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Optimal Control of Systems Subject to
Input-Dependent Hydraulic Delays

Charles-Henri Clerget and Nicolas Petit , Senior Member, IEEE

Abstract—In this article, we study the optimal control
of systems subject to input-varying hydraulic delays, i.e.,
systems where the delay on the input depends on the past
values of the input through a specific integral relation. The
calculus of variations of this problem reveals its nondiffer-
entiable nature. Then, a smooth relaxation is proposed to
derive an iterative optimization algorithm. A convergence
proof is detailed. The practical interest of the algorithm is
evidenced on a numerical example.

Index Terms—Input-dependent delays, optimal control,
variable time delays.

I. INTRODUCTION

ONE approach to control time-delay systems is to schedule
the input signals so that the system outputs approach de-

sired setpoints in finite time. Numerous researchers have studied
this topic [1]–[6], by focusing on controllability and trajectory
parameterization, in particular. Furthermore, several works have
considered optimization of the transients, i.e., optimal control
strategies. With constant delays, the mathematical formulations
have long been known (see [7]–[14]). A detailed survey can
be found in [15] and [16]. These works cover cases of multiple
input and state delays, with state constraints, in the framework of
Pontryagin’s maximum principle [17]. On the application side,
model predictive control (MPC) routinely handles linear systems
with fixed delays, and industrial implementations in commercial
software are commonplace in the process industries [18]–[21].

Interestingly enough, it appears that only little attention has
been given to dynamic optimization problems under varying
delays. Since the seminal work of [22], most research efforts
have focused on closed-form solutions to LQR problems for
dynamics impacted by time-varying delays, see [23]. However,
these approaches usually do not consider cases where the delay
variability actually depends on the input or the state. Indeed, in
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most practical applications where delays are a priori known to
be variable, this information is simply ignored and the delays are
assumed to be fixed. A noteworthy exception is the early work
of [24] on state-dependent delays. Unfortunately, it does not
seem to have received the appropriate attention, and its results
have not been implemented in any available software package.
In this article, we consider a class of structured delays denoted
as hydraulic delays. Such delays are defined by the following
relation: ∫ t

ru(t)

φ(u(τ)) dτ = 1 (1)

where u is a subset of the system control variables (typically
flow rates or valve openings), φ is a strictly positive, scalar-
valued smooth function, and ru(t) � t−Du(t) with Du(t) the
delay. This type of delay is the exact solution of a plug-flow
transport equation [25]; hence, its designation is hydraulic [26].
A quasi-steady approximation is sometimes considered in which
the delay is modeled as inversely proportional to a function of
the input (see [27, (16)]). Problems where such delay depen-
dence in the control is important are numerous and of practical
importance in chemical, process, and combustion engineering
(among others) to model mixing, recycle streams, and spatially
distributed cascades of reactions. Examples of such systems
can be found in [28]–[41]. From a historical viewpoint, the
appearance of the integral (1) with a nonlinear function φ can
be traced down to the pioneer works on rockets by [42], [43],
where the sensitiveness of the delay to the pressure is identified
as a main source of combustion instability, as noted in several
occasions in [44, ch. 12].

The article is organized as follows. Given a general objective
function to minimize, we carry out the calculus of variations
for an input-independent time-varying delay and an input-
dependent hydraulic delay under weak regularity assumptions in
Section II. Doing so, we stress the structural differences between
these two cases. The conditions on Gâteaux-differentiability are
given in Theorem 1. To relate the nondifferentiability to a phys-
ical interpretation, an illustrative example is presented, along
with a schematic picturing the root cause phenomenon. Then, we
propose a regularized approximation of this problem, prove its
smoothness and derive its stationarity conditions. In Section III,
we present an iterative optimization algorithm to solve a subclass
of the problems tackled in Section II with systems exhibiting
input-dependent input delays. We lay out a detailed proof of
convergence in Theorem 2. Finally, in Section IV, we present and
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discuss numerical results, based on a simple benchmark problem
from [32], illustrating the performances of the algorithm.

Notations: Let L2(E,F ) be the set of functions of inte-
grable square on E with values in F . With T > 0, let � ∈
L2([0;T ],Rn), we note ‖�‖1 and ‖�‖2 the L1-norm 1 and
L2-norm of the function �, respectively. Using Cauchy–Schwarz
inequality, ‖�‖1 ≤ √

nT‖�‖2. We noteC1
pw([0;T ],R

p) the class
of piecewise C1 functions from [0;T ] to Rp, having a finite
number of jumps in their values or derivatives on their inter-
val of definition. Let D1([0;T ],Rp) be the class of functions
from [0;T ] to Rp that are differentiable but whose derivative
is not necessarily continuous. We note u ∈ Rp the control and
x ∈ Rm the state of the system. LetL : [0;T ]× Rm × Rp → R
and f : [0;T ]× Rm × Rm × Rp × Rp → Rm be smooth func-
tions. Let g ∈ L2(R,Rn) and I be an interval of R. We note gI
the restriction of g to I. We note 1 the indicator function. Let
h be a function of a real variable, we note the one-sided limit
whose s-argument defines how the t-argument is approached

lim
τ→

s
t
h(τ) =

{
lim
τ→t+

h(τ) if 0 ≤ s

lim
τ→t−

h(τ) if 0 > s.

We note the function sign : R → {−1; 0; 1} that maps strictly
positive (resp. negative) arguments to 1 (resp. −1) and 0 onto
itself. For notational ease, given a fixed delayed time law r,
we consider [t, x, u] = (t, x(t), x(r(t)), u(t), u(r(t))) and, sim-
ilarly, [t, x, u]v = (t, x(t), x(rv(t)), u(t), u(rv(t))).

II. CALCULUS OF VARIATIONS WITH TIME-VARYING AND

INPUT-DEPENDENT DELAYS

A. Fixed Time-Varying Delays

As a preliminary, consider r a smooth, strictly increas-
ing function such that for all t, r(t) < t. This function de-
fines a delayed time law. Take (u0, x0) ∈ L2([r(0); 0],Rp)×
D1([r(0); 0],Rp). Consider the following optimal control prob-
lem having r as fixed1 time-varying delay:

Pr : min
u

∫ T

0

L(t, x(t), u(t)) dt+ ψ(x(T )) � Jr(u)

s.t. ẋ(t)=f([t, x, u]), x[r(0);0] = x0, u[r(0);0] = u0.

We seek to establish necessary stationarity conditions char-
acterizing optimal solutions of Pr. Following, e.g., [45] these
conditions are equivalent to the stationarity conditions of the
augmented functional, where the constraints of the dynamics
have been adjoined, which, using an integration by parts, is

J̄r(x, u, λ) =

∫ T

0

L(t, x(t), u(t)) + λ̇(t)Tx(t)

+ λ(t)T f([t, x, u]) dt

− λ(T )Tx(T ) + λ(0)Tx(0) + ψ(x(T )). (2)

1fixed means that the function only argument is t, it does not depend on the
input, even implicitly.

To compute the Gâteaux derivatives of J̄r ([46]), given any δ ∈
R, x, u, λ, let us first consider the cost variation associated with
a variation of its first argument in a direction h

J̄r(x+ δh, u, λ)− J̄r(x, u, λ) =

δ

∫ T

0

∂L
∂x

(t, x(t), u(t))h(t) + λ̇(t)Th(t)

+ λ(t)T
∂f

∂x
([t, x, u])h(t)

+ λ(t)T
∂f

∂xr
([t, x, u])h(r(t)) dt

− δλ(T )Th(T ) + δ
∂ψ

∂x
(x(T ))h(T ) + o(δ).

This immediately leads to the expression of the Gâteaux deriva-
tive w.r.t. the x-argument

DhJ̄r(x) =

∫ T

0

∂L
∂x

(t, x(t), u(t))h(t) + λ̇(t)Th(t)

+ λ(t)T
∂f

∂x
([t, x, u])h(t)

+ λ(t)T
∂f

∂xr
([t, x, u])h(r(t)) dt

− λ(T )Th(T ) +
∂ψ

∂x
(x(T ))h(T ).

This last expression is not handy for the coming derivation of
stationarity conditions because the expression under the integral
sign mixes the values of h at both time t and time r(t). Since h
is an admissible variation, for all t ≤ 0, h(t) = 0. This gives a
first simplification. Then, using a change of variables, one finds∫ T

0

λ(t)T
∂f

∂xr
([t, x, u])h(r(t)) dt

=

∫ r(T )

0

λ(r−1(t))T
∂f

∂xr

(
[r−1(t), x, u]

)
(r−1)′(t)h(t) dt.

Finally, this leads to

DhJ̄r(x) =

∫ T

0

(
∂L
∂x

(t, x(t), u(t)) + λ̇(t)T

+ λ(t)T
∂f

∂x
([t, x, u])

+ 1[0;r(T )](t)(r
−1)′(t) · λ(r−1(t))T

· ∂f
∂xr

(
[r−1(t), x, u]

))
h(t) dt

+

(
−λ(T )T +

∂ψ

∂x
(x(T ))

)
h(T ).

Similarly, we establish the Gâteaux derivative w.r.t. the input
DhJ̄r(u) and the adjoint variables DhJ̄r(λ). Any stationary
solution (x∗, u∗, λ∗) of J̄r is characterized by the relations

∀(h1, h2, h3), Dh1
J̄r(x

∗) = Dh2
J̄r(u

∗) = Dh3
J̄r(λ

∗) = 0.
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Then, using Dubois–Reymond lemma (see [45]), we establish
the following result.

Proposition 1: Any locally optimal solution of Pr verifies
the following two-point boundary value problem (TPBVP)

ẋ(t) = f([t, x, u]), x(0) = x0

λ̇(t) = − ∂L
∂x

(t, x(t), u(t))T − ∂f

∂x
([t, x, u])Tλ(t)

− 1[0;r(T )](t)(r
−1)′(t)

∂f

∂xr

(
[r−1(t), x, u]

)T
λ(r−1(t))

λ(T ) =
∂ψ

∂x
(x(T ))T

0 =
∂L
∂u

(t, x(t), u(t))T +
∂f

∂u
([t, x, u])Tλ(t)

+1[0;r(T )](t)(r
−1)′(t)

∂f

∂ur

(
[r−1(t), x, u]

)T
λ(r−1(t)).

B. Input-Dependent Delays: A Nonsmooth Problem

From now on, the delay depends on the input signal according
to (1).

1) Gâteaux Differentiability: Take (u0, x0) ∈ C1
pw([r0; 0],

Rp)×D1([r0; 0],Rp), r0 < 0 with∫ 0

r0

φ (u0(τ)) dτ = 1. (3)

Consider the optimal control problem with input-dependent
delays

P0 : min
u

∫ T

0

L(t, x(t), u(t)) dt+ ψ(x(T )) � J0(u)

s.t. ẋ(t) = f(t, x(t), x(ru(t)), u(t), u(ru(t)))

x[r0;0] = x0, u[r0;0] = u0

where ru is implicitly defined by (1). Before addressing the
derivation of the optimality conditions, we introduce the fol-
lowing handy result.

Proposition 2: For any t ∈ [0;T ], (u, h) ∈ C1
pw([0;T ],R

p)
2

and s ∈ {−1; 1}, we have

lim
δ→

s
0

ru+δh(t)− ru(t)

δ
=

1

lim
τ→

s′
ru(t)

φ(u(τ))

∫ t

ru(t)

∂φ

∂u
(u(τ))h(τ) dτ (4)

where s′ = sign(s · ∫ t

ru(t)
∂φ
∂u (u(τ))h(τ) dτ). In particular, if u

is continuous at ru(t), the Gâteaux derivative of ru(t) w.r.t. the
input at point u in the direction h is

Dhru(t) =
1

φ(u(ru(t)))

∫ t

ru(t)

∂φ

∂u
(u(τ))h(τ) dτ.

Similarly, for any t ∈ [0; ru(T )[

lim
δ→

s
0

r−1
u+δh(t)− r−1

u (t)

δ
=

− 1

lim
τ→

s′
r−1
u (t)

φ(u(τ))

∫ r−1
u (t)

t

∂φ

∂u
(u(τ))h(τ) dτ (5)

where

s′ = sign

(
−s ·

∫ r−1
u (t)

t

∂φ

∂u
(u(τ))h(τ) dτ

)
(6)

and if u is continuous at r−1
u (t), the Gâteaux derivative is

Dhr
−1
u (t) = − 1

φ(u(r−1
u (t)))

∫ r−1
u (t)

t

∂φ

∂u
(u(τ))h(τ) dτ.

Proof: From (1), we have

1 =

∫ t

ru(t)

φ(u(τ)) dτ =

∫ t

ru+δh(t)

φ(u(τ) + δh(τ)) dτ.

Then, from the smoothness of φ, one deduces that∫ ru+δh(t)

ru(t)

φ(u(τ)) dτ = δ

∫ t

ru+δh(t)

∂φ

∂u
(u(τ))h(τ) dτ + o(δ).

(7)

Since we know a priori that r0 ≤ ru+δh(t) ≤ T , one no-
tices that the integral in the right-hand side is expressed on
a bounded domain over which its argument is bounded and∫ ru+δh(t)

ru(t)
φ(u(τ)) dτ −−→

δ→0
0. Recalling that φ > 0, we obtain

the continuity of ru(t) w.r.t. the input ru+δh(t)− ru(t) −−→
δ→0

0.

Using this result with (7), we have

1

δ

∫ ru+δh(t)

ru(t)

φ(u(τ)) dτ =

∫ t

ru(t)

∂φ

∂u
(u(τ))h(τ) dτ + o(1). (8)

If ∫ t

ru(t)

∂φ

∂u
(u(τ))h(τ) dτ 
= 0 (9)

then (8) guarantees that, in a neighborhood of δ = 0,

sign(ru+δh(t)− ru(t)) = sign

(
δ

∫ t

ru(t)

∂φ

∂u
(u(τ))h(τ) dτ

)
.

Using this, the desired results (4) are finally obtained by taking
alternatively the limit of (8) when δ goes to zero from above or
below. Otherwise, when (9) fails, we directly get

1

δ

∫ ru+δh(t)

ru(t)

φ(u(τ)) dτ = o(1), lim
δ→0

ru+δh(t)− ru(t)

δ
= 0.

The results regarding the variation of r−1
u (t) are established

symmetrically after noticing that the definition of the delay
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implies that, for all t ∈ [0;min(ru(t), ru+δh(t))]

1 =

∫ r−1
u (t)

t

φ(u(τ)) dτ =

∫ r−1
u+δh(t)

t

φ(u(τ) + δh(τ)) dτ.

�
We now pursue our analysis. Let us derive the stationary points

of the augmented functional

J̄0(x, u, λ) =

∫ T

0

L(x(t), u(t)) + λT (t)f([t, x, u]u)

+ λ̇T (t)x(t) dt+ λT (0)x(0)− λT (T )x(T ) + ψ(x(T )).

By construction, there exists a finite number N of distinct time
instants r0 < ti ≤ ru(T )i=1...N at which the control input u is
not smooth. For δ small enough, u+ δh has the same jumping
points as u, plus those generated by δh, which will all have
negligible contributions. The calculus of the Gâteaux derivative
of J̄0 w.r.t. its second argument is decomposed over a mesh
allowing us to cover both cases when the image of the jumps of
u by the inverse perturbed delayed time law, r−1

u+δh(t), are each
approached from below or above. This yields (10) shown at the
bottom of this page, with

Δ(t, δ)=λT (t) ·
(
∂f

∂xr
([t, x, u]u) ẋ(ru(t)) · ru+δh(t)− ru(t)

δ

+
∂f

∂ur
([t, x, u]u) u̇(ru(t)) · ru+δh(t)− ru(t)

δ

+
∂f

∂ur
([t, x, u]u) · h(ru+δh(t))

)
where ∂f

∂xr
, ∂f

∂ur
designate the partial derivatives of f w.r.t.

its third and fifth arguments, respectively. Using (5) from
Proposition 2, we know that on a neighborhood of δ = 0,
if the upper and lower Gâteaux derivatives of r−1

u (ti) are
nonzero at u, we have, with ε � sign(r−1

u+δh(ti)− r−1
u (ti)) =

sign(−δ ∫ r−1
u (ti)

ti

∂φ
∂u (u(τ))h(τ) dτ). The strict monotonicity of

ru and ru+δh gives that

r−1
u (ti) ≤ t ≤ r−1

u+δh(ti) ⇒ ru+δh(t) ≤ ti ≤ ru(t). (11)

and

r−1
u+δh(ti) ≤ t ≤ r−1

u (t) ⇒ ru+δh(t) ≥ ti ≥ ru(t). (12)

Both of these inequalities (11) and (12) are instrumental for the
evaluation of the integrals

∫max(.)

min(.) (.) in (10), by determining the

arguments of f as δ goes to zero. This gives

o(1) +
1

δ

∫ max(r−1
u (ti),r

−1
u+δh(ti))

min(r−1
u (ti),r

−1
u+δh(ti))

λT (t)

· (f ([t, x, u+ δh]u+δh)− f ([t, x, u]u)) dt

=
1

δ

∫ max(r−1
u (ti),r

−1
u+δh(ti))

min(r−1
u (ti),r

−1
u+δh(ti))

λ(t)T

·
(
f

(
t, x(t), x(ru(t)), lim

τ→
ε
r−1
u (ti)

u(τ), lim
τ→−ε

ti
u(τ)

)

−f
(
t, x(t), x(ru(t)), lim

τ→
ε
r−1
u (ti)

u(τ), lim
τ→

ε
ti
u(τ)

))
dt.

Otherwise, if the Gâteaux derivative of r−1
u (ti) is equal to zero,

we have

lim
δ→0

1

δ

∫ max(r−1
u (ti),r

−1
u+δh(ti))

min(r−1
u (ti),r

−1
u+δh(ti))

λT (t)·

(f ([t, x, u+ δh]u+δh)− f ([t, x, u]u)) dt = 0.

Finally, for s ∈ {−1; 1}, gathering the smooth and jump parts
of the calculus and using (4) along with (5), we obtain

lim
δ→

s
0

J̄0(u+ δh)− J̄0(u)

δ
=

∫ T

0

(
∂L
∂u

(t, x(t), u(t))h(t) + λT (t)
∂f

∂u
([t, x, u]u)h(t)

+ λT (t)
∂f

∂xr
([t, x, u]u)

· ẋ(ru(t))

φ(u(ru(t)))

∫ t

ru(t)

∂φ

∂u
(u(τ))h(τ) dτ

+ λT (t)
∂f

∂ur
([t, x, u]u)

· u̇(ru(t))

φ(u(ru(t)))

∫ t

ru(t)

∂φ

∂u
(u(τ))h(τ) dτ

+ λT (t)
∂f

∂ur
([t, x, u]u)h(ru(t))

)
dt

J̄0(u+ δh)− J̄0(u)

δ
=

∫ T

0

∂L

∂u
(t, x(t), u(t))h(t) + λ(t)T

∂f

∂u
([t, x, u]u) · h(t) dt+

∫ min(r−1
u (t1),r

−1
u+δh(t1))

0

Δ(t, δ) dt

+

N∑
i=1

1

δ

∫ max(r−1
u (ti),r

−1
u+δh(ti))

min(r−1
u (ti),r

−1
u+δh(ti))

λT (t) (f ([t, x, u+ δh]u+δh)− f ([t, x, u]u)) dt

+
N−1∑
i=1

∫ min(r−1
u (ti+1),r

−1
u+δh(ti+1))

max(r−1
u (ti),r

−1
u+δh(ti))

Δ(t, δ) dt+

∫ T

max(r−1
u (tN ),r−1

u+δh(min(tN ,ru+δh(T ))))

Δ(t, δ) dt+ o(1).

(10)
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+

N∑
i=1

λ(r−1
u (ti))

T

·

⎛
⎜⎝f

⎛
⎜⎝r−1

u (ti), x(r
−1
u (ti)), x(ti), lim

τ→
s′
i

r−1
u (ti)

u(τ), lim
τ →
−s′

i

ti
u(τ)

⎞
⎟⎠

−f

⎛
⎜⎝r−1

u (ti), x(r
−1
u (ti)), x(ti), lim

τ→
s′
i

r−1
u (ti)

u(τ), lim
τ→
s′
i

ti
u(τ)

⎞
⎟⎠
⎞
⎟⎠

· s′i
lim

τ→
s′
i

r−1
u (t)

φ(u(τ))

∫ r−1
u (ti)

ti

∂φ

∂u
(u(τ))h(τ) dτ (13)

where s′i = s′(ti) is given by (6).
Using (13), we can formulate the following result using s′′i =

s′′(ti) where s′′(t) = sign(− ∫ r−1
u (t)

t
∂φ
∂u (u(τ))h(τ) dτ).

Theorem 1: Given (x, u, λ), J̄0 is Gâteaux differentiable
w.r.t. its second argument at point (x, u, λ) in direction h iff (14)
shown at the bottom of this page, holds.

Remark 1: Note that (14) does not trivially hold. When f
is explicitly depending upon its delayed input, the augmented
cost associated cannot be guaranteed to be differentiable w.r.t.
the input at any given point if the function u is not continuous
for t > 0 (interestingly, however, discontinuities in the control
prior to t = 0 do not raise issues) and counter examples are
straightforward to build (see Remark 2).

Remark 2: Consider (u, h) such that

u(t) =

⎧⎨
⎩

1 if t ∈ [−1; 0]
2 if t ∈ ]0; 0.5]
3 if t ∈ ]0.5; 1]

and

∀t ∈ [0; 1], h(t) = 1

Fig. 1. First-order variation of the integral cost with a variation of delay
due to a perturbation of u shows a dissymmetry due to the nondifferen-
tiability of r−1

u (0).

along with the following functional J0(u) =
∫ 1

0 u(ru(t)) dt,

whereφ is the identity,φ(u) = u,
∫ t

ru(t)
u(τ) dτ = 1. By choos-

ing the discontinuities of u at t = 0 and t = 0.5 such that
r−1
u (0) = 0.5, we create a nondifferentiability of r−1

u with re-
spect tou. This phenomena is illustrated in Fig. 1. More formally,

J0(u) =

∫ r−1
u (0)

0

1 dt+

∫ r−1
u (0.5)

r−1
u (0)

2 dt+

∫ 1

r−1
u (0.5)

3 dt =
5

3

where r−1
u (0) = 0.5, r−1

u (0.5) = 5
6 . If δ < 0, then r−1

u+δh(t) >
r−1
u (t) and

∫ 1

0

u(ru+δh(t)) dt =

∫ r−1
u (0)

0

1 dt+

∫ r−1
u+δh(0)

r−1
u (0)

1 dt

+

∫ r−1
u (0.5)

r−1
u+δh(0)

2 dt+

∫ r−1
u+δh(0.5)

r−1
u (0.5)

2 dt+

∫ 1

r−1
u+δh(0.5)

3 dt

N∑
i=1

λ(r−1
u (ti))

T

⎡
⎢⎣f

⎛
⎜⎝r−1

u (ti), x(r
−1
u (ti)), x(ti), lim

τ→
s′′
i

r−1
u (ti)

u(τ), lim
τ →
−s′′

i

ti
u(τ)

⎞
⎟⎠

− f

⎛
⎜⎝r−1

u (ti), x(r
−1
u (ti)), x(ti), lim

τ→
s′′
i

r−1
u (ti)

u(τ), lim
τ→
s′′
i

ti
u(τ)

⎞
⎟⎠
⎤
⎥⎦ s′′i

lim
τ→
s′′
i

r−1
u (ti)

φ(u(τ))

∫ r−1
u (ti)

ti

∂φ

∂u
(u(τ))h(τ) dτ

=

N∑
i=1

λ(r−1
u (ti))

T

⎡
⎢⎣f

⎛
⎜⎝r−1

u (ti), x(r
−1
u (ti)), x(ti), lim

τ →
−s′′

i

r−1
u (ti)

u(τ), lim
τ→
s′′
i

ti
u(τ)

⎞
⎟⎠

−f

⎛
⎜⎝r−1

u (ti), x(r
−1
u (ti)), x(ti), lim

τ →
−s′′

i

r−1
u (ti)

u(τ), lim
τ →
−s′′

i

ti
u(τ)

⎞
⎟⎠
⎤
⎥⎦ −s′′i

lim
τ →
−s′′

i

r−1
u (ti)

φ(u(τ))

∫ r−1
u (ti)

ti

∂φ

∂u
(u(τ))h(τ) dτ

(14)
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and

J0(u+ δh)− J0(u) =

∫ r−1
u+δh(0)

r−1
u (0)

(1− 2) dt

+

∫ r−1
u+δh(0.5)

r−1
u (0.5)

(2− 3) dt+ δ

∫ 1

0

h(ru(t)) dt+ o(δ).

Taking s = −1 in (5)

lim
δ→

s
0

r−1
u+δh(t)− r−1

u (t)

δ
= − 1

lim
τ→

s′
r−1
u (t)

u(τ)

∫ r−1
u (t)

t

1 dτ

with s′ = sign(−s ∫ r−1
u (t)

t 1 dτ) = 1. Finally

lim
δ→0−

J0(u+ δh)− J0(u)

δ

=
r−1
u (0)− 0

2
+
r−1
u (0.5)− 0.5

3
+

1

2

=
1

4
+

1

9
+

1

2
=

31

36
. (15)

Conversely, if δ > 0, then r−1
u+δh(t) < r−1

u (t) and

J0(u+ δh)− J0(u) =

∫ r−1
u (0)

r−1
u+δh(0)

(2− 1) dt

+

∫ r−1
u (0.5)

r−1
u+δh(0.5)

(3− 2) dt+
δ

2
+ o(δ)

and

lim
δ→0+

J0(u+ δh)− J0(u)

δ

=
r−1
u (0)− 0

3
+
r−1
u (0.5)− 0.5

3
+

1

2

=
1

6
+

1

9
+

1

2
=

7

9
<

31

36
. (16)

There is indeed a mismatch between the left and the right limits
(15) and (16).

Consequently, P0 is actually a nonsmooth optimization prob-
lem and its optimal solutions cannot be characterized using the
standard technique of imposing that all the variations of the
augmented cost be equal to zero. This result also has impor-
tant practical consequences. Indeed, any standard optimization
technique requiring first (or second)-order regularity properties
is expected to have difficulty solving P0. In particular, when
trying to solve the problem using a discretization of the transport
equation, it is expected that the Hessian should diverge as the
spatial discretization is refined and the intrinsic nondifferentia-
bility of the optimization problem is exposed.

C. Formulation of a Regularized Approximated Problem
for Input-Dependent Delays

To overcome the mathematical difficulty stressed by Theo-
rem 1, we consider a regularized version of P0 where the input
u of the system having x as state is itself made to be the state

of a pure integrator of an underlying input v. Take (v0, u0) ∈
L2([r0; 0],Rp)×D1([r0; 0],Rp), r0 < 0 with (3) and

∀t ∈ [r0; 0], u0(t) = u0(0) +

∫ t

0

v0(τ) dτ. (17)

LetP ∈ Mp(R) be symmetric definite positive. The regularized
optimal control problem is

P : min
v

∫ T

0

L(t, x(t), u(t)) + 1

2
v(t)TPv(t) dt � J(v)

s.t. ẋ(t) = f(t, x(t), x(ru(t)), u(t), u(ru(t)))

u̇(t) = v(t)

x[r0;0] = x0, u[r0;0] = u0, v[r0;0] = v0.

Carrying computations similar to those of Section II-B, we
establish the following theorem.

Proposition 3: The stationarity conditions of P are given by
the following TPBVP:

ẋ(t) = f([t, x, u]u), x(0) = x0

u̇(t) = v(t)

u[r0;0] = u0

λ̇(t) = −∂L
∂x

(t, x(t), u(t))T − ∂f

∂x
([t, x, u]u)

Tλ(t)

− 1[t0;ru(t0+T )](t)(r
−1
u )′(t)

· ∂f
∂xr

([r−1
u (t), x, u]u)

T · λ(r−1(t))

λ(T ) =
∂ψ

∂x
(x(T ))T

ν̇(t) = −∂L
∂u

(t, x(t), u(t))T − ∂f

∂u
([t, x, u]u)

Tλ(t)

− 1[t0;r(t0+T )](t)(r
−1
u )′(t)

· ∂f
∂ur

([r−1
u (t), x, u]u)

T · λ(r−1(t))

−
∫ r−1

u (min(t,ru(T )))

t

λ(τ)T

· ∂f
∂xr

([τ, x, u]u)
ẋ(ru(τ))

φ(u(ru(τ)))
dτ · ∂φ

∂u
(u(t))T

−
∫ r−1

u (min(t,ru(T )))

t

λ(τ)T

· ∂f
∂ur

([τ, x, u]u)
v(ru(τ))

φ(u(ru(τ)))
dτ

∂φ

∂u
(u(t))T

ν(T ) = 0, 0 = Pv(t) + ν(t).

III. NUMERICAL RESOLUTION ALGORITHM

Let x0 ∈ Rm and P ∈ Mp(R) be symmetric definite posi-
tive. Take (v0, u0) ∈ L2([r0; 0],Rp)×D1([r0; 0],Rp), r0 < 0
with (3) and (17). Consider the following optimization problem,
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part of a subclass of the approximate regularized problem cov-
ered in Proposition 3 (no dependence on the past values of the
state and, without loss of generality, no terminal cost)

P : min
v

∫ T

0

L(t, x(t), u(t)) + 1

2
v(t)TPv(t) dt � J(v)

s.t. ẋ(t) = f(t, x(t), u(t), u(ru(t)))

u̇(t) = v(t), x(0) = x0, u[r0;0] = u0, v[r0;0] = v0

where ru is implicitly defined by the relation and in
particular r0 = ru(0). Let us consider the operator P :

L2([0;T ],Rp) → D1([0;T ],Rp)×D1([0;T ],Rm)
3 such that

P(v) = (u, x, λ, ν) is defined, according to Proposition 3, by

u̇(t) = v(t), u[r0;0] = u0 (18)

ẋ(t) = f(t, x(t), u(t), u(ru(t))), x(0) = x0 (19)

λ̇(t) = −∂L
∂x

(t, x(t), u(t))T

− ∂f

∂x
(t, x(t), un(t), u(ru(t)))

Tλ(t) (20)

λ(T ) = 0, ν(T ) = 0 (21)

ν̇(t) = −∂L
∂u

(t, x(t), u(t))T

− ∂f

∂u
(t, x(t), u(t), u(ru(t)))

Tλ(t)

− 1[0;ru(T )](t)(r
−1
u )′(t)

· ∂f
∂ur

(r−1
u (t), x(r−1

u (t)),

u(r−1
u (t)), u(t))T · λ(r−1

u (t))

−
∫ r−1

u (min(t,ru(T )))

t

λ(τ)T

· ∂f
∂ur

(τ, x(τ), u(τ), u(ru(τ)))

· v(ru(τ))

φ(u(ru(τ)))
dτ
∂φ

∂u
(u(t)). (22)

Using these notations, the stationarity conditions of P are
given by

(u, x, λ, ν) = P(v), Pv + ν = 0.

Solving P directly is difficult. Defining (un, xn, λn, νn) �
P(vn) we would rather solve a sequence of simpler auxiliary
problems (Pn), such that for all n ≥ 1, Pn+1 is defined accord-
ing to (23) and (24) shown at the bottom of this page, is one of the
two extra terms highlighted in Section II-C and is the sensitivity
of the objective w.r.t. the change of the delay law caused by
a change of the control input as derived from the calculus of
variations.

It will become apparent from the subsequent analysis that if
the sequence (Pn) admits a fixed point, it is necessarily a solution
of Proposition 3. Introducing Sn term allows us to recover an
unbiased approximation of the solution to the original problem
P by solving (Pn). On the other hand, the problems Pn are
much easier to solve than P because the delay law is fixed a
priori and one can easily apply powerful existing optimization
techniques, such as direct collocations, on these intermediate
problems. Based on this insight, our goal throughout the rest of
the discussion is to establish the conditions for the convergence
of this sequence. The following assumptions are considered.

Assumption 1: L is twice continuously differen-
tiable while f , φ are continuously differentiable, and
there exists K ≥ 0 such that ∀(t, x, u) ∈ [0;T ]×
Rm × Rp, ‖∇2L(t, x, u)‖1 ≤ K and ∀(t, x, u, ur) ∈
[0;T ]× Rm × Rp × Rp, ‖∇f(t, x, u, ur)‖1 ≤ K and
∀u ∈ Rp, ‖∇φ(u)‖1 ≤ K and, ∇2 L, ∇f , ∇φ are K-Lipschitz
continuous.

Assumption 2: There exists J∗ ∈ R such that ∀v ∈
L2([0;T ]), J∗ ≤ J(v).

Assumption 3: There exists φmin > 0 such that ∀u ∈
R, φmin ≤ φ(u).

Remark 3: Assumptions 1 and 2 are classically considered in
the optimization literature. Assumption 3 is usually considered
for systems with input-varying delays of hydraulic type [26]
so that r′u be bounded away from zero and the input keeps on
reaching the plant.

Definition 1: Given α ≥ 0, a sequence (vn)n∈N∗ is called
α-admissible if for all n ≥ 2, vn is a solution (possibly local) of
Pn.

Let us define

X � {v ∈ L2([0;T ]), ∃Rv ∈ R+, ∀w ∈ L2([0;T ]),

J(w) ≤ J(v) ⇒ ‖w‖2 ≤ Rv} (25)

the set of L2 functions such that their J-level set is included in
a ball of L2 and note gv � Pv + ν. The main result concerning
the sequence (Pn) is as follows.

Pn+1 : min
vn+1

∫ T

0

L(t,Xn+1(t), un+1(t)) +
1

2
vn+1(t)

TPvn+1(t) + Sn(t)(un+1(t)− un(t)) +
α

2
‖vn+1(t)− vn(t)‖22 dt (23)

s.t. Ẋn+1 = f(t,Xn+1(t), un+1(t), un+1(run
(t)))

u̇n+1 = vn+1

Xn+1(0) = x0, un+1[r0;0]
= u0, vn+1[ru(0);0]

= v0

Sn(t) =

∫ r−1
un (min(t,run (T )))

t

λn(τ)
T ∂f

∂u
(τ, xn(τ), un(τ), un(run

(τ)))
vn(run

(τ))

φ(un(run
(τ)))

dτ
∂φ

∂u
(un(t)). (24)
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Theorem 2: Under Assumptions 1, 2 and 3, given any
α-admissible sequence (vn)n∈N∗ such that v1 ∈ X , if α is
large enough then (vn) satisfies limn→∞ ‖gvn

‖2 = 0 and
limn→∞ ‖vn+1 − vn‖2 = 0.

Proof: Given n ∈ N∗, let us assume that vn ∈ X (which
is true for n = 1 by assumption) and, by extension of (25),
define Xn � {v ∈ L2([0;T ]), J(v) ≤ J(vn)} ⊂ X , which
is a bounded set in the sense of the L2 norm, i.e., there
exists Rn > 0 such that ∀v ∈ Xn, ‖v‖2 ≤ Rn. Consider
Q : L2([0;T ],Rp)

2 → D1([0;T ],Rp)
2 ×D1([0;T ],Rm)

2

with Q(v, w) = (u, q, x, λ) defined as

u̇(t) = v(t), u[r0;0] = u0

q̇(t) = w(t), q[r0;0] = u0 (26)

ẋ(t) = f(t, x(t), u(t), u(rq(t))), x(0) = x0 (27)

λ̇(t) = −∂L
∂x

(t, x(t), u(t))T

− ∂f

∂x
(t, x(t), u(t), u(rq(t)))

Tλ(t), λ(T ) = 0. (28)

Note the slight (but important) differences between P defined
by (18)–(22) and Q. The second argument of Q is used to
define the time-varying delay appearing in the right-hand side
of (27) and (28). Based on Assumption 1 and Cauchy exis-
tence and uniqueness theorem, Q is clearly defined. Given the
couples of arguments (v1, w1), (v2, w2) and (v, w), we de-
fine (u1, q1, x1, λ1) = Q(v1, w1), r1 � rq1 , (u2, q2, x2, λ2) =

Q(v2, w2), r2 � rq2 and (u, q, x, λ) = Q(v, w), r � rq which
are used to formulate the subsequent lemma.

Lemma 1 (Lipschitz continuity of Q): The two following in-
equalities hold, for all t ∈ [0;T ]:

‖u2(t)− u1(t)‖1 ≤ √
pt‖v2 − v1‖2 (29)

‖u(t)− u0‖1 ≤ √
pt‖v‖2. (30)

There exists some (k1, k2, k3, k4) > 0, (l1, l2, l3, l4) > 0 inde-
pendent of α such that, for all t ∈ [0;T ]

‖x2(t)− x1(t)‖1 ≤ k1‖v2 − v1‖2
+ k2(1 + ‖v1‖2) · (1 + ‖w1‖2 + ‖w2‖2)‖w2 − w1‖2 (31)

‖x(t)− x0‖1 ≤ k3 + k4‖v‖2
‖λ2(t)− λ1(t)‖1 ≤ l1(1 + ‖v1‖2)‖v2 − v1‖2
+ l2(1 + ‖w1‖2 + ‖w2‖2)(1 + ‖v1‖2)2‖w2 − w1‖2 (32)

‖λ(t)‖1 ≤ l3 + l4‖v‖2. (33)

Proof: See Appendix A. �
The newly defined operator Q plays a key role w.r.t. the

sequence (vn). Indeed, the stationarity conditions of Pn+1 are
given by

(un+1, Xn+1,Λn+1) = Q(vn+1, vn)

Ṅn+1(t) = −∂L
∂u

(t,Xn+1(t), un+1(t))
T

− ∂f

∂u
(t,Xn+1(t), un+1(t), un+1(run

(t)))TΛn+1(t)

− 1[0;run (T )](t)(r
−1
un

)′(t)

· ∂f
∂ur

(r−1
un

(t), Xn+1(r
−1
un

(t)), un+1(r
−1
un

(t)), un+1(t))
T

· Λn+1(r
−1
un

(t))− Sn(t)
T

0 = Pvn+1 +Nn+1 + α(vn+1 − vn), Nn+1(T ) = 0. (34)

From this, we directly deduce that the solutions of Pn and Pn+1

are related by

vn+1 = vn − 1

α
gvn

+
1

α
εn+1 (35)

with εn+1 = −P (vn+1 − vn)− (Nn+1 − νn). In turn, the cost
variation between vn and vn+1 is given by J(vn+1)− J(vn) =∫ 1

0 G
′(s) ds where G(s) = J(vn + (vn+1 − vn)s). Using

the adjoint state method (e.g., [47]), one computes,
after a few lines of calculus, J(vn+1)− J(vn) =∫ 1

0

∫ T

0 gvn+(vn+1−vn)s(t)
T (vn+1(t)− vn(t)) dt ds, which

gives J(vn+1)− J(vn) = − 1
α‖gvn

‖22 + 1
α 〈gvn

, εn+1〉+∫ 1

0 〈gvn+(vn+1−vn)s − gvn
, vn+1 − vn〉 ds. Finally

J(vn+1)− J(vn) ≤ − 1

α
‖gvn

‖22 +
1

α
‖gvn

‖2‖εn+1‖2

+

∫ 1

0

‖gvn+(vn+1−vn)s − gvn
‖2‖vn+1 − vn‖2 ds. (36)

To go further into the convergence analysis, we need to establish
a bound for ‖εn+1‖2 given in the following proposition.

Proposition 4: There exists some (κ1, κ2, κ3, κ4) > 0 inde-
pendent of α such that, for all t ∈ [0;T ]

‖Nn+1(t)− νn(t)‖1 ≤ (κ1 + κ2‖vn‖2)‖vn+1 − vn‖2 (37)

and

‖νn(t)‖1 ≤ κ3 + κ4‖vn‖2. (38)

Proof: See Appendix B. �
Recalling (35), we have ‖vn+1 − vn‖2 ≤ 1

α (‖gvn
‖2 +

‖P‖2‖vn+1 − vn‖2 + ‖Nn+1 − νn‖2). Then, us-
ing (37) ‖vn+1 − vn‖2 ≤ 1

α‖gvn
‖2 + 1

α (‖P‖2 + κ1 +
κ2‖vn‖2)‖vn+1 − vn‖2 As a consequence, if

‖P‖2 + κ1 + κ2Rn < α (39)

(which is always possible for α large enough as the left-hand
side of (39) is independent of α), we find that

‖vn+1 − vn‖2 ≤ 1

α− ‖P‖2 − κ1 − κ2Rn
‖gvn

‖2. (40)

In particular, we deduce an a priori bound on the norm of
vn+1, using (38) ‖vn+1‖2 ≤ Rn + ‖P ‖2Rn+κ3+κ4Rn

α−‖P ‖2−κ1−κ2Rn
. Inciden-

tally, this also leads to

‖εn+1‖2 ≤ ‖P‖2 + κ1 + κ2Rn

α− ‖P‖2 − κ1 − κ2Rn
‖gvn

‖2. (41)

To go further into the analysis of (36), we now have to prove
the Lipschitz continuity of gv = Pv + ν w.r.t. v. To do this,
consider (v1, v2) and the associated functions (u1, x1, λ1, ν1) �
P(v1) and (u2, x2, λ2, ν2) � P(v2).
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Proposition 5: There exists a continuous functionK : R3
+ →

R+ increasing with each of its arguments and independent of α
such that, for all t ∈ [0;T ]

‖ν2(t)− ν1(t)‖1 ≤ K(‖v0‖2, ‖v1‖2, ‖v2‖2) ‖v2 − v1‖2. (42)

Proof: See Appendix C. �
One can then investigate further the decrease of cost for-

mulated in (36). Using (41) and (42), ones gets J(vn+1)−
J(vn) ≤ − 1

α (1− ‖P ‖2+κ1+κ2Rn

α−‖P ‖2−κ1−κ2Rn
)‖gvn

‖22 + Fn(α)
2 ‖vn+1 −

vn‖22, where

Fn(α) = K(‖v0‖2, Rn, Rn

+
‖P‖2Rn + κ3 + κ4Rn

α− ‖P‖2 − κ1 − κ2Rn
) + ‖P‖2.

Then, using (40) J(vn+1)− J(vn) ≤ − 1
α (1−

‖P ‖2+κ1+κ2Rn

α−‖P ‖2−κ1−κ2Rn
− αFn(α)

2(α−‖P ‖2−κ1−κ2Rn)2
)‖gvn

‖22. Since Fn

is a decreasing function of α, there exists a value of α large
enough such that

C(α,Rn) � 1− ‖P‖2 + κ1 + κ2Rn

α− ‖P‖2 − κ1 − κ2Rn

− αFn(α)

2(α− ‖P‖2 − κ1 − κ2Rn)2
> 0 (43)

and J(vn+1)− J(vn) < 0. In particular, this guarantees
that vn+1 ∈ Xn. By induction, this implies that if one
picks a value α = α1 such that (α1, R1) satisfy (39) and
(43), then for all rank n, vn ∈ X1 and (39) and (43)
hold. Then, ∀n ∈ N∗, J(vn+1)− J(vn) ≤ −C(α1,R1)

α1
‖gvn

‖22.

This leads to
∑N

i=0 ‖gvi
‖22 ≤ α1

C(α1,R1)
(J(v0)− J(vn+1)). Fi-

nally, we derive
∑N

i=0 ‖gvi
‖22 ≤ α1

C(α1,R1)
(J(v0)− J∗) and

limn→∞ ‖gvn
‖2 = 0 which concludes the proof. �

IV. NUMERICAL EXAMPLE

We now illustrate the solution method studied in Theo-
rem 2 using an example studied in [32]. Consider a second-
order unstable linear system with dynamics given by z̈(t)−
ż(t) + z(t) = u(ru(t)), u̇(t) = v(t) having the following ini-
tial conditions: z(0) = 1, ż(0) = 0, u[r0;0] = 1, v[r0;0] =

0, and
∫ t

ru(t)
u(τ) dτ = 1. This can equivalently be recast

as Ẋ(t) = AX(t) +Bu(ru(t)), u̇(t) = v(t), where X =
( zż ), A = ( 0 1

−1 1 ), B = ( 01 ). Here, we seek to demonstrate the
results of our approach by achieving the tracking of a time-
varying reference. The optimal control problem is

P : min
v

∫ T

0

‖z(t)− zr(t)‖22 + wv‖v(t)‖22 dt

s.t. Ẋ(t) = AX(t) +Bu(ru(t)), u̇(t) = v(t)

with T = 10, wv = 0.01, and zr(t) = 1 + 1
2 sin(

π
4 max(t−

2, 0)). Given α = 5, we approach iteratively a solution of P by

Fig. 2. Flowchart of the algorithm.

constructing anα-admissible sequence2 (vn). We pick the trivial
initialization value v1 = 0 and for all n ≥ 1 apply the algorithm
whose flowchart is presented in Fig. 2. First, given vn, compute
un, and the delay law rn, second, compute (xn, λn) and deduce
Sn, third, solve Pn+1 and obtain vn+1. The algorithm is ter-
minated when the variation of cost between two iterations goes
below a given tolerance. At each step, rn can be derived from
(1) (either directly solving the integral equation or integrating
the associated delay differential equation), while (xn, λn) are
computed by solving P̃n and retrieving its optimal primal and
adjoint states

min
v=vn

∫ T

0

‖z(t)− zr(t)‖22 + wv‖v(t)‖22 dt

s.t. Ẋ(t) = AX(t) +Bu(run
(t)), u̇(t) = v(t).

Practically, the resolution of Pn+1 and P̃n are performed us-
ing a direct collocation transcription method [48] with AMPL as
algebraic modeling language and IPOPT 3.11.8 as NLP solver.
The time horizon is divided into 100 finite elements of equal
size, each of them containing three Radau collocation points.
Figs. 3–5 report the optimal trajectory and the associated delay
law.

2This value was chosen using a trial and error approach, knowing a priori
that some large enough value of α would actually provide convergence.
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Fig. 3. Optimal trajectory computed for P.

Fig. 4. Optimal trajectory computed for P.

Fig. 5. Delay law of the optimal trajectory, as a function of time.

V. CONCLUSION

We carried the calculus of variations of the optimal control
problem for a system subject to an input-dependent hydraulic
delay. This establishes the noteworthy result that the straight-
forward formulation one could consider is ill-posed in the sense
that it does not yield a smooth problem. On the other hand, fixed
(i.e. not depending on the input) time-varying delays are much
simpler to treat, and do not generate the discussed nondifferen-
tiability in the Gâteaux sense. Following this, we introduced
a regularization technique and an iterative algorithm, which
only requires to solve a sequence of auxiliary problems with
fixed time-varying delay laws, i.e., depending on the preceding

input in the sequence. This allows us to use state-of-the-art op-
timization methods in the resolution of each auxiliary problem,
while retrieving an unbiased solution. A convergence proof was
detailed, showing that, similarly to a trust region method, our
algorithm becomes equivalent to a gradient descent in the limit,
where the allowed step-size goes to zero. Numerical results were
given to illustrate the practical interest of the method.

An exciting problem raised by this article is the possibility of
extending our approach to a second-order method. This would
indeed greatly improve convergence performances in the neigh-
borhood of the solutions. It is, however, not clear that the problem
has sufficient regularity to directly allow such an extension.
Establishing or disproving this would require the computation
of the problem second variation.

Another straightforward development could be to extend the
iterative optimization algorithm to the case of systems with hy-
draulic input-dependent state delays. This case is of importance
since it is instrumental in the modeling of recycling loops or
cascades of reacting units. The differentiability study presented
here already covers these cases, but the numerical resolution
algorithm does not.

This article has focused on the open-loop generation of opti-
mal trajectories for the system. A valuable improvement would
be to study the closed-loop behavior of such a methodology
used in a receding horizon framework for real-time control
applications. Stability conditions for such an MPC scheme could
be productively investigated, following recent trends on the
application of MPC to time-varying delays [49]–[52].

APPENDIX A
PROOF OF LEMMA 1

Proof: Using Cauchy–Schwarz inequality

‖u2(t)− u1(t)‖1 =

∥∥∥∥
∫ t

0

v2(τ)− v1(τ) dτ

∥∥∥∥
1

≤ √
pt‖v2 − v1‖2 (44)

and similarly

‖u(t)− u0(0)‖1 ≤ √
pt‖v‖2. (45)

We also have

‖x2(t)− x1(t)‖1 =

∥∥∥∥
∫ t

0

f(τ, x2(τ), u2(τ), u2(r2(τ)))

−f(τ, x1(τ), u1(τ), u1(r1(τ))) dτ
∥∥∥∥
1

.

It follows that

‖x2(t)− x1(t)‖1 ≤∫ t

0

K‖x2(τ)− x1(τ)‖1 dτ +
∫ t

0

K‖u2(τ)− u1(τ)‖1 dτ

+

∫ t

0

K‖u2(r2(τ))− u1(r2(τ))‖1

+

∫ t

0

K‖u1(r2(τ))− u1(r1(τ))‖1 dτ.
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Hence,

‖x2(t)− x1(t)‖1 ≤ K

∫ t

0

‖x2(τ)− x1(τ)‖1 dτ

+K

∫ t

0

‖u1(r2(τ))− u1(r1(τ))‖1 dτ

+ 2 KT
√
pT‖v2 − v1‖2. (46)

Furthermore, we have∫ t

0

‖u1(r2(τ))− u1(r1(τ))‖1 dτ

=

∫ t

0

‖
∫ r2(τ)

r1(τ)

v1(s) ds‖1 dτ ≤
∫ t

0

∫ b(τ)

a(τ)

‖v1(s)‖1 ds dτ

where a(s) � min(r1(s), r2(s)) and b(s) �
max(r1(s), r2(s)). Since r1 and r2 are strictly increasing
functions, a and b also are invertible. From their respective def-
initions, it is also clear that a(t) ≤ b(t) and a(0) = b(0) = r0.
Then, using Fubini’s theorem∫ t

0

‖u1(r2(τ))− u1(r1(τ))‖1 dτ

≤
∫ a(t)

r0

∫ a−1(s)

b−1(s)

‖v1(s)‖1 dτ ds+
∫ b(t)

a(t)

∫ t

b−1(s)

‖v1(s)‖1 dτ ds.

Hence∫ t

0

‖u1(r2(τ))− u1(r1(τ))‖1 dτ

≤
(

sup
s∈[r0;a(t)]

(a−1(s)− b−1(s)) + sup
s∈[a(t);b(t)]

(t− b−1(s))

)

· (‖v1‖1 + ‖v0‖1)

where ‖v0‖1 is used to denote ‖v0‖1 =
∫ 0

r0
‖v0(τ)‖1 dτ and

similarly ‖v0‖2 =
√∫ 0

r0
‖v0(τ)‖22 dτ . Then∫ t

0

‖u1(r2(τ))− u1(r1(τ))‖1 dτ

≤
(

sup
s∈[r0;a(t)]

(a−1(s)− b−1(s)) + a−1(a(t))− b−1(a(t))

)

· (‖v1‖1 + ‖v0‖1).
For any s ∈ [r0; a(t)], a−1(s)− b−1(s) = y2 − y1 where y1 and
y2 are uniquely defined by s = a(y2) = b(y1). On the other
hand, ∀i ∈ {1, 2}, using the Lipschitz continuity ofφ, (17), (26),
and integrating q either backward or forward, we find

r′i(t) =
φ(qi(t))

φ(qi(ri(t)))

≥ φmin

φ(u0(0)) +K(
√
pT‖wi‖2 +

√
pr0‖v0‖2)

a is a scalar function whose rate of change is lower bounded by
the minimum of the two expressions of the previous equation.
As a consequence

φmin · |y2 − y1|
φ(u0(0)) +K(

√
pT (‖w1‖2 + ‖w2‖2) +√

pr0‖v0‖2)
≤ |a(y2)− a(y1)|. (47)

Then, since |a(y2)− a(y1)| = |a(y1)− b(y1)| = |r2(y1)−
r1(y1)|, one has∫ t

0

‖u1(r2(τ))− u1(r1(τ))‖1 dτ ≤

2
φ(u0(0)) +K(

√
pT (‖w1‖2 + ‖w2‖2) +√

pr0‖v0‖2)
φmin

· sup
s∈[0;T ]

|r2(s)− r1(s)| · (‖v1‖1 + ‖v0‖1).

Using (1), we have
∫ t

r1(t)
φ(q1(τ)) dτ −

∫ t

r2(t)
φ(q2(τ)) dτ = 0.

Hence, | ∫ r1(t)

r2(t)
φ(q2(τ))dτ | ≤ K

∫ t

0 ‖q2(τ)− q1(τ)‖1 dτ and

then |r2(t)− r1(t)| ≤ Kt
√
pT

φmin
‖w2 − w1‖2 and∫ t

0

‖u1(r2(τ))− u1(r1(τ))‖1 dτ ≤

2 KT
√
pT

· φ(u0(0)) +K(
√
pT (‖w1‖2 + ‖w2‖2) +√

pr0‖v0‖2)
φ2min

· (‖v1‖1 + ‖v0‖1)‖w2 − w1‖2. (48)

Substituting in (46), this leads to

‖x2(t)− x1(t)‖1 ≤

K

∫ t

0

‖x2(τ)− x1(τ)‖1 dτ + 2 KT
√
pT‖v2 − v1‖2

+
φ(u0(0)) +K(

√
pT (‖w1‖2 + ‖w2‖2) +√

pr0‖v0‖2)
φ2min

· 2 K2 T
√
pT (‖v1‖1 + ‖v0‖1)‖w2 − w1‖2.

Using Grönwall’s lemma

‖x2(t)− x1(t)‖1 ≤(
φ(u0(0)) +K(

√
pT (‖w1‖2 + ‖w2‖2) +√

pr0‖v0‖2)
φ2min

· 2 K2 T
√
pT (‖v1‖1 + ‖v0‖1)‖w2 − w1‖2

+2 KT
√
pT‖v2 − v1‖2

)
eKt.

Synthetically, a conservative estimate is as follows:

‖x2(t)− x1(t)‖1 ≤ k1‖v2 − v1‖2
+ k2(1 + ‖w1‖2 + ‖w2‖2)(1 + ‖v1‖2)‖w2 − w1‖2.
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We also have for all t ∈ [0;T ],

‖x(t)− x0‖1 ≤
∫ t

0

‖f(τ, x(τ), u(τ), u(rq(τ)))‖1 dτ.

Using the Lipschitz continuity of f

‖x(t)− x0‖1 ≤
∫ t

0

‖f(0, x0, u0(0), u0(r0))‖1 +Kτ

+K‖x(τ)− x0‖1 +K‖u(τ)− u0(0)‖1
+K‖u(r(τ))− u0(r0)‖1 dτ.

With Grönwall’s lemma and (45), we find

‖x(t)− x0‖1 ≤ T (‖f(0, x0, u0(0), u0(r0))‖1 + KT

2

+ 2 K
√
pT‖v‖2 +K

√
pr0‖v0‖2)eKT .

This is rewritten as

‖x(t)− x0‖1 ≤ k3 + k4‖v‖2. (49)

Let us define μ : t �→ λ(T − t). Then, integrating backward,
one gets

‖μ(t)‖1 ≤
∫ t

0

‖∂L
∂x

(T − τ, x(T − τ), u(T − τ))

+
∂f

∂x
(T − τ, x(T − τ), u(T − τ), u(rq(T − τ)))Tμ(τ)‖1 dτ.

Using the Lipschitz continuity of ∂L
∂x , the boundedness of ∂f

∂x ,
(44) and (49), we find

‖μ(t)‖1 ≤ K

∫ t

0

‖μ(τ)‖1 dτ + T

(
∂L

∂x
(0, x0, u0(0)) +KT

+ K(k3 + k4‖v‖2) +K
√
pT‖v‖2

)
.

We deduce that the norm of the adjoint state is bounded

‖λ(t)‖1 ≤ T

(
∂L

∂x
(0, x0, u0) +KT

+ K(k3 + k4‖v‖2) +K
√
pT‖v‖2

)
eKT

and

‖λ(t)‖1 ≤ l3 + l4‖v‖2. (50)

We also have

‖μ2(t)− μ1(t)‖1

≤
∫ t

0

∥∥∥∥∂L∂x (T − τ, x2(T − τ), u2(T − τ))

− ∂L

∂x
(T − τ, x1(T − τ), u1(T − τ))

∥∥∥∥
1

dτ

+

∫ t

0

∥∥∥∥∂f∂x (T − τ, x2(T − τ), u2(T − τ), u2(r2(T − τ)))T

· μ2(τ)− ∂f

∂x
(T − τ, x1(T − τ), u1(T − τ)

u1(r1(T − τ)))T · μ1(τ)

∥∥∥∥
1

dτ.

Consequently

‖μ2(t)− μ1(t)‖1

≤ K

∫ t

0

‖x2(T − τ)− x1(T − τ)‖1

+ ‖u2(T − τ)− u1(T − τ)‖1 dτ

+

∫ t

0

K‖μ2(τ)− μ1(τ)‖1

+

∥∥∥∥
(
∂f

∂x
(T − t, x2(T − τ), u2(T − τ), u2(r2(T − τ)))T

− ∂f

∂x
(T − t, x1(T − τ), u1(T − τ), u1(r1(T − τ)))T

)

· μ1(τ)

∥∥∥∥1 dτ .
Then

‖μ2(t)− μ1(t)‖1
≤ K(1 + l3 + l4‖v1‖2)

·
∫ t

0

‖x2(T − τ)− x1(T − τ)‖1

+ ‖u2(T − τ)− u1(T − τ)‖1 dτ

+K

∫ t

0

‖μ2(τ)− μ1(τ)‖1

+ ‖u2(r2(T − t))− u1(r1(T − t))‖1‖μ1(τ)‖1 dτ.

And, reusing (48), we obtain

‖μ2(t)− μ1(t)‖1 ≤ K(1 + l3 + l4‖v1‖2)

·
∫ t

0

k1‖v2 − v1‖2 + k2(1 + ‖w1‖2 + ‖w2‖2)

· (1 + ‖v1‖2)‖w2 − w1‖2 +
√
pT‖v2 − v1‖2 dτ

+K

∫ t

0

‖μ2(τ)− μ1(τ)‖1 +
√
pT‖v2 − v1‖2 dτ

+ (l3 + l4‖v1‖2)2 K2 T
√
pT

· φ(u0) +K(
√
pT (‖w1‖2 + ‖w2‖2) +√

pr0‖v0‖2)
φ2min

· (‖v1‖1 + ‖v0‖1)‖w2 − w1‖2.

Again, using Grönwall’s lemma, one finds

‖λ2(t)− λ1(t)‖1 ≤ l1(1 + ‖v1‖2)‖v2 − v1‖2
+ l2(1 + ‖w1‖2 + ‖w2‖2)(1 + ‖v1‖2)2‖w2 − w1‖2.

�
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APPENDIX B
PROOF OF PROPOSITION 4

Proof: We have

‖Nn+1(t)− νn(t)‖1

≤
∫ T

t

∥∥∥∥∂L∂u (τ,Xn+1(τ), un+1(τ))− ∂L

∂u
(τ, xn(τ), un(τ))

∥∥∥∥
1

+

∥∥∥∥∂f∂u (τ,Xn+1(τ), un+1(τ), un+1(rn(τ)))
TΛn+1(τ)

− ∂f

∂u
(τ, xn(τ), un(τ), un(rn(τ)))

Tλn(τ)

∥∥∥∥
1

dτ

+

∫ rn(T )

min(t,rn(T ))

∥∥∥∥ ∂f∂ur (r−1
n (τ), Xn+1(r

−1
n (τ)),

un+1(r
−1
n (τ)), un+1(τ))Λn+1(r

−1
n (τ))

− ∂f

∂ur
(r−1

n (τ), xn(r
−1
n (τ)),

un(r
−1
n (τ)), un(τ))λn(r

−1
n (τ))

∥∥∥∥
1

(r−1
n )′(τ) dτ.

Using a change of variables in the second integral, we find

‖Nn+1(t)− νn(t)‖1

≤ K

∫ T

t

‖Xn+1(τ)− xn(τ)‖1 + ‖un+1(τ)− un(τ)‖1

+ ‖Λn+1(τ)− λn(τ)‖1
+ ‖λn(τ)‖1 (‖Xn+1(τ)− xn(τ)‖1
+ ‖un+1(τ)− un(τ)‖1
+ ‖un+1(rn(τ))− un(rn(τ))‖1) dτ

+K

∫ T

r−1
n (min(t,rn(T )))

‖Λn+1(τ)− λn(τ)‖1

+ ‖λn(τ)‖1 (‖Xn+1(τ)− xn(τ)‖1
+ ‖un+1(τ)− un(τ)‖1
+ ‖un+1(rn(τ))− un(rn(τ))‖1) dτ.

Finally, using the various Lipschitz continuity results established
in Lemma 1, we find

‖Nn+1(t)− νn(t)‖1 ≤ KT
(√

pT + k1 + 2l1(1 + ‖vn‖2)

+ 2(l3 + l3‖vn‖2)(2
√
pT + k1)

)
‖vn+1 − vn‖2.

This can be rewritten as ‖Nn+1(t)− νn(t)‖1 ≤ (κ1 +
κ2‖vn‖2)‖vn+1 − vn‖2. It is also straightforward to show that,
for some positive constants κ3, κ4, one has ‖νn(t)‖1 ≤ κ3 +
κ4‖vn‖2. �

APPENDIX C
PROOF OF PROPOSITION 5

Proof: From (22), one has

‖ν2(t)− ν1(t)‖1

≤
∥∥∥∥
∫ T

t

∂L

∂u
(τ, x2(τ), u2(τ))

T − ∂L

∂u
(τ, x1(τ), u1(τ))

T

+
∂f

∂u
(τ, x2(τ), u2(τ), u2(r2(τ)))

Tλ2(τ)

− ∂f

∂u
(τ, x1(τ), u1(τ), u1(r1(τ)))

Tλ1(τ)

+
∂f

∂ur
(r−1

2 (τ), x2(r
−1
2 (τ)), u2(r

−1
2 (τ)), u2(τ))

T

· λ2(r
−1
2 (τ)) · 1[0;r2(T )](τ)(r

−1
2 )′(τ)

− ∂f

∂ur
(r−1

1 (τ), x1(r
−1
1 (τ)), u1(r

−1
1 (τ)), u1(τ))

T

· λ1(r
−1
1 (τ)) · 1[0;r1(T )](τ)(r

−1
1 )′(τ)

+

∫ r−1
2 (min(τ,r2(T )))

τ

λ2(s)
T

· ∂f
∂ur

(s, x2(s), u2(s), u2(r2(s)))

· v2(r2(s))

φ(u2(r2(s)))
ds
∂φ

∂u
(u2(τ))

T

−
∫ r−1

1 (min(τ,r1(T )))

τ

λ1(s)
T

· ∂f
∂ur

(s, x1(s), u1(s), u1(r1(s)))

· v1(r1(s))

φ(u1(r1(s)))
ds
∂φ

∂u
(u1(τ))

T dτ

∥∥∥∥
1

.

Hence, using a change of variable in two of the integrals above,
and after a Cauchy–Schwarz inequality, one gets

‖ν2(t)− ν1(t)‖1

≤
∥∥∥∥
∫ T

t

∂L

∂u
(τ, x2(τ), u2(τ))

T − ∂L

∂u
(τ, x1(τ), u1(τ))

T

+
∂f

∂u
(τ, x2(τ), u2(τ), u2(r2(τ)))

Tλ2(τ)

− ∂f

∂u
(τ, x1(τ), u1(τ), u1(r1(τ)))

Tλ1(τ) dτ

∥∥∥∥
1

+

∥∥∥∥∥
∫ T

r−1
2 (min(t,r2(T )))

∂f

∂ur
(τ, x2(τ), u2(τ), u2(r2(τ)))

T

· λ2(τ) dτ

−
∫ T

r−1
1 (min(t,r1(T )))

∂f

∂ur
(τ, x1(τ), u1(τ), u1(r1(τ)))

T

· λ1(τ) dτ
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+

∫ T

t

∫ r−1
2 (min(τ,r2(T )))

τ

λ2(s)
T

· ∂f
∂ur

(s, x2(s), u2(s), u2(r2(s)))

· v2(r2(s))

φ(u2(r2(s)))
ds
∂φ

∂u
(u2(τ))

T

−
∫ r−1

1 (min(τ,r1(T )))

τ

λ1(s)
T

· ∂f
∂ur

(s, x1(s), u1(s), u1(r1(s)))

· v1(r1(s))

φ(u1(r1(s)))
ds
∂φ

∂u
(u1(τ))

T dτ

∥∥∥∥
1

.

Noting that∥∥∥∥∥
∫ T

r−1
2 (min(t,r2(T )))

∂f

∂ur
(τ, x2(τ), u2(τ), u2(r2(τ)))

T

· λ2(τ) dτ

−
∫ T

r−1
1 (min(t,r1(T )))

∂f

∂ur
(τ, x1(τ), u1(τ), u1(r1(τ)))

T

· λ1(τ) dτ

∥∥∥∥∥
1

≤
∫ T

t

∥∥∥∥ ∂f∂ur (τ, x2(τ), u2(τ), u2(r2(τ)))Tλ2(τ)

− ∂f

∂ur
(τ, x1(τ), u1(τ), u1(r1(τ)))

Tλ1(τ)

∥∥∥∥
1

dτ

+

∥∥∥∥∥
∫ r−1

2 (min(t,r2(T )))

r−1
1 (min(t,r1(T )))

∂f

∂ur
(τ, x1(τ), u1(τ), u1(r1(τ)))

T

· λ1(τ) dτ

∥∥∥∥∥
1

.

We get

‖ν2(t)− ν1(t)‖1
≤ K(T − t) sup

τ∈[0;T ]

(‖x2(τ)− x1(τ)‖1 + ‖u2(τ)− u1(τ)‖1

+ 2 ‖λ2(τ)− λ1(τ)‖1)
+ 2K(T − t)(l3 + l4‖v1‖2)

·
(

sup
τ∈[0;T ]

(‖x2(τ)− x1(τ)‖1 + 2‖u2(τ)− u1(τ)‖1)

+

∫ T

0

‖u1(r2(t))− u1(r1(t))‖1 dτ
)

+

∥∥∥∥∥
∫ r−1

2 (min(t,r2(T )))

r−1
1 (min(t,r1(T )))

∂f

∂ur
(τ, x1(τ), u1(τ), u1(r1(τ)))

T

·λ1(τ) dτ‖1︸ ︷︷ ︸
�A

+

∥∥∥∥∥
∫ T

t

∫ r−1
2 (min(τ,r2(T )))

r−1
1 (min(τ,r1(T )))

λ2(s)
T

· ∂f
∂ur

(s, x2(s), u2(s), u2(r2(s)))

· v2(r2(s))

φ(u2(r2(s)))
ds
∂φ

∂u
(u2(τ)) dτ

∥∥∥∥
1︸ ︷︷ ︸

�B

+

∥∥∥∥∥
∫ T

t

∫ r−1
1 (min(τ,r1(T )))

τ

λ2(s)
T

· ∂f
∂ur

(s, x2(s), u2(s), u2(r2(s)))

· v2(r2(s))

φ(u2(r2(s)))
ds
∂φ

∂u
(u2(τ))

− λ1(s)
T · ∂f

∂ur
(s, x1(s), u1(s), u1(r1(s)))

· v1(r1(s))

φ(u1(r1(s)))
ds
∂φ

∂u
(u1(τ)) dτ

∥∥∥∥
1︸ ︷︷ ︸

�C

.

We have

A ≤
∫ r−1

2 (min(t,r2(T )))

r−1
1 (min(t,r1(T )))

K(l3 + l4‖v1‖2) dτ.

The definition of the delay (1) gives us∫ r−1
2 (min(t,r2(T )))

min(t,r2(T ))

φ(u2(τ)) dτ

=

∫ r−1
1 (min(t,r1(T )))

min(t,r1(T ))

φ(u1(τ)) dτ.

It follows that∫ r−1
2 (min(t,r2(T )))

r−1
1 (min(t,r1(T )))

φ(u2(τ)) dτ =

−
∫ r−1

1 (min(t,r2(T )))

min(t,r1(T ))

φ(u2(τ))− φ(u1(τ)) dτ

−
∫ min(t,r1(T ))

min(t,r2(T ))

φ(u2(τ)) dτ. (51)

Moreover, (1) also implies∣∣∣∣∣
∫ min(t,r1(T ))

min(t,r2(T ))

φ(u2(τ)) dτ | ≤ |
∫ r1(T )

r2(T )

φ(u2(τ)) dτ

∣∣∣∣∣
=

∣∣∣∣
∫ T

r1(T )

φ(u2(τ))− φ(u1(τ)) dτ

∣∣∣∣
≤ K(T − r0)

√
pT‖v2 − v1‖2.
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Then, using (51) and performing the same calculation

r−1
2 (min(t, r2(T )))− r−1

1 (min(t, r1(T )))

≤ 2 K(T − r0)
√
pT

φmin
‖v2 − v1‖2.

Finally, we have

A ≤ 2 K2(T − r0)
√
pT

φmin
(l3 + l4‖v1‖2)‖v2 − v1‖2.

To treat B, we note

a : [r0; max(r1(T ), r2(T ))] → [0;T ]

t �→ min
(
r−1
1 (min(τ, r1(T ))), r

−1
2 (min(τ, r2(T )))

)
and

b : [r0; min(r1(T ), r2(T ))] → [0;T ]

t �→ max
(
r−1
1 (min(τ, r1(T ))), r

−1
2 (min(τ, r2(T )))

)
.

Since r−1
1 and r−1

2 are both strictly increasing functions, a and
b both are invertible functions and

B ≤
∫ b(t)

a(t)

∫ a−1(s)

t

‖λ2(s)
T · ∂f

∂ur
(s, x2(s), u2(s), u2(r2(s)))

· v2(r2(s))

φ(u2(r2(s)))

∂φ

∂u
(u2(τ))

∥∥∥∥
1

dτ ds

+

∫ T

b(t)

∫ a−1(s)

b−1(s)

∥∥∥∥λ2(s)
T · ∂f

∂ur
(s, x2(s), u2(s), u2(r2(s)))

· v2(r2(s))

φ(u2(r2(s)))

∂φ

∂u
(u2(τ))

∥∥∥∥
1

dτ ds.

Then, by the Lipschitz continuity of ∂φ
∂u and the boundedness of

∂f
∂ur

B ≤
(

sup
s∈[a(t);b(t)]

(a−1(s)− t) + sup
s∈[b(t);T ]

(a−1(s)− b−1(s))

)

· (l3 + l4‖v2‖2) K
2

φmin

∫ T

0

‖v2(r2(s))‖1 ds.

Besides, by the Cauchy–Schwarz inequality

∫ T

0

‖v2(r2(s))‖1 ds ≤
√
pT

√∫ T

0

‖v2(r2(s))‖22 ds

≤
√
pT

√∫ r2(T )

r2(0)

‖v2(s)‖22 · (r−1
2 )′(s) ds

≤
√
pT (φ(u0(0)) +K

√
pT‖v2‖2 +K

√
pr0‖v0‖2)

φmin

· (‖v2‖2 + ‖v0‖2)

and since a ≤ b

B ≤
(
a−1(b(t))− b−1(b(t)) + sup

s∈[b(t);T ]

(a−1(s)− b−1(s))

)

· (l3 + l4‖v2‖2) K
2

φmin

√
pT (φ(u0(0)) +K

√
pT‖v2‖2)

φmin

· (‖v2‖2 + ‖v0‖2).
Finally, after a few lines of calculus similar to (47), we get

B ≤ 2(l3 + l4‖v2‖2) K
2

φmin
· (‖v2‖2 + ‖v0‖2) ‖v2 − v1‖2

·
√
pT (φ(u0(0)) +K

√
pT‖v2‖2) +K

√
pr0‖v0‖2

φmin

· KT
√
pT (φ(u0(0)) +K

√
pT‖v1‖2 +K

√
pr0‖v0‖2)

φ2min

.

Using the same kind of computations on C, we show that, for
all t ∈ [0;T ],

‖ν2(t)− ν1(t)‖1 ≤ K(‖v0‖2, ‖v1‖2, ‖v2‖2) ‖v2 − v1‖2
where K : R3

+→R+ is a continuous function such that for all i

xi ≤ zi ⇒ K(x1, x2, x3) ≤ K(z1, z2, z3)

which gives the conclusion. �

REFERENCES

[1] J. C. Willems, “Paradigms and puzzles in the theory of dynamical systems,”
IEEE Trans. Autom. Control, vol. 36, no. 3, pp. 259–294, Mar. 1991.

[2] P. Rocha and J. C. Willems, “Controllability for delay differential systems,”
in Proc. 33rd IEEE Conf. Decis. Control, 1994, pp. 2894–2897.

[3] M. Fliess and H. Mounier, “Controllability and observability of linear
delay systems: An algebraic approach,” ESAIM: Control, Optim. Calculus
Variations, vol. 3, pp. 301–314, 1998.

[4] F. Chyzak, A. Quadrat, and D. Robertz, “Effective algorithms for
parametrizing linear control systems over ore algebras,” Applicable Al-
gebra Eng., Commun. Comput., vol. 16, no. 5, pp. 319–376, 2005.

[5] J.-P. Richard, “Time-delay systems: An overview of some recent advances
and open problems,” Automatica, vol. 39, no. 10, pp. 1667–1694, 2003.

[6] N. Petit, Y. Creff, and P. Rouchon, “δ-freeness of a class of linear delayed
systems,” in Proc. Eur. Control Conf., 1997, pp. 2023–2027.

[7] G. L. Kharatishvili, “The maximum principle in the theory of optimal
processes involving delay,” in Doklady Akademii Nauk, vol. 136, no. 1,
1961, pp. 39–42.

[8] A. Halanay, “Optimal controls for systems with time lag,” SIAM J. Control,
vol. 6, pp. 215–234, 1968.

[9] M. A. Soliman and W. H. Ray, “Optimal control of multivariable systems
with pure time delays,” Automatica, vol. 7, pp. 681–689, 1971.

[10] M. Malez-Zavarei, “Suboptimal control of systems with multiple delays,”
J. Optim. Theory Appl., vol. 30, pp. 621–633, 1980.

[11] M. Basin and J. Rodriguez-Gonzales, “Optimal control for linear systems
with multiple time delays in control input,” IEEE Trans. Autom. Control,
vol. 51, no. 1, pp. 91–97, Jan. 2006.

[12] G. S. F. Frederico and D. F. M. Torres, “Noether’s symmetry theorem for
variational and optimal control problems with time delay,” Numer. Algebr.,
Control Optim., vol. 2, pp. 619–630, 2012.

[13] A. Boccia and R. B. Vinter, “The maximum principle for optimal control
problems with time delays,” in Proc. 10th IFAC Symp. Nonlinear Control
Syst., 2016, pp. 951–955.

[14] R. B. Vinter, “State constrained optimal control problems with time
delays,” J. Math. Anal. Appl., vol. 457, no. 2, pp. 1696–1712, 2018.

[15] L. Göllmann, D. Kern, and H. Maurer, “Optimal control problems with
delays in state and control variables subject to mixed control-state con-
straints,” Optimal Control Appl. Methods, vol. 30, no. 4, pp. 341–365,
2009.

Authorized licensed use limited to: ECOLE DES MINES PARIS. Downloaded on November 20,2023 at 07:37:58 UTC from IEEE Xplore.  Restrictions apply. 



260 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 66, NO. 1, JANUARY 2021

[16] L. Göllmann and H. Maurer, “Theory and applications of optimal control
problems with multiple time-delays.” J. Ind. Manage. Optim., vol. 10,
pp. 413–441, 2014.

[17] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F.
Mishchenko, The Mathematical Theory of Optimal Processes. New York,
NY, USA: Interscience, 1962.

[18] S. J. Qin and T. Badgwell, “A survey of industrial model predictive control
technology,” Control Eng. Pract., vol. 11, pp. 733–764, 2003.

[19] A. Afram and F. Janabi-Sharifi, “Theory and applications of HVAC control
systems—A review of model predictive control (MPC),” Building Envi-
ron., vol. 72, pp. 343–355, 2014.

[20] D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M. Scokaert, “Con-
strained model predictive control: Stability and optimality,” Automatica,
vol. 36, pp. 789–814, 2000.

[21] J. B. Rawlings and D. Q. Mayne, Model Predictive Control: Theory and
Design. Madison, WI, USA: Nob Hill Publishing, 2009.

[22] H. T. Banks, “Necessary conditions for control problems with variable
time lags,” SIAM J. Control, vol. 6, no. 1, pp. 9–47, 1968.

[23] F. Carravetta, P. Palumbo, and P. Pepe, “Quadratic optimal control of linear
systems with time-varying input delay,” in Proc. 49th IEEE Conf. Decis.
Control, 2010, pp. 4996–5000.

[24] R. B. Asher and H. R. Sebesta, “Optimal control of systems with state-
dependent time delay,” Int. J. Control, vol. 14, no. 2, pp. 353–366, 1971.

[25] D. Bresch-Pietri and N. Petit, “Implicit integral equations for modeling
systems with a transport delay,” in Recent Results on Time-Delay Systems.
New York, NY, USA: Springer, 2016, pp. 3–21.

[26] D. Bresch-Pietri, “Robust control of variable time-delay systems: Theoret-
ical contributions and applications to engine control.” Ph.D. dissertation,
Paris, France: Mines ParisTech, 2012.

[27] N. Bekiaris-Liberis and M. Krstic, “Compensation of actuator dynamics
governed by quasilinear hyperbolic PDEs,” Automatica, vol. 92, pp. 29–40,
2018.

[28] J. Harmand and D. Dochain, “The optimal design of two interconnected
(bio)chemical reactors revisited,” Comput. Chem. Eng., vol. 30, no. 1,
pp. 70–82, 2005.

[29] C. Depcik and D. Assanis, “One-dimensional automotive catalyst model-
ing,” Prog. Energy Combustion Sci., vol. 31, no. 4, pp. 308–369, 2005.

[30] L. Roca, M. Berenguel, L. Yebra, and D. C. Alarcón-Padilla, “Solar field
control for desalination plants,” Solar Energy, vol. 82, pp. 772–786, 2008.

[31] K. Zenger and A. J. Niemi, “Modelling and control of a class of
time-varying continuous flow processes,” J. Process Control, vol. 19,
pp. 1511–1518, 2009.

[32] D. Bresch-Pietri, J. Chauvin, and N. Petit, “Prediction-based stabilization
of linear systems subject to input-dependent input delay of integral-type,”
IEEE Trans. Autom. Control, vol. 59, no. 9, pp. 2385–2399, Sep. 2014.

[33] N. Petit, “Systems with uncertain and variable delays in the oil industry:
Some examples and first solutions,” in IFAC-PapersOnLine, vol. 48,
pp. 68–76, 2015.

[34] S. C. M. Sbarciog, R. De Keyser, S. Cristea, and C. D. Prada, “Nonlinear
predictive control of process with variable time delay. A temperature
control case study,” in Proc. 17th IEEE Int. Conf. Control Appl., 2008,
pp. 1001–1006.

[35] J. Bendtsen and M. Krstic, “Control of thermodynamical system with
input-dependent state delays,” in Proc. 52nd IEEE Conf. Decis. Control,
Dec. 2013, pp. 300–305.

[36] M. Diagne, N. Bekiaris-Liberis, and M. Krstic, “Compensation of input
delay that depends on delayed input,” Automatica, vol. 85, pp. 362–373,
2017.

[37] C. J. Muller, I. K. Craig, and N. L. Ricker, “Modelling, validation, and
control of an industrial fuel gas blending system,” J. Process Control,
vol. 21, no. 6, pp. 852–860, 2011.

[38] D. Bresch-Pietri and K. Coulon, “Prediction-based control of moisture in
a convective flow,” in Proc. Eur. Control Conf., 2015, pp. 43–48.

[39] D. Bresch-Pietri and N. Petit, “Prediction-based control of linear systems
by compensating input-dependent input delay of integral-type,” in Re-
cent Results on Nonlinear Delay Control Systems. New York, NY, USA:
Springer, 2016, pp. 79–93.

[40] J. E. Normey-Rico and E. F. Camacho, “Dead-time compensators: A
survey,” Control Eng. Pract., vol. 16, no. 4, pp. 407–428, 2008.

[41] E. Camacho, F. Rubio, M. Berenguel, and L. Valenzuela, “A survey on
control schemes for distributed solar collector fields. Part I: Modeling and
basic control approaches,” Solar Energy, vol. 81, no. 10, pp. 1240–1251,
2007.

[42] H. S. Tsien, “Servo-stabilization of combustion in rocket motors,” J. Amer.
Rocket Soc., vol. 22, no. 5, pp. 256–263, 1952.

[43] F. E. Marble and D. W. Cox, “Servo-stabilization of low-frequency
oscillations in a liquid bipropellant rocket motor,” J. Amer. Rocket Soc.,
vol. 23, no. 2, pp. 63–74,81, 1953.

[44] T. von Kármán, Collected Works of Theodore Von Kármán 1952-1963.
Sint-Genesius-Rode, Belgium: von Kármán Institute for Fluid Dynamics,
1975.

[45] I. M. Gelfand and S. V. Fomin, Calculus of Variations. New York, NY,
USA: Dover, 2000.

[46] W. Rudin, Functional Analysis. New York, NY, USA: McGraw-Hill, 1973.
[47] G. Strang, Computational Science and Engineering. Cambridge, MA,

USA: Wellesley-Cambridge, 2007.
[48] L. T. Biegler, “An overview of simultaneous strategies for dynamic opti-

mization,” Chem. Eng. Process., Process Intensification, vol. 46, no. 11,
pp. 1043–1053, 2007.

[49] B. Ding, “Robust model predictive control for multiple time delay systems
with polytopic uncertainty description,” Int. J. Control, vol. 83, no. 9,
pp. 1844–1857, 2010.

[50] M. A. F. Martins, A. S. Yamashita, B. F. Santoro, and D. Odloak, “Robust
model predictive control of integrating time delay processes,” J. Process
Control, vol. 23, no. 7, pp. 917–932, 2013.

[51] S. C. Jeong and P. Park, “Constrained MPC algorithm for uncertain time-
varying systems with state-delay,” IEEE Trans. Autom. Control, vol. 50,
no. 2, pp. 257–263, Feb. 2005.

[52] P. D. Christofides, J. Liu, and D. M. De La Pena, Networked and
Distributed Predictive Control. New York, NY, USA: Springer, 2011.

Charles-Henri Clerget received the master’s
degree in sciences and executive engineering
from MINES ParisTech, Paris, France, in 2014
and the Ph.D. degree in mathematics and con-
trol in 2017.

From 2014 to 2017, he worked jointly with the
Centre Automatique et Systèmes, MINES Paris-
Tech and TOTAL Refining & Chemicals on the
control and dynamic optimization of oil refining
processes with large, varying delays. From 2018
to 2019, he was a Postdoctoral Associate in

mathematics with the Massachusetts Institute of Technology, developing
new algorithms for risk assessment of drilling operations in depleted
reservoirs. He is a co-founder and the COO of Acoustic Wells, where
he develops new monitoring and optimization services for the energy
industry.

Dr. Clerget received the Young Author Award of the International
Federation of Automatic Control, in 2018 and, in 2020, he was listed
by Forbes among the 30 under 30 in Energy.

Nicolas Petit (Senior Member, IEEE) received
the Graduate degree from Ecole Polytechnique,
Palaiseau, France, in 1995 and the Ph.D. de-
gree in mathematics and control from Ecole Na-
tionale Supérieure des Mines de Paris, Paris,
France, in 2000.

He is a Professor with MINES ParisTech and
the Head with the Centre Automatique et Sys-
tèmes. From 2000 to 2001, he was a Post-
doctoral Scholar in the control and dynamical
systems with the California Institute of Tech-

nology,Pasadena, CA, USA. His research interests include nonlinear
control theory. On the application side, he is active in industrial process
control, in particular for the petroleum industry and the energy sector.

Dr. Petit received two times the “Journal of Process Control Paper
Prize” for best article during 2002–2005 and 2008–2011, and is recipient
of the 2016 Production and Operations Regional Award from Society
of Petroleum Engineers. He is also the recipient of the 2017 FIEEC-
F2i Award for Applied Research for his outstanding contribution to
Fluigent microfluidic products. He has served as an Associate Editor for
Automatica from 2006 to 2015 period and has been Subject Editor
for Journal of Process Control since 2014. He actively serves in the
board or as a Scientific Advisor for several startup companies, including
Wandercraft, Fieldbox.ai, and K-Ryole. He is also an Expert for the
Academic Senate of IFPEN.

Authorized licensed use limited to: ECOLE DES MINES PARIS. Downloaded on November 20,2023 at 07:37:58 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


