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Abstract
Several control strategies are presented and studied for an industrial under-actuated tubular chemical reactor. This work presents
a case-study of the performance of a decentralized versus centralized control strategy. The tubular reactor under consideration is
characterized by nonlinear kinetic laws, and it has some structural constraints on the location of the heat exchangers and of the
sensors. For this system, a set of PI controllers is considered and a multivariable LQR controller is constructed to optimally choose
the gains. The performance of these control strategies is studied. Finally, a direct numerical treatment of optimal control of the partial diﬀerential equations is presented. Industrial results are given for the linear controllers. Simulations emphasize the possible relevance of a direct numerical treatment of the nonlinear partial diﬀerential equations.
 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
The contribution of this paper is a study of diﬀerent
control strategies for a class of tubular reactors. The
application underlying this study is a reactor in the
ATOFINA PS (polystyrene) plant in Carling, France.
We present a model of the tubular reactor used in this
plant, which is characterized by nonlinear kinetic laws
and by an under-actuated structure due to the choice
of heat exchangers and sensor locations.
Around a steady production state (corresponding to
an average of 120 kT/year), the grade of the polystyrene
produced in this plant critically depends on the temperature proﬁle along the reactor. In fact, the real control
objective is temperature control. Other controlled vari*
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ables such as molecular mass distribution are controlled
using other inputs such as dilution. This is diﬀerent from
other reactors (see e.g. [1] for a survey of polymerization
reactor control) where monomer conversion is usually
considered as a critical value. In this plant, quality
constraints (in connection to further injection and
thermoforming applications) are tight and they directly
translate to temperature constraints.
The grade of the produced polymer is scheduled with
respect to economical considerations. This induces frequent changes in the setpoints that have to be precisely
and quickly met to optimize proﬁt and minimize oﬀ-spec
products.
This paper proposes several control schemes to improve upon the results obtained with the existing PI
controllers used in the plant. In particular, for a decentralized PI scheme, we show that the choice of the measurement and setpoints aﬀects both transient and
asymptotic performance. Then, a centralized PI scheme
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is proposed, where the proportional gains are designed
using an LQR design. This approach can be considered
as a weighting of the input of a PI controller based on
the model structure. Finally, a nonlinear centralized
controller is proposed and its performance compared
with the others. This work relies on the controller upgrade project that was carried out at the ATOFINA
plant by a joint team of TOTAL engineers and researchers from École des Mines de Paris, which is reported
in [2].
We propose three diﬀerent control strategies ranging
from fully decentralized to fully centralized. This work
can be seen as an industrial scale case-study of the role
of a decentralized versus centralized control strategy.
This question was raised by several authors in various
ﬁelds of the process industry [3–5], and we found it particularly relevant in this problem. From our point of
view and from this particular study, we believe it needs
to be answered with two facts on mind: performance
requirements and availability of eﬃcient numerical tools
and accurate models.
This paper considers the problems as they appeared
when trying to improve the existing PI controllers. In
Section 2, we give the model of the plant. In Section 3,
we underline the importance of the right choice of PI
structure for performance improvement. In Section 4,
we explain the design and tuning of an LQR controller
that has been successful since when it was installed in
2000 (overall load was increased by more than 10%).
Industrial results are given. Finally in Section 5, we propose an approach based on the direct treatment of the
nonlinear partial diﬀerential equations that govern the
system. This approach relies on the NTG optimal control software package designed for PDEs [6,7]. We
compare the results of diﬀerent control strategies and
show that this last method, when a good knowledge
of the process dynamics is available, is eﬃcient and
ﬂexible.

2. Model of the reactor
The process under study is a polymerization tubular
exothermic reactor with heat exchangers on the sides
and with plug ﬂow, see Fig. 1.
The styrene monomer enters the tubular reactor at a
constant temperature at point I (see Fig. 1) along with
the peroxide initiator. The monomer reacts inside the
tubular reactor as it travels to point O. The tubular reactor is equipped with heat exchangers to evacuate the
reaction exothermicity.
This tubular reactor is frequently subject to strong
oscillations. These are usually interpreted as temperature perturbations propagating through the system
(these perturbations can arise from various phenomena:
in [8] it is shown that for such tubular reactors, jacket
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Fig. 1. Schematic of the tubular reactor.

temperature perturbations may lead to oscillatory dynamic responses1).
2.1. Under-actuated structure
A close-up view of the reactor shows the heat
exchangers and the temperature sensors (see Fig. 2).
The reactor is divided in eight zones, each of which
has two sensors and one heat exchanger. One is located
at the middle of the zone, and one is located at its end.
More complicated sensor conﬁgurations (with variable
number of sensors and varying locations) could also
be considered but these are out of the scope of this paper
(optimal placement for such process is indeed an important topic as underlined in [9]). In this study, the total
length of the tubular reactor is scaled to 1, and the velocity v of the ﬂow inside the reactor is 0.01. This system
can be considered as under-actuated since the eight heat
exchangers can only produce piecewise constant control
along the reactorÕs length. Classically, polymer viscosity
is very high and laminar ﬂow is assumed for modelling.
The industrial tubular reactor underlying this study is
very thin due to the heat transfer constraints. These factors lead us to model the reactor dynamics as a set of
one-dimensional partial diﬀerential equations (PDE).
Measurements of the temperature T are available at a

1

Interested readers can also ﬁnd in the previous reference developments of a model predictive control that allows the successful control
of monomer conversion in a diﬀerent context.
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where a0, a1 and a2 are constant coeﬃcients and k1 is of
the form
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð4Þ
k 1 ðT ; x; GÞ ¼ F 1 ðT ; xÞ þ GF 2 ðT ; xÞ;
with F1 and F2 two smooth functions, while


e1
f ðT Þ ¼ e0 exp
;
T þ 273

u(t)

sensors

Fig. 2. Close-up view of the reactor.

ﬁnite number of locations along the reactor. Online
measurement of monomer conversion x and peroxide
concentration G is currently out of reach.
2.2. Model
Let t 2 Rþ represent the time and z 2 [0, 1] the coordinate along the reactor, then the dynamics of the tubular reactor can be described by a set of three partial
diﬀerential equations


8
oT ðt; zÞ
oT ðt; zÞ
>
>
þv
C p ðT ; xÞ
¼ DH ðT ÞrðT ; x; GÞ þ u;
>
>
ot
oz
>
>
<
oxðt; zÞ
oxðt; zÞ
þv
¼ rðT ; x; GÞ;
>
ot
oz
>
>
>
>
>
: o logðGðt; zÞÞ þ v o logðGðt; zÞÞ ¼ f ðT Þ;
ot
oz
ð1Þ
with boundary and initial conditions
T ðt; 0Þ ¼ T t;0 ;

xðt; 0Þ ¼ xt;0 ;

T ð0; zÞ ¼ T ic ðzÞ;

Gðt; 0Þ ¼ Gt;0 ;

xð0; zÞ ¼ xic ðzÞ;

ð2Þ

Gð0; zÞ ¼ Gic ðzÞ
ð3Þ

where e0 and e1 are constant coeﬃcients. A polynomial
ﬁt is used for Cp(T, x) (aﬃne function in x with third
order polynomial in T as coeﬃcients). This kinetic
model arises from the classic Hui and Hamielec
approach [10]. Typical values of the r(T, x, G)DH term
are shown in Fig. 3 (where scales are omitted for conﬁdentiality reasons). One clearly sees that the reaction mostly takes place in the middle of the tubular
reactor.
The ﬁrst equation in (1) is a heat balance, the second
describes the conversion of monomer, and the third one
represents the organic peroxide initiator dynamics that
is thermally activated. Details about the kinetic scheme
of this polymerization reaction and the role of the peroxide initiator can be found in [11]. The velocity v is considered constant. We thus neglect the eﬀect of density
variations.
2.3. Control objectives
Two control problems are considered. In the ﬁrst
place, the problem of regulating the temperature proﬁle
along the reactor to a given proﬁle Tsp is considered,
which guarantees good product quality at the end of
the reactor. Then, we consider the problem of allowing
fast transitions between desired temperature proﬁles
corresponding to good product quality of diﬀerent
materials.

where notation is deﬁned in Table 1. The terms on the
right hand side of (1) are as follows. We have
a1
DH ðT Þ ¼ a0 þ
þ a2 ðT þ 273Þ;
T þ 273

r ∆H

rðT ; x; GÞ ¼ k 1 ðT ; x; GÞk 2 ðT ; xÞ;

Table 1
Nomenclature
Symbols

Quantity

Unit

T(t, z)
x(t, z)
G(t, z)
v
Cp(T, x)
u(t, z)
r(T, x, G)
DH(T)

Temperature in the reactor
Celsius degrees
Monomer conversion
–
Peroxide concentration
mol m3
Velocity of the particles along the reactor m s1
Heat capacitance of the ﬂuid
J K1
Heat exchange (control)
J s1
Rate of reaction
s1
Reaction enthalpy
K

0

z

1

Fig. 3. Exothermicity along the reactor at steady state. Exact scales
are omitted for conﬁdentiality reasons.
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2.4. Simulation setup
In this section, the testbed we base all our study on is
considered. The three PDEs in Eq. (1) are discretized
along the z variable to obtain three systems of ordinary
diﬀerential equations (following the tanks-in-series
model [12]). This approach is alike other methods found
in the literature. Our model does not imply parabolic
PDEs (i.e. with spatial diﬀusion operators) and so is
not easily described by small ﬁnite-dimensional systems.
In [13], a discretization of the coupled temperature and
conversion PDEs similar to ours is used, but a diﬀerent
control structure is considered (control of temperature
and concentration is achieved from the inlet side of
the reactor). Radial variations are not taken into
account either. Advanced methods could also be considered but are out of the scope of this study: e.g. in
[14] a very ﬁne representation of the model reactor (considering radial variation of all variables) is solved by the
method of lines using either ﬁnite volume discretization
or global spline orthogonal collocation.

diﬀerence equations and second order methods such as
the Lax–Wendroﬀ numerical scheme (see [15]). Forward
diﬀerence approximation results into an unstable A
matrix when v > 0, which is our case. The centered difference approximation produces a matrix that has imaginary eigenvalues and therefore is not asymptotically
stable. The Lax–Wendroﬀ second order method produces a A matrix with complex eigenvalues causing
unrealistic oscillations.
Simulation setup. The value of n is chosen to be 100.
The reason of this choice is a compromise between
the time needed for simulating the system and the
accuracy to which the spatial partial derivative is
approximated. The numerical damping induced on the
transport phenomena drops by only 2% (using a standard Runge–Kutta solver) when n is increased from
100 to 200, while the required computational eﬀort rises
by 100%.

3. Basic PI control designs
Spatial discretization. The partial derivatives with respect to z are discretized using ﬁnite backward diﬀerences according to

oW ðt; zÞ
W ðt; zi Þ  W ðt; zi1 Þ
ﬃ
;
oz 
d
ðt;zi Þ

z

for any variable of time and space W, where (z1, . . . , zn)
are the cells, equally distributed in space, in which we
discretize the reactor, and dz = (zi  zi1). As a result,
letting Ti(t) = T(t, zi), xi(t) = x(t, zi), Gi(t) = G(t, zi), ri =
DH(Ti)r(Ti, xi, Gi), ki = r(Ti, xi, Gi), fi = f(Ti), Cp,i =
Cp(Ti, xi), we obtain the three systems of ordinary diﬀerential equations
8
1
> T_ ¼ AT þ bcT þ C p ðr þ BuÞ;
>
<
x_ ¼ Ax þ bcx þ k;
ð5Þ
>
>
: d log G ¼ A log G þ bc þ f ;
G
dt
where T = (T1, . . . , Tn)T, x = (x1, . . . , xn)T, G = (G1, . . . ,
Gn)T, r = (r1, . . . , rn)T, k = (k1, . . . , kn)T, f = (f1, . . . , fn)T,
bcx = (xt,0, 0, . . . , 0)T,
bcG =
bcT = (Tt,0, 0, . . . , 0)T,
T
(log(Gt,0), 0, . . . , 0) , and Cp is a diagonal matrix with
diagonal entries Cp,i. A ¼ dvz ðaij ¼ ð1Þdji þ dji1 Þ is the
n · n backward diﬀerences matrix, B is the n · 8 input
matrix, and u = (u1, . . . , u8)T. Each actuator i acts on
its zone of competence, which will be referred to as zone
i. In particular, if the ith zone has ni cells, with n1 +
   + n8 = n, then in the ith column of B the ﬁrst
n1 +    + ni1 elements are zeros, the elements from
n1 +    + ni1 + 1 to n1 +    + ni are ones, and the
remaining elements are zeros.
Other possible choices for the spatial discretization
method include forward diﬀerence equations, centered

Based on the model in (5), two PI schemes used in the
industrial setting were considered. These are diagonal
control structures. Classically, derivatives term (D) were
omitted to prevent temperature sensor noise from
being ampliﬁed. In these two schemes, only one measurement in each zone is used. In the ﬁrst scheme,
the measurement is taken at the center of the zone,
while in the second scheme the measurement is
taken at the end of the zone. From a theoretical
point of view, these choices induce strong constraints
on the controller structure and lead to performance
deterioration when compared to the system with a
full controller matrix (as pointed out in [16]). However,
this deterioration has to be weighted against design
simplicity and failure tolerance. In fact, each block controller can be designed for the isolated subsystem, and
fewer controller parameters need to be chosen than for
the full system. Further, stability and performance are
preserved to some degree when individual sensors or
actuators fail. This failure tolerance is an attractive feature in the industrial framework. Part of such a controller can be turned oﬀ without dramatically aﬀecting the
system.
3.1. PI controller with measurement at the center
of the zone
In this context, only the eight sensors at the center of
the zone are used. Let ni be the number of cells in zone i,
and let T m1 ; . . . ; T m8 denote the
measured temperatures,
Pi1
then we have that mi ¼ j¼1 nj þ ni =2. Let Tsp =
(Tsp,1, . . . , Tsp,n) and uref = (uref,1, . . . , uref,8)T denote the
reference temperature proﬁle and the corresponding
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constant reference input respectively. The closed loop
control laws are
Z
ui ¼ K P;i ðT mi  T sp;i Þ  K I;i ðT mi  T sp;i Þ þ uref;i ;
i 2 f1; . . . ; 8g.
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3.2. PI controller with measurement at the end of the zone
In this setup, only the eight end of zone temperature
With ni the number of
sensors T m1 ; . . . ; T m8 are used.P
i
cells in zone i, we have mi ¼ j¼1 nj . The closed loop
control law u is given again by expression (6), where
the reference value Tsp,i and usp,i are appropriately computed. Proportional and integral gains are still tuned in
descending cascade using Ziegler–Nichols method.
Closed loop response are shown in Fig. 5.
By contrast with results in Fig. 4, this control design
produces an asymptotic temperature proﬁle that is satisfactory not only where the measurement is performed.
An analysis of such a performance diﬀerence is explained in the following section.

ð6Þ

The gains KP,i and KI,i are tuned in descending cascade (we tune ﬁrst the PI of the ﬁrst zone, and then
the PI of the following zones by leaving the already
tuned PI on) by means of the Ziegler–Nichols closed
loop PID tuning rule (see for example [17]). When a step
disturbance of amplitude 10% is applied at the entrance
of the reactor, the response of the closed loop system is
given in Fig. 4. The left plot of the same ﬁgure shows the
asymptotic temperature proﬁle along the reactor. The
performance at locations diﬀerent from the ones at
which the measurement occurs is not satisfactory: only
the measured temperatures are well tracked. The right
plot shows the control eﬀort ui  uref,i.

3.3. Comparisons of the two measurement schemes
Spatially distributed oﬀsets in the asymptotic temperature proﬁle still persist when the integral part of the
6
5

TEMPERATURE
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asymptotic T profile
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Fig. 4. PI controller with measurement at the center of the zone. Performance of the closed loop system when a step of amplitude 10% of input
temperature is applied at the entrance of the reactor. Left: asymptotic temperature proﬁle. Right: control eﬀort.
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Fig. 5. PI controller with measurement at the end of the zone. Performance of the closed loop system when a step of amplitude 10% of input
temperature is applied at the entrance of the reactor. Left: asymptotic temperature proﬁle. Right: control eﬀort.
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Perturbation analysis of disturbance rejection. Consider two adjacent zones i  1 and i, we wish to estimate
the attenuation of a step disturbance of amplitude d
entering at the beginning of zone i  1. One can ask
where the best location a 2 [0, 1] for the temperature
measurement is for having the highest attenuation
onto the next zone. Having a = 1 or a = 0 means that
the measurement is performed at the beginning or at
the end of the zone respectively. Once controlled by
one of the proposed controllers, the temperature PDE
is a transport equation in ﬁrst order approximation.
Assuming that stability is achieved by the previous
control loops, perturbation in the control du aﬀects the
temperature by the following integral formula for all
x 2 [0, 1]
dT ði  x; tÞ ¼ dT ði  1; t  ð1  xÞÞ
Z t
~  sÞdui ðsÞ ds;
þ
Bðt
tð1xÞ

~ > 0. Now assume that dui is a closed loop signal
with B
dui(t) = KiT(i  a, t). Steady state values satisfy
R 1a
~ ds
1 þ K i 1x BðsÞ
T ði  1; 1Þ
T ði  x; 1Þ ¼
R 1a
~ ds
1 þ Ki
BðsÞ
0

and in particular
T ði; 1Þ ¼

1  Ki
1 þ Ki

R1
R 1a
1a
0

~ ds
BðsÞ
d.
~ ds
BðsÞ

As Ki increases (strong gains seem often a good
option, especially with the Ziegler–Nichols tuning
rules), the disturbance is attenuated from the entrance
of the zone to the exit by a factor asymptotically equal
to
 Z 1a
Z 1
~ ds
~ ds.

BðsÞ
BðsÞ
1a

Temperature

controller is turned oﬀ. Thus for the sake of simplicity,
we neglect the integral terms.

Time
Fig. 6. Industrial results with an end of the zone PI controller
(unsatisfactory).

3.4. Industrial results with a PI controller
In Fig. 6, the results of a grade transient are shown. Actual scales are omitted for conﬁdentiality reasons. Yet, it is
possible to represent this transient as a non uniform shift
in temperature for the diﬀerent zones ranging from +10%
to 5%. The measurement are all performed at the center
of the zone except one that is measured at the end. While
the regulation is satisfactory before the transient, some
oscillations persist. This is mostly due to the high value
of the gains chosen for the PI to get a strong hold on the
system during transients. The transient itself gives rise to
oscillations. In the ﬁrst zone, the system is steered
smoothly by the controller but the next zone is harder to
control as the reaction is the strongest. Finally, the last
zones are suﬀering from the disturbances travelling from
the ﬁrst zones. These industrial results are consistent with
the study presented in Section 3.1. This behavior was considered a serious bottleneck for the plant productivity and
was at the origin of our study on the control upgrade.
4. LQR controller design

0

Since a > 0, this term is negative. The optimum is
to choose a = 0, meaning the best measurement location in terms of disturbance rejection is at the end of
the zone. With this choice, the disturbance does not
propagate to the next zone. If a diﬀerent choice is made
(e.g. centre of the zone measurement), then the disturbance propagates with an opposite sign to the next zone.
This explains the steady state reached with the center of
the zone measurement in Fig. 4. On the contrary, one
can clearly see in Fig. 5 that the disturbance aﬀects
mainly the ﬁrst zone and then is strongly attenuated
by the end of the zone measurement controller. Similarly, the control eﬀort is focused on the ﬁrst zone in
Fig. 5.

In this section, a centralized PI controller is proposed
in which the proportional gains are optimally chosen
using LQR design. Weights of the input channels are
computed through this LQR design. In a future work,
we could investigate the use of higher order controller
(that may include some explicit or implicit observer for
instance). In the sequel, we will refer to this centralized
PI scheme as LQR to remind the way the proportional
gain was designed.
4.1. Control setup
The LQR is designed to regulate the temperature
about the desired proﬁle Tsp. To this end, the ﬁrst

D. Del Vecchio, N. Petit / Journal of Process Control 15 (2005) 771–784

equation of (5) is linearized about (Tsp, xsp, Gsp, usp). This
yields
!


dr
1

T_ ¼ A þ C p
T þ Bu.
ð7Þ
dT ðT sp ;xsp ;Gsp Þ

at least at the end of the zone. Since we assume to
have at most three possible measurements in each
zone (i.e. at the beginning which corresponds to the
end of the previous zone, at the center, and at the
end), we linearly interpolate the measurements we have
in each zone in order to do the feedback from the interpolated temperature. The ni · ni matrix Ip models the
interpolations, that is Tinterp = IpT. Ideally, the larger
the number of measurements the closer Ip to the identity
matrix.
Fig. 7 reports the behavior of the closed loop system
when a step disturbance of 10% is applied at the entrance of the reactor. The left plot shows the asymptotic
temperature proﬁle along the reactor. The right plot
shows the control eﬀort. Comparisons with Fig. 5 stress
that the transients are smoother and the control signal
does not oscillate.

The values of Cp range from 0.4 to 1, and its variation
can be roughly seen as a multiplicative disturbance acting on u. We therefore neglect C 1
p multiplying Bu in the
control design. As we will explain in a later section, this
does not cause a problem due to the robustness properdr
ties of the LQR. Deﬁne A ¼ ðA þ C 1
p dT jðT sp ;xsp ;Gsp Þ Þ. The
LQR problem is solved in each one of the eight zones
separately, neglecting the propagation of perturbations
from zone i to zone i + 1. Perturbations are very small
in zone i + 1 if the LQR in zone i is properly designed.
This choice is due to numerical issues that arise when
considering the problem of assigning the eigenvalues
of the relatively large dimensional entire system. Thus,
for the control design purpose we have A ﬃ block 
diagðA1 ; . . . ; A8 Þ, with A1 2 Rni ni previously deﬁned.
Then, we have eight identical LQR problems for the
pairs ðAi ; Bi Þ, with Bi 2 Rni a vector of ones. For each i
the functional
0
1
Z 1
B
2
2C
ð8Þ
ðtÞ A dt;
J ðuÞ ¼
i
@ui ðtÞ þ T P

4.2. Industrial results with a LQR controller
Fig. 8 shows industrial results obtained with the LQR
design that has been in service since 2000 (see [2]).
Again, a grade transient is considered, which is diﬀerent
from the one presented in the PI Section but is just as
diﬃcult to achieve. Before the transient, the system is
well controlled. Residual oscillations are very small
compared to the PI results in Fig. 6. This is due to the
better suited choice of the gains. The transient itself is
satisfactory. It is fast with mostly monotonic trajectories
and no propagation of undesirable perturbations between the zones. After the transient, the system is well
controlled. This behavior has been considered successful
since this new controller was designed and installed.
Indirectly, it also allowed to increase the productivity
by an upgrade of the total amount of monomer that
can be processed (changing the velocity of the ﬂow
and reference temperature proﬁles) without changing
any actuators or sensors.

nj

0

j¼1

is minimized, where T Pi
j¼1

nj

ðtÞ is the temperature at the

end of zone i, and ui(t) is the control input of the same
zone. Let K P;i 2 Rni denote the optimal vector of proportional gains in zone i, we use
Z t
ui ¼ K TP;i ðI p T  T sp Þ  K I;i ðT ni ðsÞ  T sp;i Þ ds þ ui;ref ;
0

ð9Þ
where the integral term (tuned a posteriori) guarantees
zero asymptotic error with respect to step disturbances

0.2
Tsp
asymptotic T profile

0.1

TEMPERATURE

LQR control effort

0
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–0.2
–0.3
–0.4
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–0.7
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1
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Fig. 7. LQR. Performance of the closed loop system when a step of 10% is applied at the entrance of the reactor.
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Temperature
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Time

Fig. 8. Industrial results with a LQR controller.

4.3. Comparison between the LQR and the PI with
measurement at the end of the zone
The LQR controller is a natural evolution of the
decentralized PI control scheme in the case in which a
full measurement is possible. It simply provides a methodology for optimally choosing the gains of the proportional controller, and thus it leads to a centralized PI
controller structure. A better performance of the LQR
controller is to be expected because for designing the
proportional gains an optimization is run, and because
the number of measurements considered is larger than
the one in the decentralized PI scheme. The asymptotic
performance of the decentralized PI is comparable to
the one of the centralized scheme obtained with LQR
design. The transient performance of the LQR design
is instead better as expected. To investigate this feature
further on, the system was simulated starting from a

temperature proﬁle 20% higher than the desired one.
The results with the decentralized PI and with the
LQR are shown in Fig. 9. The decentralized PI gives rise
to instability as its gains were designed around the desired temperature proﬁle. The LQR instead steers the
system to the desired proﬁle. This robustness property
with respect to unmodelled dynamics is due to the centralized nature of this controller and to the number of
measurements. In Fig. 10 (right), the Nyquist plots of
e ðjxÞ, where H(s) =
det[I + H(jx)] and of det½I þ H
1
e 1 B, with A
e ¼ Aþ
e
K(sI  A) B and H ðsÞ ¼ KðsI  AÞ
BKðI  I p Þ are depicted. The eﬀect of a poor interpolation is to reduce the robustness margins of the system
with respect to input perturbations. In particular, if
eight measurements are considered (e.g. only end of
the zone sensors are available) the LQR controller results in an unstable closed loop system.
In conclusion, the LQR design turns out to be easy
because the exact expression of the kinetics does not
need to be known (the x and G dynamics can be neglected), and thus the design considers only the linearized version of the T dynamics. It is more robust than
the PI with measurement at the end of the zone, this
being due to its centralized structure and to the quality
of the measurement interpolation.

5. Nonlinear trajectory generation control approach
In the latest years, optimal control problems with systems governed by partial diﬀerential equations subject
to control and state constraints have been extensively
studied. We refer for instance to [18] for necessary optimality conditions for special cases of elliptic problems
and to [19,20] for numerical studies. One may think to
use these tools as a closed loop controller as in estab-
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Fig. 9. Performance of the LQR controller with 17 uniformly distributed measurements (left plot) and of the decentralized PI with measurements at
the end of the zone (right plot), when the system is started at a temperature proﬁle 20% higher that the desired one Tsp.
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of 17 uniformly distributed measurements.

lished receding horizon control strategies for systems
governed by ordinary diﬀerential equations (see [21,22]
for instance).
A direct method to solve these problems is to use ﬁnite dimensional approximations for both the control
and the state and to enforce constraints at some prescribed grid points (see [23] for an overview of this direct
collocation approach). This results in a nonlinear program, see [24,25]. In [6], a diﬀerent methodology is
proposed. For optimal control of nonlinear ordinary
diﬀerential equations of the form x_ ¼ f ðxÞ þ gðxÞu,
where R 3 t 7! x 2 Rn and R 3 t 7! u 2 Rm , it is shown
[26] that it is possible and computationally eﬃcient to
reduce the dimension of the nonlinear programming
problem by using inversion to reduce the number of dynamic constraints in the problem. In this approach, variables are eliminated through explicit substitutions. The
‘‘inversion’’ concept can be extended to the ﬁeld of
partial diﬀerential equations. For numerical implementation, the variables can be parameterized by tensorproduct B-splines (among other basis functions). Their
partial derivatives can be easily (analytically) computed,
combined, and substituted to as many components of
the states and the control as possible in both the cost
functions and the constraints.
After the variables have been parameterized in terms
of B-spline surfaces, the coeﬃcients C li;j of the B-spline
basis functions will be found using sequential quadratic
programming. This problem is stated as
min F ðyÞ subject to lb 6 cðyÞ 6 ub ;

y2RN c

where y ¼ ðC 11;1 ; C 11;2 ; . . . ; C ppt ;px Þ

and

N c ¼ pt  px  p.
ð10Þ

F(y) is the discrete approximation of the chosen
objective function. We then use NPSOL [27] as the
sequential quadratic programming to solve this new
problem.

5.1. Optimal control problem formulation
We consider the variables x and T only, while we neglect the variation of the G value that we assume ﬁxed to
its reference Gsp. Then we formulate the problem of
shifting the temperature proﬁle from a starting proﬁle
T(0, z) = Tic(z) to the desired ﬁnal proﬁle T(tf, z) =
Tsp(z) for a given transient time tf as a constrained minimization problem. In this setup we relax the underactuated model by assuming full actuation (we could
add constraints on u but this could be expensive in terms
of computation time). In particular we want to ﬁnd the
(t, z) # (T(t, z), x(t, x), u(t, z)) that minimizes the cost
Z tf Z 1
2
2
J ðT ; x; uÞ ¼
c1 uðs; sÞ þ c2 ðT ðs; sÞ  T sp ðsÞÞ dsds;
s¼0

s¼0

ð11Þ
subject to the boundary constraints
T ð0; zÞ ¼ T ic ðzÞ;

T ðtf ; zÞ ¼ T sp ðzÞ;

T ð0; zÞ ¼ xic ðzÞ;

xðt; 0Þ ¼ xinlet

T ðt; 0Þ ¼ T inlet ;

and to the domain constraints


oT ðt; zÞ
oT ðt; zÞ
rðT ; x; GÞ
u
þv
þ
;
¼
ot
oz
C p ðT ; xÞ C p ðT ; xÞ

ð12Þ

ð13Þ

oxðt; zÞ
oxðt; zÞ
þv
¼ kðT ; x; GÞ;
ot
oz

ð14Þ

lb 6 uðt; zÞ 6 ub .

ð15Þ

We reduce the number of variables involved in the
constrained minimization problem to two, by rewriting
u as a function of x and T by means of equation (13).
Therefore, the cost in (11) becomes

Z t f Z 1 
oT ðs; sÞ
oT ðs; sÞ
þv
J ðT ; xÞ ¼
c1
C p ðT ; xÞ
os
os
s¼0 s¼0
2
rðT ; x; GÞ þ c2 T ðs; sÞ2 ds ds;
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subject to the boundary constraints given in Eq. (12),
and to the domain constraints
oxðt; zÞ
oxðt; zÞ
þv
¼ kðT ; x; GÞ;
ot
oz

ð16Þ

0 6 xðt; zÞ 6 1  c0 ;
ð17Þ


oT ðt; zÞ
oT ðt; zÞ
þv
lb 6
C p ðT ; xÞ  rðT ; x; GÞ 6 ub ;
ot
oz
ð18Þ
where we added the domain constraint on the x values
to avoid any sign change for the argument of the square
root in the reaction expression given in (4). This term
would become negative if this constraint is violated
and thus the numerical solver would fail.
Once the optimal solution Topt(t, z), xopt(t, z) has been
found, the optimal input is computed as
 opt

oT ðt; zÞ
oT opt ðt; zÞ
uopt ðt; zÞ ¼
þv
C p ðT opt ; xopt Þ
ot
oz
 rðT opt ; xopt ; GÞ.
5.2. Optimal solutions
The NTG software package [26,6] is used to solve the
constrained optimization problem explained in the previous section. Typical problems that can be solved with

this package include the example given in Fig. 11 where
the parameters are set as c1 = c2 = 1, lb = 20, ub = 20,
constraints are enforced on a 16 · 16 uniform grid, Eq.
(14) is satisﬁed with a tolerance of 105. The total number of spline coeﬃcients is 144. In this problem the initial temperature oﬀset is distributed along the reactor
with a peak at 25. The optimal control strategy saturates
the constraints.
5.3. Using NTG with a closed loop controller
The optimal control input computed by NTG is then
used in our simulator. In addition to the open loop optimal control, we use also a closed loop controller to be
able to track the optimal temperature evolution Topt.
Let uopt(t) = (uopt(t, z1), . . . , uopt(t, zn))T, and Topt(t) =
(Topt(t, z1), . . . , Topt(t, zn))T, then the control input
u 2 R8 used in model (5) is
uðtÞ ¼ ðBT BÞ

ð1Þ

BT ðuopt ðtÞÞ  KðI p T ðtÞ  Topt ðtÞÞ;

with K a scalar constant. This last expression takes into
account the under-actuated structure of our model by
doing a least square approximation of the optimal control value. This strategy addresses the problem of regulation of distributed process with spatially-distributed
control actuators and measurement sensors. In NTG
the system is treated as a fully distributed system, the
feedback term takes care of the imperfections of this
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Fig. 11. Optimal solution found by the NTG software. We show the two dimensional plots of the optimal quantities on the grid where the
constraints were enforced and the cost was minimized.
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model. Further, this feedback term is needed for attenuating numerical and initialization errors in addition to
errors due to the G unmodelled dynamics. The linearization about points on the optimal trajectory of the overall
system, as this appears in equations (5), gives rise to
complex eigenvalues with negative real parts. Even if
the system is stable around the optimal trajectory, the
presence of a non zero imaginary part gives rise to oscillations when a small error is present, due to the above
explained factors. The amplitude of such oscillations become small after a time, which depends on the dynamics
of the system, that is larger than the target ﬁnal time tf.
The feedback term eliminates these oscillations within

the ﬁnal time tf. As we can see from Fig. 12 the open
loop control and the close loop one are very similar,
meaning that only a small amount of error needs to be
corrected.
Numerical setup. In the cost given in (11), we chose
c1 = c2 = 1. The bounds on the input in (15) have been
chosen to be lb = 100, ub = 100. The tolerance on the
satisfaction of the x PDE given in (14) was chosen to
be 102. The two-dimensional t, z plots of the quantities
Topt(t, z), xopt(t, z), uopt(t, z) are reported in Fig. 11.
The computational time needed for computing the
solutions is 4 minutes when the number of spline
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coeﬃcients is 616. The x and T variables are approximated with 6th order B-splines using 6 and 4 knots for
the z and t directions respectively. First partial derivatives are continuous across the knots (multiplicity of
2). The constraints are enforced on a 20 · 10 (z, t) mesh
grid. This computation time may seem high when compared to results from the literature (see [28] where
SNOPT is used instead of NPSOL) but these refer to
systems of parabolic equations. Diﬀusion terms regularize the solutions of these dynamics and make collocation
easier to run thanks to smoothness of the unknown variables. In the problem addressed here, the unknown variables are not very smooth, constraints are thus diﬃcult
to enforce and the SQP requires many iterations.
The simulations were run with a ﬁxed step equal to
1.5/300. We show the simulation results in Fig. 12 next
to the performance of the LQR designed in the previous section. The values of the cost given in (11) are
1.098 · 103 for the optimal solutions computed by the
NTG, it is 1.0978 · 103 for the closed loop quantities obtained from the Simulink simulation, and it is 0.82 · 103
for the LQR. Cost functions are not comparable in this
transient mode, but results are of the same order of magnitude. The smaller cost of the LQR is due to a smaller
value of the controller, as it appears from Fig. 12, but
the behavior of the temperature with the NTG controller is better since it has a faster transient, and it achieves
the desired ﬁnal proﬁle within the target time tf. This
does not happen for the LQR controller whose transient
is slower.
5.4. Perspectives of receding horizon control
It is very tempting to use such a numerical tool in the
context of receding horizon control (RHC) as detailed in
[29,30]. Our control problem incorporates a zero terminal constraint which is consistent with the RHC strategy
proposed in [31,32]. One may also use a terminal cost instead, as proposed in [33]. This process has many of the
interesting features that make RHC attractive for industrial applications (see [23]): frequent grade changes,
possibly large disturbances. Because computational eﬃciency is vital to the success of such an online optimization, it seems important to test whether our numerical
approach can be improved further. One way to achieve
shorter computations time is to use well chosen initial
guesses. As an example, we investigated the time required to solve the problem given in Fig. 11 with perturbed initial conditions. Results are as follow: the
reference solution is computed in 560 s, perturbation
of the initial condition oﬀset of 25%, 50% and, 80%
are solved using the ﬁrst run as initial guess in 40, 60
and 80 s respectively (on average). It thus possible to signiﬁcantly reduce the computational load provided a
large enough set of initial guesses is computed oﬄine.
In this context, the use of an eﬃcient tool is critical.

One could also save more information than just good
initial guess. We refer to [34] for a methodology that
uses precalculated reference trajectories along with Hessians and gradients information in a real-time embedding strategy. It can also be interesting to consider
alternative control conﬁguration to propose a fault tolerant control strategy (as in [35]). This can be done by
computing relevant initial guesses for such conﬁgurations. More work needs to be done though. A set of
costs and terminal constraints has to be well chosen to
provide stability in closed loop (see [32] for a discussion
on this topic in the case of ordinary diﬀerential equations). Robustness is also an issue since computation
time cannot be upper bounded (the number of SQP iterations is not limited [23]). It might be interesting to use
feasible SQP to be able to exit in a prescribed time with a
(possibly suboptimal) feasible solution (see [29] for a discussion on this subject).

6. Conclusion
In this paper, we have shown the main diﬀerences between four control schemes for the example of an underactuated exothermic tubular reactor. In particular, we
considered a decentralized PI design with two diﬀerent
measurement schemes, and a centralized PI design in
which the gains have been computed by means of an
LQR design for the problem of regulating the temperature about a desired proﬁle along the reactor. We then
considered a nonlinear control scheme, the NTG controller, for the purpose of shifting fast the temperature
between desired proﬁles along the reactor. Our study
conﬁrms the industrial results obtained with PI and
LQR controllers and gives insight into the experimentally obtained performance. The measurement at the
center of the zone scheme performs badly at locations
diﬀerent from the measured ones, while the measurement at the end of the zone scheme allows a good regulation performance everywhere along the reactor.
Further, the LQR design allows faster transients than
the decentralized PI controller, and its robustness characteristics allow to well reject uncertainties on the initial
conditions. This suggests that such a control scheme can
be successfully applied to the problem of shifting fast the
operating point between temperature proﬁles along the
reactor. This is conﬁrmed by our simulation and industrial results. Finally, we showed how a nonlinear control
scheme, the NTG, can be used to impose constraints on
the input values and to shift the operating point between
diﬀerent temperature proﬁles along the reactor within an
established time.
In the industrial framework, the key issue we encountered is the compromise between the need for performance and robustness and the model knowledge,
availability of measurements, and limited actuation
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available for control. This is according to the results of
[1] where the authors also highlight that actual implementation of advanced control theory in the polymerization area requires the improvement of measurement
and state estimation techniques. To the light of this
study, our recommendations are as follows. If only local
temperature measurements are available, and one lacks
knowledge of the kinetic law, we recommend using the
end of the zone measurement scheme. If interpolation
of the sensor values is accurate and the knowledge of
the kinetics law appears reliable, then we recommend
using the LQR for the sake of performance improvement. Finally, if a distributed control system (DCS) is
available on site, and if the kinetics law are accurately
known, then we suggest that a numerical tool, such as
the one presented here, be used. The advantages of using
such an approach are: constraints handling, and optimization with respect to the true nonlinear dynamics.
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