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A single trapped ion

Piège linéaire (groupe d’Innsbruck)
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Piégeage transversal quasi-quadripolaire très confinant (ωx/2π  = 
ωy/2π =2-4 MHz). Fermeture dans la direction Oz par potentiel
statique +V1 avec ωz /2π~500kHz. Piège une chaîne de quelques
ions le long de Oz. Nous considérons pour simplifier que le piège
est harmonique dans les trois directions avec des raideurs très
différentes suivant la direction longitudinale ou transverse.
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1D ion trap, picture borrowed from S. Haroche course at CDF.
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A classical cartoon of spin-spring system.



A single trapped ion

A composite system:

internal degree of freedom+vibration inside the 1D trap

Hilbert space:
C2 ⊗ L2(R,C)

Hamiltonian:

H = ω
(

a†a +
1
2

)
+
ωeg

2
σz +

(
uei(ωl t−η(a+a†)) + u∗e−i(ωl t−η(a+a†))

)
σx

Parameters:
ω: harmonic oscillator of the trap,
ωeg : optical transition of the internal state,
ωl : lasers frequency,
η = ωl/c: Lambe-Dicke parameter, ensures impulsion conservation.
Scales:

|ωl − ωeg | � ωeg , ω � ωeg , |u| � ωeg ,
∣∣ d

dt u
∣∣� ωeg |u|.



Rotating wave approximation

Rotating frame: |ψ〉 = e−
iωl t

2 σz |φ〉

Hint =ω
(

a†a +
1
2

)
+
ωeg − ωl

2
σz

+
(

ue2iωl te−iη(a+a†) + u∗eiη(a+a†)
)
|e〉 〈g|

+
(

ue−iη(a+a†) + u∗e−2iωl teiη(a+a†)
)
|g〉 〈e|

First order approximation

neglecting terms e±2iωl t

H1st

rwa = ω
(

a†a +
1
2

)
+ ∆

2 σz +ue−iη(a+a†) |g〉 〈e|+u∗eiη(a+a†) |e〉 〈g|

where ∆ = ωeg − ωl is the atom-laser detuning.



PDE formulation

The Schrödinger equation i d
dt |ψ〉 = H1st

rwa |ψ〉 for |ψ〉 = (ψg , ψe)T :

i
∂ψg

∂t
= ω

2

(
x2 − ∂2

∂x2

)
ψg − ∆

2 ψg + ue−i
√

2ηxψe

i
∂ψe

∂t
= ω

2

(
x2 − ∂2

∂x2

)
ψe + ∆

2 ψe + u∗ei
√

2ηxψg .

Its approximate controllability on the unit sphere of (L2)2 is
proved by Ervedoza and Puel, applying the physicist’s

Law-Eberly method.



Law-Eberly method

Main idea

Control u is superposition of 3 mono-chromatic plane waves with:

1 pulsation ωeg (ion transition frequency) and amplitude u;

2 pulsation ωeg − ω (red shift by a vibration quantum) and
amplitude ur ;

3 pulsation ωeg + ω (blue shift by a vibration quantum) and
amplitude ub;

Control Hamiltonian:

H =ω
(

a†a +
1
2

)
+
ωeg

2
σz +

(
uei(ωeg t−η(a+a†)) + u∗e−i(ωeg t−η(a+a†))

)
σx

+
(

ubei((ωeg+ω)t−ηb(a+a†)) + u∗be−i((ωeg+ω)t−ηb(a+a†))
)
σx

+
(

ur ei((ωeg−ω)t−ηr (a+a†)) + u∗r e−i((ωeg−ω)t−ηr (a+a†))
)
σx .

Lamb-Dicke parameters:

η = ωl/c � 1, ηr = (ωl − ω)/c � 1, ηb = (ωl + ω)/c � 1.



Law-Eberly method: rotating frame

Rotating frame: |ψ〉 = e−iωt(a†a+ 1
2 )e

−iωeg t
2 σz |φ〉

Hint = eiωt(a†a)
(

ueiωeg te−iη(a+a†) + u∗e−iωeg teiη(a+a†)
)

e−iωt(a†a) (eiωeg t |e〉 〈g|+ e−iωeg t |g〉 〈e|
)

+ eiωt(a†a)
(

ubei(ωeg+ω)te−iηb(a+a†) + u∗be−i(ωeg+ω)teiηb(a+a†)
)

e−iωt(a†a) (eiωeg t |e〉 〈g|+ e−iωeg t |g〉 〈e|
)

+ eiωt(a†a)
(

ur ei(ωeg−ω)te−iηr (a+a†) + u∗r e−i(ωeg−ω)teiηr (a+a†)
)

e−iωt(a†a) (eiωeg t |e〉 〈g|+ e−iωeg t |g〉 〈e|
)



Law-Eberly method: RWA

Approximation eiε(a+a†) ≈ 1 + iε(a + a†) for ε = ±η, ηb, ηr ;

neglecting highly oscillating terms of frequencies 2ωeg , 2ωeg ± ω,
2(ωeg ± ω) and ±ω, as

|u|, |ub|, |ur | � ω,
∣∣ d

dt u
∣∣� ω|u|,

∣∣ d
dt ub

∣∣� ω|ub|,
∣∣ d

dt ur
∣∣� ω|ur |.

First order approximation:

Hrwa = u |g〉 〈e|+ u∗ |e〉 〈g|+ uba |g〉 〈e|+ u∗ba† |e〉 〈g|
+ ur a† |g〉 〈e|+ u∗r a |e〉 〈g|

where
ub = −iηbub and ur = −iηr ur



PDE form

i
∂φg

∂t
=

(
u +

ub√
2

(
x +

∂

∂x

)
+

ur√
2

(
x − ∂

∂x

))
φe

i
∂φe

∂t
=

(
u∗ +

u∗b√
2

(
x − ∂

∂x

)
+

u∗r√
2

(
x +

∂

∂x

))
φg



Hilbert basis: {|g,n〉 , |e,n〉}∞n=0

Dynamics:

i d
dtφg,n = uφe,n + ur

√
nφe,n−1 + ub

√
n + 1φe,n+1

i d
dtφe,n = u∗φg,n + u∗r

√
n + 1φg,n+1 + u∗b

√
nφg,n−1

Physical interpretation:
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Law-Eberly method: spectral controllability

Truncation to n-phonon space:

Hn = span {|g,0〉 , |e,0〉 , . . . , |g,n〉 , |e,n〉}

We consider |φ〉0 , |φ〉T ∈ Hn and we look for u, ub and ur , s.t.

for |φ〉 (t = 0) = |φ〉0 we have |φ〉 (t = T ) = |φ〉T .

If u1, u1
b and u1

r bring |φ〉0) to |g,0〉 at time T/2,

and u2, u2
b and u2

r bring |φ〉T to |g,0〉 at time T/2,
then

u = u1, ub = u1
b, ur = u1

r for t ∈ [0,T/2],

u = −u2, ub = −u2
b, ur = −u2

r for t ∈ [T/2,T ],

bring |φ〉0 to |φ〉T at time T .



Law-Eberly method

Take |φ0〉 ∈ Hn and T > 0:

For t ∈ [0, T
2 ], ur (t) = ub(t) = 0, and

u(t) = 2i
T

arctan
∣∣∣φe,n(0)
φg,n(0)

∣∣∣ei arg(φg,n(0)φ∗e,n(0))

implies φe,n(T/2) = 0;
For t ∈ [T

2 ,T ], ub(t) = u(t) = 0, and

ur (t) = 2i
T
√

n
arctan

∣∣∣∣∣ φg,n(
T
2 )

φe,n−1(
T
2 )

∣∣∣∣∣ei arg
(
φg,n(

T
2 )φ∗e,n−1(

T
2 )

)

implies that φe,n(T ) ≡ 0 and that φg,n(T ) = 0.

The two pulses u and ur allow us to reach a |φ〉 (T ) ∈ Hn−1.



Law-Eberly method

Repeating n times, we have

|φ〉 (nT ) ∈ H0 = span{|g,0〉 , 〈e,0|}.

for t ∈ [nT , (n + 1
2)T ], the control

ur (t) = ub(t) = 0,

u(t) = 2i
T

arctan
∣∣∣∣φe,0(nT )

φg,0(nT )

∣∣∣∣ei arg(φg,0(nT )φ∗e,0(nT ))

implies |φ〉
(n+

1
2 )T

= eiθ |g,0〉.



Reminder: Jaynes-Cummings model and RWA

Hilbert space: C2 ⊗ L2(R,C) Hamiltonian:

HJC =
ωeg
2 σz + ωc

(
a†a +

1
2

)
+ u(a + a†)−i Ω

2 σx (a† − a)

with the scales

Ω� ωc , ωeg , |ωc − ωeg | � ωc , ωeg , |u| � ωc , ωeg .

After RWA:

H1st

rwa = ua + u∗a† − i Ω
2

(
|g〉 〈e|a† − |e〉 〈g|a

)



Reminder: Control for Jaynes-Cummings model

We consider the Hilbert basis {|g,n〉 , |e,n〉}

i d
dtφg,0 = ũ∗φe,0

i d
dtφg,n+1 = −i

Ω

2

√
n + 1φe,n + ũ∗φe,n+1,

i d
dtφe,n = i Ω

2

√
n + 1φg,n+1 + ũφg,n.

Is this system spectraly controllable?
yes, in the real case.



Control for Jaynes-Cummings model: schematic

|g, 0〉

|g, 1〉

|g, 2〉

|g, n〉

|g, n + 1〉

|e, 0〉

|e, 1〉

|e, n− 1〉

|e, n〉
u

u

u

Ω
√
1

Ω
√
n

Ω
√
n + 1

1

Schematic of Jaynes-Cummings model



Control for Jaynes-Cummings model: real case

We consider |φ〉0 and |φ〉T in Hn such that:

〈g, k | φ〉0, 〈e, k | φ〉0 ∈ R and 〈g, k | φ〉T , 〈e, k | φ〉T ∈ R,

and we consider pure imaginary controls: ũ = iv, v ∈ R.
Model in the real case:

d
dtφg,0 = −vφe,0

d
dtφg,n+1 = −Ω

2

√
n + 1φe,n − vφe,n+1,

d
dtφe,n = Ω

2

√
n + 1φg,n+1 + vφg,n.



Time-adiabatic approximation without gap conditions1

Take m + 1 Hermitian matrices n × n: H0, . . . ,Hm. For u ∈ Rm

set H(u) := H0 +
∑m

k=1 uk Hk . Assume that u is a slowly
varying time-function: u = u(s) with s = εt ∈ [0,1] and ε a small
positive parameter. Consider a solution

[
0, 1

ε

]
3 t 7→ |ψ〉εt of

i d
dt |ψ〉

ε
t = H(u(εt)) |ψ〉εt .

Take [0, s] 3 s 7→ P(s) a family of orthogonal projectors such
that for each s ∈ [0,1], H(u(s))P(s) = E(s)P(s) where E(s) is
an eigenvalue of H(u(s)). Assume that [0, s] 3 s 7→ H(u(s)) is
C2, [0, s] 3 s 7→ P(s) is C2 and that, for almost all s ∈ [0,1],
P(s) is the orthogonal projector on the eigen-space associated
to the eigen-value E(s). Then

lim
ε7→0+

 sup
t∈[0,1ε ]

|‖P(εt) |ψ〉εt ‖2 − ‖P(0) |ψ〉ε0 ‖2|
 = 0.

1Theorem 6.2, page 175 of Adiabatic Perturbation Theory in Quantum
Dynamics, by S. Teufel, Lecture notes in Mathematics, Springer, 2003.



Chirped control of a 2-level system (1)

i d
dt |ψ〉 =

(ωeg
2 σz + u

2σx
)
|ψ〉 with quasi-

resonant control (|ωr − ωeg | � ωeg)
u(t) = v

(
ei(ωr t+θ) + e−i(ωr t+θ)

)
where v , θ ∈ R, |v | and | dθdt | are small and
slowly varying:

|v |,
∣∣ dθ

dt

∣∣� ωeg ,
∣∣ dv

dt

∣∣� ωeg |v |,
∣∣∣ d2θ

dt2

∣∣∣� ωeg
∣∣ dθ

dt

∣∣ .
Passage to the interaction frame |ψ〉 = e−i ωr t+θ

2 σz |φ〉:

i d
dt |φ〉 =

(
ωeg−ωr− d

dt θ
2 σz + ve2i(ωr t+θ)+v

2 σ+ + ve−2i(ωr t−θ)+v
2 σ−

)
|φ〉 .

Set ∆r = ωeg − ωr and w = − d
dt θ, RWA yields following

averaged Hamiltonian

Hchirp = ∆r +w
2 σz + v

2σx

where (v ,w) are two real control inputs.



Chirped control of a 2-level system (2)

In Hchirp = ∆r +w
2 σz + v

2σx set, for s = εt varying in [0, π], w = a cos(εt)
and v = b sin2(εt). Spectral decomposition of Hchirp for s ∈]0, π[:

Ω− = −
√

(∆r +w)2+v2

2 with |−〉 =
cosα |g〉 − (1− sinα) |e〉√

2(1− sinα)

Ω+ =

√
(∆r +w)2+v2

2 with |+〉 =
(1− sinα) |g〉+ cosα |e〉√

2(1− sinα)

where α ∈]−π2 , π2 [ is defined by tanα = ∆r +w
v . With a > |∆r | and b > 0

lim
s 7→0+

α = π
2 implies lim

s 7→0+
|−〉s = |g〉 , lim

s 7→0+
|+〉s = |e〉

lim
s 7→π−

α = −π2 implies lim
s 7→π−

|−〉s = − |e〉 , lim
s 7→π−

|+〉s = |g〉 .

Adiabatic approximation: the solution of i d
dt |φ〉 = Hchirp(εt) |φ〉 starting

from |φ〉0 = |g〉 reads

|φ〉t = eiϑt |−〉s=εt , t ∈ [0, πε ], with ϑt time-varying global phase.

At t = π
ε , |ψ〉 coincides with |e〉 up to a global phase: robustness

versus ∆r , a and b (ensemble controllability).



Bloch sphere representation of a 2-level system

if |ψ〉 obeys i d
dt |ψ〉 = H |ψ〉, then

projector ρ = |ψ〉 〈ψ| obeys:
d
dt ρ = −i[H, ρ].

For |ψ〉 = ψg |g〉+ ψe |e〉:
|ψ〉 〈ψ| = |ψg |2 |g〉 〈g|+ ψgψ

∗
e |g〉 〈e|

+ ψ∗gψe |e〉 〈g|+ |ψe|2 |e〉 〈e| .

Set x = 2<(ψgψ
∗
e), y = 2=(ψgψ

∗
e)

and z = |ψe|2 − |ψg |2 we get

ρ =
1 + xσx + yσy + zσz

2
.

The Bloch vector ~M = x~ı+ y~+ z~k evolves on the unit sphere of R3:

i d
dt |ψ〉 =

(
ωx
2 σx +

ωy
2 σy + ωz

2 σz
)
|ψ〉 v d

dt
~M = (ωx~ı+ ωy~+ ωz~k)× ~M

Bloch vector ~M with Euler angles (θ, φ) corresponds to

|ψ〉 = eiϕ sin
(
θ
2

)
|g〉+ cos

(
θ
2

)
|e〉 .



Chirped control on the Bloch sphere.

The chirped dynamics i d
dtφ =

(
∆r +w

2 σz + v
2σx

)
|φ〉 with

w = a cos(εt) and v = b sin2(εt) reads

d
dt
~M = (b sin2(εt)~ı+ (∆r + a cos(εt))~k)︸ ︷︷ ︸

=~Ωt

×~M

The initial condition |φ〉0 = |g〉 means that ~M0 = −~k and
~Ω0 = (∆r + a)~k with ∆r + a > 0.
Since ~Ω never vanishes for t ∈ [0, πε ], adiabatic theorem
implies that ~M follows the direction of −~Ω, i.e. that
~M ≈ − ~Ω

‖~Ω‖
(see matlab simulations AdiabaticBloch.m).

At t = π
ε , ~Ω = (∆r − a)~k with ∆r − a < 0: ~Mπ

ε
= ~k and thus

|φ〉π
ε

= eϑ |e〉.



Stimulated Raman Adiabatic Passage (STIRAP) (1)

H = ωg |g〉 〈g|+ωe |e〉 〈e|+ωf |f 〉 〈f |
+ uµgf

(
|g〉 〈f |+ |f 〉 〈g|

)
+ uµef

(
|e〉 〈f |+ |f 〉 〈e|

)
.

Set ωgf = ωf−ωg , ωef = ωf−ωe and
u = ugf cos(ωgf t) + uef cos(ωef t)
with slowly varying small real am-
plitudes ugf and uef .

Put i d
dt |ψ〉 = H |ψ〉 in the interaction frame:

|ψ〉 = e−it(ωg |g〉〈g|+ωe|e〉〈e|+ωf |f 〉〈f |) |φ〉 .
Rotation Wave Approximation yields i d

dt |φ〉 = Hrwa |φ〉 with

Hrwa =
Ωgf
2 (|g〉 〈f |+ |f 〉 〈g|) + Ωef

2 (|e〉 〈f |+ |f 〉 〈e|)
with slowly varying Rabi pulsations Ωgf = µgf ugf and
Ωef = µef uef .



Stimulated Raman Adiabatic Passage (STIRAP) (2)

Spectral decomposition: as soon as Ω2
gf + Ω2

ef > 0,
Ωgf (|g〉〈f |+|f〉〈g|)

2 + Ωef (|e〉〈f |+|f〉〈e|)
2 admits 3 distinct eigen-values,

Ω− = −
√

Ω2
gf +Ω2

ef

2 , Ω0 = 0, Ω+ =

√
Ω2

gf +Ω2
ef

2 .

They correspond to the following 3 eigen-vectors,

|−〉 =
Ωgf√

2(Ω2
gf +Ω2

ef )
|g〉+ Ωef√

2(Ω2
gf +Ω2

ef )
|e〉 − 1√

2
|f 〉

|0〉 = −Ωef√
Ω2

gf +Ω2
ef

|g〉+
Ωgf√

Ω2
gf +Ω2

ef

|e〉

|+〉 =
Ωgf√

2(Ω2
gf +Ω2

ef )
|g〉+ Ωef√

2(Ω2
gf +Ω2

ef )
|e〉+ 1√

2
|f 〉 .

For εt = s ∈ [0, 3π
2 ] and Ω̄g , Ω̄e > 0, the adiabatic control

Ωgf (s) =

{
Ω̄g cos2 s, for s ∈ [π2 ,

3π
2 ];

0, elsewhere.
, Ωef (s) =

{
Ω̄e sin2 s, for s ∈ [0, π];
0, elsewhere.

provides the passage from |g〉 at t = 0 to |e〉 at εt = 3π
2 .

(see matlab simulations stirap.m).



Stimulated Raman Adiabatic Passage (STIRAP) (3)

Exercice

Design an adiabatic passage s 7→ (Ωgf (s),Ωef (s)) from |g〉 to
−|g〉+|e〉√

2
, up to a global phase.

0 0.2 0.4 0.6 0.8 1
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0.4

0.6

0.8

1

s/π

 

 

Ω
gf

Ω
ef Take, e.g., s = εt ∈ [0, π]

and Ω̄ > 0, and set

Ωgf (s) = Ω̄
2 sin s − Ω̄

4 sin 2s
Ωef (s) = Ω̄ sin s

Results from |0〉 = −Ωef√
Ω2

gf +Ω2
ef

|g〉+
Ωgf√

Ω2
gf +Ω2

ef

|e〉



Controllability of bilinear Schrödinger equations2

Schrödinger equation

i d
dt |ψ〉 =

(
H0 +

m∑
k=1

ukHk

)
|ψ〉

State controllability

For any |ψa〉 and |ψb〉 on the unit sphere of H, there exist a time
T > 0, a global phase θ ∈ [0,2π[ and a piecewise continuous
control [0,T ] 3 t 7→ u(t) such that the solution with initial
condition |ψ〉0 = |ψa〉 satisfies |ψ〉T = eiθ |ψb〉.

2See, e.g., Introduction to Quantum Control and Dynamics by
D. D’Alessandro. Chapman & Hall/CRC, 2008.



Controllability of bilinear Schrödinger equations

Propagator equation:

i d
dt U =

(
H0 +

m∑
k=1

ukHk

)
U, U(0) = 1

We have |ψ〉t = U(t) |ψ〉0.

Operator controllability

For any unitary operator V on H, there exist a time T > 0, a
global phase θ and a piecewise continuous control
[0,T ] 3 t 7→ u(t) such that the solution of propagator equation
satisfies UT = eiθV .

Operator controllability implies state controllability



Lie-algebra rank condition

d
dt U =

(
A0 +

m∑
k=1

uk Ak

)
U

with Ak = Hk/i are skew-Hermitian. We define

L0 = span{A0,A1, . . . ,Am}
L1 = span(L0, [L0,L0])

L2 = span(L1, [L1,L1])

...
L = Lν = span(Lν−1, [Lν−1,Lν−1])

Lie Algebra Rank Condition

Operator controllable if, and only if, the Lie algebra generated by
the m + 1 skew-Hermitian matrices {−iH0,−iH1, . . . ,−iHm} is either
su(n) or u(n).

Exercice

Show that i d
dt |ψ〉 =

(ωeg
2 σz + u

2σx
)
|ψ〉, |ψ〉 ∈ C2 is controllable.



A simple sufficient condition

We consider H = H0 + uH1, (|j〉)j=1,...,n the eigenbasis of H0.
We assume H0 |j〉 = ωj |j〉 where ωj ∈ R, we consider a graph G:

V = {|1〉 , . . . , |n〉}, E = {(|j1〉 , |j2〉) | 1 ≤ j1 < j2 ≤ n, 〈j1|H1|j2〉 6= 0} .

G amits a degenerate transition if there exist (|j1〉 , |j2〉) ∈ E and
(|l1〉 , |l2〉) ∈ E , admitting the same transition frequencies,

|ωj1 − ωj2 | = |ωl1 − ωl2 |.

A sufficient controllability condition

Remove from E , all the edges with identical transition frequencies.
Denote by Ē ⊂ E the reduced set of edges without degenerate
transitions and by Ḡ = (V , Ē). If Ḡ is connected, then the system is
operator controllable.
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