinity  of  each  point,  which  shows  that the  closed  loop  system  naturally  converges  to the  point  of
interest  not  to  the  artefacts.  Experimental  results  obtained  after  a detailed  calibration  method  illustrate
the  relevance  and  performance  of the  proposed  approach.

© 2013  Elsevier  Ltd.  All rights  reserved.
ross-sensitivity

. Introduction

Numerous recent technological developments have yielded
ubstantial improvements in terms of NOx emissions for diesel
ngines. These efforts have been so successful that today, reducing
Ox emissions further requires dedicated aftertreatment devices.

n theory, among the variety of encountered technologies envi-
ioned for this task (including lean NOx trap, e.g.), selective catalytic
eduction (SCR) is one of the most appealing approach. Unfor-
unately, the (very) limited measurement possibilities and the
omplexity of the involved physico-chemical phenomena (reac-
ions and adsorption/desorption effects) are issues making the
ontrol of SCR quite challenging. This paper proposes to study the
ontrol of such systems, furthering preliminary works appearing in
1].

The SCR systems considered in this paper uses ammonia (NH3)
s the reducing agent to convert NOx inside a dedicated catalyst. In
ractice, NH3 is generated by the decomposition of an urea solu-

ion. On the one hand, over-dosing of urea can induce undesired
elease of NH3 to the atmosphere (referred to as NH3-slip) and gen-
rate extra-costs for the user. Further, tailpipe NH3 emissions create
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unpleasant odors and well-known human health risks. On the other
hand, under-dosing results in insufficient NOx reduction, and possi-
ble failure to meet emissions standards. To accurately balance the
dosing, control strategies can be used to manage the injection of
NH3.

Recently, several SCR control strategies have been proposed, e.g.,
[2–5], where it has been proposed to control the amount of NH3
stored in the catalyst (called NH3 coverage (ratio) in this paper).
For the purpose of applying such methodologies, an NH3 cover-
age (ratio) observer based on NOx sensors measurements must be
developed. A particular difficulty is that available embedded NOx

sensors are cross-sensitive to NH3 [6]. This becomes critical when
NH3-slip is present downstream of the SCR catalyst. Interestingly,
the after effects of their use in feedback control strategies have not
been much discussed so far. In this paper, this topic is addressed.
In the case of a standard observer-controller scheme, the use of
the NOx sensor signal induces problems of observability. Due  to
the ambiguity between two possible observed states for a given
measurement, the observer may  become unstable and the after
effects on the stability of the closed loop system are unknown.
For these reasons, it can be decided to bypass this problem and
to consider a way to resolve the ambiguity. The strategy proposed
in this paper uses the NOx sensor measurement to estimate the
NH3 coverage ratio by an output injection state observer. The esti-

mate of the coverage ratio is dynamically forced by the controller
to track a setpoint tailored according to current operating condi-
tions. The considered observer-controller consists in a closed loop
dynamics coupled to an algebraic equation (defining the stabilizing
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tal setup. Depicted sensors and actuator are used by the control strategy.
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Fig. 1. Exhaust aftertreatment system of the considered experimen

ontroller). Due to the cross-sensitivity of the sensor, this algo-
ithm has several equilibrium points. The list contains the point
f practical interest (providing the desired depollution effects) and
thers. These artefacts could be very troublesome. Study of their
tability reveals that the artefacts are either unstable or ambiguity-
ree. Therefore, the considered control strategy can be tuned to
uarantee asymptotic convergence toward the point of practical
nterest. This is achieved thanks to an additional control mecha-
ism introduced to prevent large NH3-slip. This paper extends the
ork previously presented in [1] by explaining in more details the

nalysis of the closed loop stability. In addition, new experimental
esults are presented and show the robustness of this strategy.

This paper is organized as follows. First, the SCR operation prin-
iple and the related control problem are presented. Then, the
ystem and the sensor models are given, along with a control prob-
em reformulation. Subsequently, a control strategy is proposed.
he dynamics of the closed-loop system are studied, which leads
o a simple calibration rule. Finally, representative experimental
esults are presented and report the performances of the consid-
red strategy.

. SCR system description

.1. Experimental setup

Fig. 1 illustrates the experimental setup under consideration in
his study. The tested exhaust line is composed of a diesel oxidation
atalyst (DOC), a SCR catalyst (in this study two different catalysts
re used: a Fe-ZSM-5 zeolite and a Cu-ZSM-5 zeolite), and a diesel
articulate filter (DPF). A dedicated injection system allows the con-
rol of the flow of aqueous urea (AdBlue®). An estimation of the
xhaust gas flow rate, the measurements of the inlet temperature
ensor and of the two NOx sensors are available in the control unit,
s is pictured in Fig. 1. Moreover, testbench temperatures along the
xhaust line, as well as two gas analyzers are available for analysis
urposes: a 5-gas analyzer is located upstream of the catalyst and

 FTIR analyzer (Fourier Transform InfraRed spectroscopy) down-
tream of the catalyst.

.2. SCR catalyst

The SCR catalyst can be viewed as a tubular reactor fed by the
xhaust gases coming from the diesel engine. This reactor consists
f numerous thin channels which allow the maximization of the
ransfers to the catalytic surface. Aqueous urea is injected at the
eactor inlet. Urea is transformed into NH3, which is stored (through
n adsorption/desorption process) on the active phase of the cata-
yst [7,8]. The stored NH3 catalytically reacts with NOx. From this

escription, it appears that the NH3 storage is the key parameter to
ontrol NOx reduction efficiency. The interested reader can refer to
9] for further details. The main chemical reactions are described
elow.
Fig. 2. Outlet NOx sensor response to increasing NH3 injection at the inlet of the
catalyst (steady state). The temperature, the gas flow rate and the NOx inlet concen-
tration are respectively set to 300 ◦C, 100 kg/h and 200 mol  ppm.

2.2.1. NH3 adsorption/desorption
As discussed earlier, the NH3 in gas phase is adsorbed on the

SCR active surface. The adsorbed NH3 can be desorbed from the
substrate. It is represented by the surface coverage ratio, which
is the ratio between the number of occupied catalytic sites and
the total number of catalytic sites. Adsorption and desorption are
complex phenomena that require tedious modeling and calibration
efforts. For the most part, they are out of the current scope of our
studies.

The direct oxidation of adsorbed NH3 by oxygen is not presented
because it has no impact on the closed-loop analysis. However,
adaptation is straightforward.

2.2.2. NOx reduction
The adsorbed NH3 reacts with NOx (and possibly oxygen from

the exhaust gas) to produce nitrogen and water [10,11]. In this
study, NO and NO2 are lumped into the total amount of NOx.

2.2.3. Operating conditions
The system is operated in highly transient conditions. Variations

of the exhaust gas flow, the temperature, and the amount of NOx,
respectively, range from 25 to 250 kg/h, 100 to 400 ◦C, and 10 to
350 mol  ppm.

2.3. NOx sensors and system open loop steady state behavior

The description of the system open loop (stable) static response
helps to understand the control issue. In Fig. 2, the steady state
values of z1 (outlet NOx) and z2 (outlet NH3) are represented as a
function of u (inlet NH3 injection), and are compared against the
outlet measurement y. It is shown that while u is increased, z1
decreases (NOx are reduced) and z2 increases (NH3-slip increases).
The measurement y delivered by the NOx sensor located down-

stream of the catalyst is (with a good level of accuracy) a linear
combination of z1 (NOx) and z2 (NH3) (see [6] for details on the
operation principle). As a result, y is non-monotonic: it is close
to z1 when z2 is small, but largely corrupted when z2 becomes
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ignificant (i.e. NH3-slip becomes overwhelming). One can easily
ppreciate that this behavior can reveal troublesome for feedback
ontrol purposes.

As a remark, one shall notice that the inlet NOx sensor mea-
urement is not polluted by NH3 since it is located upstream of the
njector.

.4. Problem formulation

A control problem of interest for the SCR system consists of man-
ging the injection of the urea solution in order to maximize the
Ox conversion while maintaining release of NH3 within accept-
ble levels (peaks limited to 30 mol  ppm, average value less than
0 mol  ppm). The system evolves in an environment where the
emperature, the gas flow and the amount of NOx are variable and

easured. To achieve the formulated objectives, closed-loop con-
rol based on NOx sensor feedback can be employed. However, as
ill appear, the NH3 cross-sensitivity of the NOx sensor limits the
erformance of such a control strategy.

. Input-output description

.1. Initial model under consideration

Several works [2,12,13] consider a model obtained by material
alances for two species with three states: NH3 and NOx in gas
hase, as well as adsorbed NH3

ẋ = kaz2(1 − x) − kdx − krz1x

˙z1 = v
L

(ω − z1) − ˝krz1x

˙z2 = v
L

(u − z2) − ˝kaz2(1 − x) + ˝kdx

(1)

here x is the NH3 coverage ratio, z1 and z2 are the NOx and the
H3 outlet gas concentrations, respectively. The input u is the NH3

nlet concentration, and ω is a known and bounded disturbance, the
Ox inlet concentration. All these concentrations are expressed in
ol/m3. Respectively, kd (in s−1) and kr (in m3/mol/s) are the reac-

ion rate of desorption and NOx reduction (defined by Arrhenius
aws). ka (in m3/mol/s) is the constant rate of adsorption [10]. L is
he length of the catalyst (in m),  v is the gas velocity (in m/s), and ˝
s the NH3 storage capacity (in mol/m3). The temperature consid-
red in the reaction rates expressions is the average temperature
f the catalyst modeled by a first order transfer function

 = Tin

1 + �s
(2)

here Tin is temperature at the inlet of the SCR catalyst and �
epends on gas velocity.

The NOx sensor located downstream of the catalyst delivers an
nformation corrupted by the NH3 outlet concentration. This sensor
an be modeled with a good level of confidence as [14]

 = z1 + ˛z2 (3)

In this study,  ̨ is considered to be a constant value equal to
.8. This simplifying assumption could be changed, provided that a
etter knowledge/model of the cross-sensitivity is known.
.2. Model reduction

To start the analysis, a model reduction is performed (for fur-
her details, refer to Appendix A). Consider system (1) where each
Fig. 3. Maximum coverage ratio with 10 mol ppm of NH3-slip (xmax) and setpoint
map  (xsp) as functions of temperature.

equation is multiplied by � = L/  ̋ (typically �  ≈ 3 .10−3). In the sin-
gular perturbation form [15], one obtains{

ẋ = f (x, z, u, ω) (slow)

�ż = g(x, z, u, ω) (fast)
(4)

where z = (z1 z2)′. For any given x, the fast dynamics is asymptoti-
cally stable, and g(x, z, u, ω) = 0 has a unique solution

z = h(x, ω, u) =
(

h1(x, ω)

h2(x, u)

)
(5)

where

• h1(x, ω) = ω
1+krx/�

;
• h2(x, u) = h21(x) + h22(x)u;
• h21(x) = kdx/�

1+ka(1−x)/�
;

• h22(x) = 1
1+ka(1−x)/�

;
• � = v

L˝
.

The system (1) can be reduced to its slow dynamics

ẋ = f (x, h(x, ω, u), u, ω) = �(u + h1(x, ω) − h2(x, u) − ω) (6)

This reduction is valid for all positive times because (6) is asymp-
totically stable.

3.3. Problem reformulation

From the reduction above, one can formulate the SCR control
problem with the SISO dynamics (bearing on the coverage ratio){

ẋ = �(u + h1(x, ω) − h2(x, u) − ω)

y = h1(x, ω) + ˛h2(x, u)
(7)

Because x is not directly measured, a natural idea is to design an
observer to provide an estimation x̂ and to try to control it to the
setpoint xsp.

First, let us explain how xsp can be determined. Maintaining
large values of x allows to reach high levels of NOx reduction effi-
ciency, but increases the NH3-slip. For this purpose, values of x
implying 10 mol  ppm of NH3-slip at steady state are computed as
solutions of system (1). It consists, for each operating condition (ω,
T and v fixed), to find the steady state input u and therefore the
coverage ratio x implying 10 mol  ppm of NH3-slip at steady state.
In Fig. 3, these values (denoted xmax) are reported as a function of
the temperature only, as it plays the most significant role among

the parameters. Clearly, xsp should not be chosen greater than xmax.
Moreover, to prevent possible large NH3-slip during temperature
transients, xsp is further limited by a much lower value (typically
0.1) for low temperatures (with very slight detrimental impact on
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ig. 4. Interpreted coverage xc as a function of x (taken at equilibrium), for T = 250 ◦C,
 = 200 mol  ppm, v  = 4.5 m/s  and xsp = 0.1.

he efficiency). This limit corresponds to the possibility for the set-
oint to be tracked during a fast rise in temperature. Indeed, x can be
nly decreased slowly at constant temperature (by ω, see (7) with

 saturated to 0), while rises in temperature imply vast decreases
f xmax (see Fig. 3).

The proposed observer is defined, following an output-injection
esign, as

˙̂ = �(u, y(x, ω, u), x̂, ω) � �(u + h1(x, ω) + ˛h2(x, u) − ω)

− kL(x̂ − xc) (8)

here kL is the observer gain. Implicitly, in this observer design
erived from (7), h2 is neglected because the NH3-slip is neglected
in theory the choice of xsp leads to low levels of NH3 at the outlet
f the catalyst) and h1 is directly replaced by the measurement y.
n (8), y is used to calculate a tentative value xc of the coverage, as

c = h−1
1 (y, ω), i.e. h1(xc, ω) = y (9)

As y is not invertible with respect to x, it must be noted that only
he (dominant) part h1 is inverted in (9) (NH3-slip is neglected due
o the choice of xsp) and xc is calculated with the two  NOx sensors
ignals. This strong simplification yields the mapping represented
n Fig. 4 (for low values of x, xsp is close to x).

In this figure, for most of the values of the interpreted coverage
c, the true coverage x can take two distinct values. Out of those
wo, the desired one is always the smallest. The real control design
roblem is to know, for a given xc, which value of x has to be con-
idered in the feedback strategy. The control law proposed in the
ext section addresses this issue.

. Control strategy

In this section, the control strategy is introduced, and an analysis
f the closed-loop dynamics is performed.

.1. Proposed control strategy

The control strategy is designed to force ˙̂x  = −kP

(
x̂ − xsp

)
. The

inearizing feedback law is saturated for negative values to account
or the actuator limitations. This yields

(y(x, ω, u), x̂, ω, u) � u − max

(
0, ω − y + 1

�

[
kL

(
x̂ − xc

)
− kP

(
x̂ − xsp

)])
= 0

(10)

The closed-loop system consisting of (7)–(10) is
ẋ = f (x, h(x, ω, u), u, ω)
˙̂x = �(u, y(x, ω, u), x̂, ω)

0 = �(y(x, ω, u), x̂, ω, u)

(11)
 Control 24 (2014) 368–378 371

4.2. Description of closed loop equilibria

The analysis of closed loop equilibria needs to consider the case
of saturated control u = 0, which leads to the only equilibrium point
of practical interest (0 0)′ (for further details refer to Appendix B.1).
The case of unsaturated control always satisfies x̂ = xsp (obtained
by substituting the unsaturated control ˚(.) defined in (15) into the
observer equation �(.)) and the existence of an equilibrium curve
of x as a function of kL. The nature of these curves depends on the
value of several parameters (see Figs. 7–9). The stability analysis is
more involved.

Generally, the system has one or three equilibrium points, which
solely depend on the value of kL. Indeed, for a given x ∈ [0, 1],

0 = f (x, h(x, ω, u), u, ω)

is solved, that gives

0 = � (u  + h1(x, ω) − h2(x, u) − ω)

and

0 = u + h1(x, ω) − h21(x) − h22(x)u − ω

or, equivalently

u (1 − h22(x)) = ω + h21(x) − h1(x, ω)

Then, one obtains, ∀x ∈ [0, 1],

u = ω + h21(x) − h1(x, ω)
1 − h22(x)

(12)

with 1 − h22(x) > 0 and ω − h1(x) ≥ 0 which gives u ≥ 0.
Then, the expression of kL as a function of x is determined by

replacing u(x) from (12) into �(u, y(x, ω, u), x̂, ω)  = 0. Eventually,
one obtains the condition

kL = �
u(x)(1 + ˛h22(x)) − ω + h1(x, ω) + ˛h21(x)

xsp − xc(x)
(13)

Remark 1. For a given x, there exists at most one kL.

Remark 2. It is needed to consider only positive kL due to the insta-
bility of all the equilibrium points close to the setpoint obtained by
a negative kL.

On the domain of interest for the variables ω, xsp, T, v, the system
presents a bifurcation when the parameter kL is varied. In Fig. 5a,
the equilibria are represented for different kL (derived from (13)),
T = 250 ◦C, ω = 200 mol  ppm, v = 4.5 m/s  and xsp = 0.1. The stable
equilibrium points are depicted in black and the unstable one in
red. In Fig. 5b, the eigenvalue �1 (defined in (16)) is represented
as a function of x. Then, a zoom on x axis of Fig. 5 is depicted in
Fig. 6. Finally, Fig. 7 is obtained from Fig. 5a by choosing a posi-
tive gain kL. Note that the expression of kL may be not defined for
all x ∈ [0, 1]. Indeed, xsp − xc = 0 is a polynomial function of order 2
(ax2 + bx + c = 0), where⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

a = −k2
r xspkd − �ωkrka − �kdkr

b = −krxsp�kd + krxsp�ωka − k2
r xsp�ω + �ωkrka

−�2kd − �2ωkr

c = −krxspω�ka

(14)

Depending on the operating conditions (especially T and ω),  the
discriminant may  be positive (then x can take two  distinct values,

denoted x∗

1 and x∗
2, see Fig. 6) or negative (no real solution for x, see

Figs. 8 and 9).
Stability is studied using the Jacobian of the closed loop dynam-

ics, obtained through the implicit function theorem applied to the
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lgebraic equation u (which is assumed to be not saturated):

(y(x, ω, u), x̂, ω, u) � u − ω + y

− 1
�

[
kL

(
x̂ − xc

)
− kP

(
x̂ − xsp

)]
= 0 (15)

n general, the two eigenvalues along the x axis and x̂ axis (�1 and
2, respectively) are defined as follows

∂f ∂f
(

∂˚
)−1

∂˚

�1 =

∂x
−

∂u ∂u ∂x

�2 = −kP

(16)

ig. 6. Equilibria of the closed loop dynamics (11) and the eigenvalue �1 as functions
f  kL . Zoom on x axis, close to the singularities of �1.
ω  = 70 mol  ppm, v = 4.5 m/s  and x = 0.1). The stable equilibrium points are rep-
resented in black and the unstable ones in red. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of the article.)

The first eigenvalue �1 is a discontinuous function. Its sign changes
on two separate occasions (see Figs. 5b and 6): around the singu-
larities (values of x such that (∂˚/∂u) = 0) and when (∂kL/∂x) = 0
(values of x denoted x#

1 and x#
2 in Fig. 5a). Indeed, the condition

�1 = 0 is equivalent to kL = k#
L which rewrites (∂kL/∂x) = 0 (one can

refer to Appendix B.2.1 for further details). The second eigenvalue
�2 is always negative since kP > 0 by construction.

As shown in Figs. 7 and 8, for a small kL, there is only one stable

equilibrium point close to the setpoint. This is the desired equi-
librium. When kL is increased, two  more points appear. The first
equilibrium (desired) is stable, the second one is unstable and the
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Fig. 9. Equilibria of the closed loop dynamics (11) as function of kL (T = 250 ◦C,
ω  = 20 mol  ppm, v = 4.5 m/s and xsp = 0.1).
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Fig. 10. Equilibria of the closed loop dynamics (11) and eigenvalues in discrete time
as  functions of kL . The region where NH3-slip is detected (xc < 0) is in 10a and the
one  where it is not detected (xc > 0) in blue. The undesirable points, discarded by the
implementation in discrete time (17) of the closed loop dynamics, are represented.
(a) Equilibria of the closed loop dynamics in discrete time. (b) Eigenvalues �̃1, �̃2 on
x  axis and u axis, respectively. (For interpretation of the references to color in this
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For this purpose, the controller consisting of (8)–(10) is cou-
pled with a reference SCR model. The NOx reduction efficiencies
gure legend, the reader is referred to the web version of the article.)

ast one, which corresponds to a very high coverage, is stable too.
ig. 7 and 8 report the existence of an upper bound for kL (denoted
lim
L ), from which the desired equilibrium point is no longer stable.
lightly below this critical value, the second equilibrium becomes
table. These critical points do not exist in all cases as depicted in
ig. 9; in this case (for a small ω), ∀x ∈ [0, 1], (∂˚/∂u) > 0.

.3. NOx measurement interpretation: detection of NH3-slip

The closed loop dynamics (11) asymptotically reaches one of
he stable equilibria, out of which only the smallest one is of
nterest, as already discussed. Fortunately, being in the vicin-
ty of the largest-valued undesirable equilibria can be easily
etected thanks to the downstream NOx sensor, without any risk
f misinterpretation. Indeed, when xc < 0, the measurement of
he inlet sensor is lower than the measurement at the outlet
xc < 0 ⇔ (�/kr)((ω/y) − 1) < 0 ⇔ ω < y). In the measurement y, it is
lear that the part h2 is overwhelming the useful signal h1 (see
ig. 2, when y is greater than ω). With certainty, the sensor meas-
res NH3. The region of NH3-slip detection is pictured in Fig. 10a.
hen this occurs, the following actions are carried out. First, the

bserver state x̂ is set to the maximum coverage ratio before NH3
esorption of 10 mol  ppm. This coverage is taken from the a priori

max map  presented in Fig. 3. This leads to stops the NH3 injection
nd it is kept null as long as x̂  is greater than xsp.
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4.4. Discarding the remaining undesirable stable equilibrium

The proposed feedback controller is implicit, due to the algebraic
equation (10). A possible explicit implementation in discrete time
is as follows (
t being the sampling period):⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

xk+1 = xk + 
tf (xk, h(xk, ωk, uk), uk, ωk)

x̂k+1 = x̂k + 
t�(uk, yk(xk, ωk, uk), x̂k, ωk)

uk+1 = max
(

0, ωk − h1(xk, ωk) − ˛h2(xk, uk)

+ 1
�

(
kL

(
x̂k+1 − xc

k

)
− kP

(
x̂k+1 − xsp

k

)))
(17)

With this implementation, which contains a fixed-point itera-
tion (the relation giving uk+1), the equilibrium points in discrete
time always satisfies x̂k+1 = xsp

k
. One can now reduce the system

(17) and consider only the two  equations xk+1 and uk+1. Respec-
tively, the eigenvalues are �̃1 = 1 + 
t�1 and �̃2 = 1 − (∂˚/∂u)
(refer to Appendix C for further details). The evolution of these
two eigenvalues as functions of x is depicted in Fig. 10b. Interest-
ingly, this discrete time dynamics is unstable for every value of
the second stable equilibrium. As a result, this troublesome point
is discarded by the implementation of the proposed closed loop
controller (see Fig. 10). Indeed, as these critical points always sat-
isfies (∂˚/∂u) < −2, the second eigenvalue �̃2 is always less than
−1 (they become unstable). Combined with the previous detection
method, this implementation provides convergence to the (only)
equilibrium of interest.

4.5. Gain scheduling methodology

Choosing the value for kL is critical because it defines the value
of the reached equilibrium. The most relevant value for this gain
would be k1

L (see in Fig. 10a) because it corresponds to xsp. But to
account for model uncertainty, the gain kL can be simply scheduled
to provide an acceptable level of performance. An off-line study
reveals that kL can be taken as a piecewise affine function of ω,
which leads to values that are valid for the ranges defined in Section
2 and induces acceptable bias in the coverage variable x:⎧⎪⎨
⎪⎩

kL = 0, ω < 10 mol ppm

kL = ωˇ, 10 < ω < 100 mol  ppm

kL = 100ˇ, ω > 100 mol  ppm

(18)

where  ̌ is a calibration parameter inversely proportional to the
temperature. It changes from 1 to 1 . 10−2 when T evolves from 200
to 400◦C. Experimental results using this calibration are reported
and discussed in the next section.

4.6. Robustness analysis

In this section, the robustness of the proposed control strategy to
modeling errors is assessed in simulation by dispersing the model
parameters ki, i ∈ {a, d, r} and ˝.  This robustness analysis is per-
formed on the Cu-zeolite model but similar results can be obtained
for the Fe-zeolite catalyst. Errors are added on the pre-exponential
factors ki0 and on the activation energies Ei, i ∈ {d, r}, of the reac-
tion rates. These variations consist of additive errors (
) of ±20%
except for the activation energy of desorption (
 =+20 % and −5%)
in accordance with practical considerations.
and NH3-slip resulting from the application of modeling errors are
reported and compared against the nominal case. All the inputs of
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Table 1
NOx reduction efficiency and NH3-slip during a NEDC cycle, nominal case and vari-
ations with modeling errors.

Parametric variation Nominal

NOx reduction
efficiency (%)

NH3-slip (peak
value) (ppm)

81 3

Adsorption ka +20% 81 1
−20% 81 7

Desorption kd0 +20% 81 5
−20% 81 2

Ed +20% 80 0
−5% 81 32

NH3 storage capacity  ̋ +20% 80 0
−20% 81 21

NOx reduction kr0 +20% 82 3
−20% 79 3

Er +20% 59 3
−20% 83 3
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Fig. 12. Warm start NEDC cycle with a Fe zeolite catalyst. Experimental results. (a)
AdBlue® injection, (b) NOx emissions and (c) cumulative NOx and NH3 emissions.
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he model are experimental data obtained by performing a NEDC1

ycle with warm start on a roller bench. The corresponding experi-
ental results are depicted in Fig. 14 which has been obtained with

 Cu-zeolite catalyst. In this cycle, an efficiency of NOx reduction of
1% is achieved with peak value of NH3-slip of about 3 mol  ppm. The
umulative amount of NOx at the inlet of the catalyst is 164 mg/km.

Table 1 reports the errors obtained during the simulated cycle.
Note that the two parameters that are the most influent on the

mount of outlet NH3 are the NH3 storage capacity  ̋ and the acti-
ation energy of desorption Ed. In particular, an underestimation
f activation energy of desorption Ed greater than 5% may  lead

o difficulties in maintaining the release of NH3 within acceptable
evels.

1 New European Driving Cycle. This cycle is used in Europe to check the fulfillment
f  the emission standards.
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Fig. 13. Variation of temperature and gas velocity during the warm start NEDC cycle.
Experimental results.
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Fig. 15. Warm start cycle with a Cu zeolite catalyst. Experimental results. (a)
ig. 14. Warm start NEDC cycle with a Cu zeolite catalyst. Experimental results. (a)
dBlue® injection, (b) NOx emissions and (c) cumulative NOx and NH3 emissions.

Then, the activation energy of NOx reduction Er is an important
arameter since an overestimation of 20% of this parameter leads a

oss of efficiency of 22%. However, with 59% of NOx reduction effi-
iency, the amount of NOx at the outlet of the catalyst is 68 mg/km,
hich permits to achieve the Euro 6 standard (80 mg/km).

In conclusion, this study shows that the proposed strategy is
airly robust to modeling errors providing that calibration efforts
n the desorption process are made. Furthermore, due to the asym-
etric impact of the activation energy of desorption, the robustness

f the control law is improved using a conservative calibration of
his parameter (Ed is always overestimated).

. Experimental results

In this section, to illustrate the proposed approach, a fully instru-

ented vehicle is mounted on a roller test bench and tested under

eal driving conditions. Two kinds of catalysts are considered to
btain the experimental results (Fe-zeolite and Cu-zeolite).
AdBlue® injection, (b) NOx emissions and (c) cumulative NOx and NH3 emissions.

First, to demonstrate the necessity of scheduling the gain kL, a
test is performed with a poorly tuned kL. As appears in Fig. 11b, this
strategy has relatively limited performance.

Fig. 11b presents the evolution of (ω, y) and (xsp, x̂). At about
t = 330 s, the difference x̂ −  xc increases (due to the cross-sensitivity
to NH3, the apparent efficiency calculated from the NOx sensors
decreases): x̂ decreases, and u is increased as depicted in the evolu-
tion of the AdBlue® mass flow in Fig. 11a. This results in significant
NH3-slip, as can be seen from traces of ω and y. At last, when NH3
is detected with certainty, the coverage ratio is corrected, and the
injection is turned off (u = 0). This clearly means that a proper choice
of kL is crucial, as well as a good detection of NH3-slip is. Then, the
proposed gain scheduling method is used and several cycles are
performed with the two  kinds of catalysts. Model parameters along
with control parameters are reported in Table 2. All these tests have
been performed with a catalyst which is initially empty at the start

of the cycle. First, the results on a NEDC cycle with a warm start
and a Fe-zeolite catalyst are presented in Fig. 12 and 13.
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Table 2
Model parameters for the two  kinds of catalysts (Fe-zeolite and Cu-zeolite).

Fe-zeolite catalyst Cu-zeolite catalyst

Adsorption ka (m3/mol/s) 4.1 5.9
Desorption kd0 (s−1) 2.67 × 105 4.1 × 105

Ed (kJ/mol) 85 88.5
NOx reduction kr0 (m3/mol/s) 7.19 × 105 2 × 109

Er (kJ/mol) 55 82.6
NH3 storage capacity  ̋ (mol−3) 70 160
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Fig. 12b and c reports instantaneous and cumulative amounts
f NOx, produced by the engine and released to the atmosphere,
espectively. Changes of the temperature and the gas velocity dur-
ng the cycle are illustrated in Fig. 13. In this test, the control
trategy performance is satisfactory, both in terms of NOx reduc-
ion and NH3-slip limitation. Indeed, the reduction efficiency is
bout 68% while a very low amount of NH3 is detected by the
TIR analyzer. NH3 average concentration is 3 mol  ppm over the
ycle and 20 mol  ppm maximum, which is below usually accept-
ble limits (average value: 10 mol  ppm and maximum value
0 mol  ppm).

The curves depicted in Fig. 14b and c have the same mean-
ng than those of Fig. 12b and c, respectively. The performance of
he control strategy is quite good too, since a NOx reduction effi-
iency of about 81% is obtained with an NH3 average concentration
bout 2 mol  ppm over the cycle. These good results also show that
he proposed strategy can be easily adapted to different types of
atalysts.

Finally, another cycle, more transient, with warm start is per-
ormed (with a Cu-zeolite catalyst) and the results obtained are
epicted in Fig. 15. The performances reached are also highly sat-

sfactory, both in terms of NOx reduction (76% efficiency) and NH3
lip limitations (average concentration about 3 mol  ppm).

. Conclusion and future work

In this paper, a control strategy for a selective catalytic reduc-
ion (SCR) system has been described. It consists of an observer
nd a tracking loop. It controls the NH3 coverage ratio and allows
o mitigate the trade-off between NOx conversion efficiency and
ailpipe NH3-slip. In this strategy, the NH3 coverage ratio is esti-

ated using the measurement of a commercial NOx sensor located
ownstream of the catalyst. This sensor is cross-sensitive to NH3.

t is shown that, in theory, this cross-sensitivity could make the
losed-loop system converge to an undesirable value of the cov-
rage ratio as new equilibrium points are created by the feedback
oop. The additional and undesirable setpoints are either discarded
y the discrete time implementation of the control strategy (which
akes them unstable) or detected with certainty from the available

ata. A parametric study is performed and shows how the observer
ain has to be tuned so that the system can remain at all times in
he vicinity of the setpoint of interest. As a result, the strategy leads
o good performance in most cases, as has been demonstrated on

 roller testbench under real transient conditions (several cycles
ith two different types of catalysts).

Current developments use an observer that reconstructs the
spatially inhomogeneous) profile of the coverage ratio along the
atalyst, for an earlier detection of NH3-slip occurrences. How-

ver, one cannot simply apply an output injection with a coverage
istribution gradient along the SCR axial direction, a classical
bserver-controller scheme must be used. Proceeding that way, the
roblem of observability and misinterpretation of the NOx sensor
ignal must be reconsidered.
 Control 24 (2014) 368–378

Appendix A. Model reduction by singular perturbations

Let us consider the system (4) in the singular perturbation form.

A.1. Stability of the fast dynamics

It is easily proved that ẋ points inwards on the frontier of [0,
1]. In start for x = 0 one has ẋ = kaz2≥0; and for x = 1 one has ẋ =
−kd − krz1 ≤ 0. So for all initial condition x(0) ∈ [0, 1], x(t) ∈ [0, 1]
for all t > 0.

Further, ∀x ∈ [0, 1], the Jacobian matrix of the fast dynamics is:

∂g

∂z
(x, z, u, ω) =

⎛
⎝− v

�
− krxL 0

0 − v
�

− ka(1 − x)L

⎞
⎠ (A.1)

where x ∈ [0, 1], � > 0 and ki > 0, i ∈ {a, r}. The eigenvalues of the
Jacobian matrix have strictly negative real part, so the fast dynamics
is asymptotically stable.

A.2. Fast dynamics equilibria

The condition g(x, z, u, ω) = 0 rewrites as{
0 = � (ω − z1) − krz1x

0 = � (u − z2) − kaz2 (1 − x) + kdx
(A.2)

or, equivalently⎧⎪⎨
⎪⎩

z1 = h1(x, ω) = ω

1 + krx/�

z2 = h2(x, u) = u + kdx/�

1 + ka(1 − x)/�

(A.3)

where � = (v/(L˝))
The fast dynamics thus admits a unique solution

z =
(

z1

z2

)
= h(x, u, ω) =

(
h1(x, ω)

h2(x, u)

)
(A.4)

A.3. Reduction to the slow dynamics

The system (4) can be reduced to its slow dynamics (6).
∀x ∈ [0,  1], equilibrium point of the reduced system, one can

solve

∂f

∂x

∣∣∣
(x,u,ω)

=�

(
− ωkr/�(

1 + krx/�
)2

− 1(
1 + ka

(
1 − x

)
/�
)2

((
1+ ka

�

)
kd

�
+ u

ka

�

))

< 0, because ka > 0, kd > 0, kr > 0, � > 0 and u≥0 (A.5)

In conclusion, ∀x ∈ [0,  1],  (∂f/∂x)|(x,u,ω) is always negative. The
reduced system is asymptotically stable due to the asymptotic sta-
bility of the linearized system around the equilibrium point.

Appendix B. Stability analysis of the closed loop dynamics

B.1. Saturated control u = 0

The equilibrium points of system (11) are

0 = ω

1 + krx/�
− kdx/�

1 + ka(1 − x)/�
− ω (B.1)
and

0 = �

(
ω

1 + krx/�
+ ˛

kdx/�

1 + ka(1 − x)/�
− ω

)
− kL

(
x̂ − xc

)
(B.2)
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quivalently (B.2) gives

ˆ  = �

kL

(
ω

1 + krx/�
+ ˛

kdx/�

1 + ka(1 − x)/�
− ω

)
+ xc

hile (B.1) gives

 = ω

(
1 + ka(1 − x)

�

)
− kdx

�

(
1 + krx

�

)

− ω

(
1 + ka(1 − x)

�

)  (
1 + krx

�

)

nd

 = −kdx

�

(
1 + krx

�

)
− ω

(
1 + ka(1 − x)

�

)
krx

�

hen

 = x

[
kd

�

(
1 + krx

�

)
+ ω

(
1 + ka(1 − x)

�

)
kr

�

]

ne obtains two distinct solutions for x. These are detailed below

 x = 0 ⇒ x̂ = �

kL
(ω + 0 − ω) + � (ω − ω − 0)

krω + 0
= 0.

Around this equilibrium point, the triangular form of the Jaco-
bian of the closed loop dynamics has the following eigenvalues:
−kL < 0 and

�

(
∂h1

∂x

∣∣
(0,ω)

(x, ω) − ∂h2

∂x

∣∣
(0,0)

(x, u)

)

= −ω
kr

�
− 1

(1 + ka/�)2

[
kd

�

(
1 + ka

�

)]
< 0

In conclusion, the closed loop system is asymptotically stable
around (0 0)′ due to the asymptotic stability of the linearized
system.

 x =
−�

(
kd + ωkr

(
1 + ka/�

))
kr (kd − ωka)

The case kd − ωka≥0 which gives x < 0 corresponds to a non
physical solution and must be discarded;

If

kd − ωka < 0, x = −� (kd + ωkr) − ωkrka

kr (kd − ωka)

so

x = 1 + −� (kd + ωkr) − kdkr

kr (kd − ωka)
.

Consequently, x > 1 is also a non physical solution and must be
discarded too.
.2. Unsaturated control

 = ω − y +
(

1
�

)
[kL(x̂ − xc) − kP(x̂ − xsp)]
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B.2.1. Proof of the equivalence between �1 = 0 and (∂kL/∂x = 0)
The condition (∂kL/∂x) = 0 can be rewritten under the equivalent

form

0 =
(

∂u

∂x
+ ∂y

∂x

)(
xsp − xc

)
+ (u − ω + y)

∂xc

∂x

0 = ∂u

∂x
+ ∂y

∂x
+ kL

�

∂xc

∂x

kL = −�
(∂u/∂x) + (∂y/∂x)

(∂xc/∂x)

kL = kry

ω

(
1 + (∂u/∂x)

(∂y/∂x)

)

and, finally

kL = kry2

ω

(
1 + (∂h1/∂x) − (∂h21/∂x) − (∂h22/∂x)u

(h22(1 + ˛) − 1)(∂h1/∂x) − ˛((∂h21/∂x) + (∂h22/∂x)u)

)

This expression is denoted k#
L (x).

The condition �1 = 0 can be rewritten, equivalently, under the
form

0 = ∂f

∂x
− ∂f

∂u

(
∂˚

∂u

)−1
∂˚

∂x

0 =
(

1 + ˛
∂h2

∂u
+ kL

�

∂xc

∂u

)
∂f

∂x
− ∂f

∂u

(
∂h1

∂x
+ ˛

∂h2

∂x
+ kL

�

∂xc

∂x

)
0 = kLω

kry2

(
∂y

∂u

∂f

∂x
− ∂f

∂u

∂y

∂x

)
−
(

1 + ∂y

∂u

)
∂f

∂x
+ ∂f

∂u

∂y

∂x

kL = kry2

ω

(1 + (∂y/∂u))(∂f/∂x) − (∂f/∂u)(∂y/∂x)
(∂y/∂u)(∂f/∂x) − (∂f/∂u)(∂y/∂x)

kL = kry2

ω

(
1 + (∂f/∂x)

(∂y/∂u)(∂f/∂x) − (∂f/∂u)(∂y/∂x)

)

and finally

kL = kry2

ω

(
1 + (∂h1/∂x)−(∂h21/∂x)−(∂h22/∂x)u

(h22(1+˛)−1)(∂h1/∂x)−˛((∂h21/∂x)+(∂h22/∂x)u)

)
which

is precisely k#
L (x)

B.2.2. Solution of (∂˚/∂u) = 0
The condition ∂˚

∂u
= 0 can be rewritten, equivalently, as

0 = 1 + ˛
∂h2

∂u
+ kL

�

∂xc

∂u

kL = kry
2

ω

(
1 +  ̨ + ka(1 − x)

�

) (B.3)

Appendix C. Stability analysis of the discrete time dynamics

One considers the explicit implementation in discrete time
described in (17). The corresponding Jacobian matrix is described
as follows

⎛ ⎞

⎜⎝

J11 J12 J13

J21 J22 J23

J31 J32 J33

⎟⎠ (C.1)



3 rocess

w⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
T
e
n
t

J

w

a

f

u

d

w

⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[

[

[

[

[14] M.F. Hsieh, J. Wang, Development and experimental studies of a control-
oriented SCR model for a two-catalyst SCR system, Control Engineering Practice
19 (4) (2011) 409–422.

[15] H.K. Khalil, Nonlinear Systems, vol. 3, third ed., Prentice Hall, New Jesrey,
2012.
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here

J11 = 1 + 
t
∂f

∂x
J12 = 0

J13 = 
t
∂f

∂u

J21 = 
t
∂�

∂x
J22 = 1 − 
tkL

J23 = 
t
∂�

∂u

J31 = −∂˚

∂x
+ 
t

(kL − kP)
�

∂�

∂x

J32 = (kL − kP)
�

(1 − 
tkL)

J33 = 1 − ∂˚

∂u
+ 
t

(kL − kP)
�

∂�

∂u

he equilibrium points always satisfies x̂k+1 = xsp
k

. Neglecting the
ffects of the observer convergence, we restrict our analysis to the
ecessary and sufficient condition for the reduced dynamics having
he following matrix governing its discrete-time dynamics.

 =
(

1 + �c �d

−b + �e 1 − a + �f

)
(C.2)

here

 = ∂˚

∂u
, b = ∂˚

∂x
, c = ∂f

∂x
, d = ∂f

∂u
, e = (kL − kP)

�

∂�

∂x
,

 = (kL − kP)
�

∂�

∂u
and � = 
t

There exists a change of coordinates to put the previous matrix
nder triangular form. Thus

et|sI − J| =
∣∣∣ s − (1 + �c − ˇ(−b + �e)) 0

−(−b + �e) s − (1 − a + �f + ˇ(−b + �e))

∣∣∣ (C.3)

here  ̌ is defined by ˇ2(− b + �e) − ˇ(a + �(c − f)) − �d = 0⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

 ̌ = a + �(c − f ) ±
√


ˇ


ˇ = a2 + 2a�
(

c − f − 2bd

a

)
+ �2

(
(c − f )2 + 4e

)
=

(
a + �

(
c − f − 2bd

a

))2

+ O(�2)

(C.4)

As a result, the eigenvalues are

�̃1 = 1 − �c − ˇ(−b + �e)

= 1 − a/2  + �c/2  + �f/2  +
√


ˇ

= 1 + �
(

ca − db

a

)
︸ ︷︷  ︸

dominant part

+ O(�2)

�̃2 = 1 − a + �f − ˇ(−b + �e)

= 1 − a/2  + �c/2  + �f/2  −
√


ˇ

(C.5)
= 1 − a︸︷︷︸
dominant part

+ �
(

fa − db

a

)
+ O(�2)
 Control 24 (2014) 368–378

In conclusion, for 
t = � sufficiently small, the following condi-
tions must be satisfied to have asymptotic stability{

|1 − a| < 1

ca − db < 0
(C.6)

Remark 3.

�̃1 = 1 + 
t

(
ca − db

a

)
= 1 + 
t�1.
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