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In this  article,  we  propose  a numerical  algorithm  achieving  dynamic  optimization  of  a class  of  processes
with  input-dependent  hydraulic  delays.  Such  delays  are  often  observed  in  process  industries.  We  use
the  stationarity  conditions  to  derive  an iterative  algorithm  approaching  the  solution  of  this  problem  by
solving  a series  of  simpler  auxiliary  instances.  Interestingly,  the  algorithm  is able  to leverage  state-of-
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the-art  numerical  optimization  tools  such  as IPOPT.  The  proof  of convergence  is  sketched,  highlighting
the  relevance  of the  chosen  algorithmic  structure  as  a  form  of  gradient  descent  in  a functional  space.
The  practical  interest  of  the  algorithm  is evidenced  using  two  numerical  examples  to  show  its desirable
properties  of convergence  and  numerical  efficiency.
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umerical methods
onvergence analysis

. Introduction

In process control, delays are a widespread issue that can have
everal root causes. A first problem stems from data acquisition,
he limitations of the Information Technology (IT) structure and
he induced mis-synchronization between networks that lead to
ommunication delays and errors in measurements time-stamping
see [1–3] or [4]). Another common issue in process control is that
he analysis of material samples may  require a significant time to
e performed. As evidenced for instance in [5] or [6], an important
ource of lags in the control is the computation times of advanced
rocess control algorithms such as Model Predictive Control (MPC
.g. [7–10]) and its recent variants (adaptive MPC  [11,12], economic
PC [13], distributed and cooperative MPC  [14–16] or [17], among

thers) which consider fairly advanced models of plants. As for the
ntrinsic sources of delays in the processes themselves, complex
hemical schemes involving activation times and the associated
eaction lags are well-documented problems in chemical engineer-

ng (see [18]).

Many applications in the field of process control use dynamic
ptimization in order to address systems with simple time delays

� This works was partially funded by Total Refining and Chemicals and Total R&D
ivision. The authors especially wish to acknowledge Jean-Philippe Grimaldi and
ériam Chèbre for their fruitful support.
∗ Corresponding author.

E-mail addresses: cclerget@mit.edu (C.-H. Clerget),
icolas.petit@mines-paristech.fr (N. Petit).

ttps://doi.org/10.1016/j.jprocont.2019.04.013
959-1524/© 2019 Elsevier Ltd. All rights reserved.
(cf [19]). For this reason, most commercial MPC  tools routinely
take into account fixed time delays, and implementations are com-
mon  place in industrial applications. Practically, delays are usually
treated directly in the time-discretization schemes by simple shifts
of indexes.

The mathematical underpinnings of the optimal control of delay
systems have been the subject of a large body of literature. Formally,
the optimality conditions have been investigated early on by the
control system community, see [20–24]. A detailed panorama of
the available stationarity conditions (including the case of state-
constrained problems) can be found in [25] and [26] which also
propose numerical methods for implementation. These works
cover cases of multiple input and state delays in Pontryagin’s max-
imum principle. Besides MPC  techniques, other approaches have
focused on optimal synthesis, for fixed delays, resulting in feed-
back control laws. Many research efforts have focused on related
numerical aspects, e.g. investigations regarding the stability of
some orthogonal collocation schemes with regard to the transcrip-
tion of systems of delay algebraic equations have also been carried
(see [27]). Interestingly enough, it appears that fewer attention
has been given to dynamic optimization problems under varying
delays. While this topic is not new, since the seminal work of [28],
most research efforts have focused on closed-form solutions to LQR
problems for dynamics impacted by time-varying delays, see [29].
Practically, in most applications where delays are known to be vari-

able, this information is simply ignored and the delays are assumed
to be fixed.

https://doi.org/10.1016/j.jprocont.2019.04.013
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jprocont.2019.04.013&domain=pdf
mailto:cclerget@mit.edu
mailto:nicolas.petit@mines-paristech.fr
https://doi.org/10.1016/j.jprocont.2019.04.013
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However, some type of delay phenomena are intrinsically time
arying and cannot be adequately approximated by fixed delays.
his is especially relevant to delays whose variability is not given a
riori (whether in a deterministic or stochastic sense), but is rather a
unction of the process variables. Importantly, such situations occur
hen material transport phenomena give birth to delays in plants
here several parts of the process are not collocated. This is typ-

cally the case when some feeds are relatively far from the core
f the reactor or when complex piping and recycling architectures
re present. Such situations have been documented in the control
f processes for a large spectrum of applications such as biological
rocesses (e.g. [30]), oil refining (e.g. [31–35]), polymerization (e.g.
36]), automotive engine regulation (e.g. [37,38]) or energy genera-
ion (e.g. [39]). Furthermore, handling these phenomena is central
o the development of multi-unit and plant wide dynamic opti-

ization strategies. Indeed, during major production transients,
he setpoint changes and disturbances that cascade through the
lant also affect the communication delays between the various
nits. In order to finely optimize the plant response, this must be
aken into account to properly synchronize corrective actions.

The first theoretical results regarding the stationarity condi-
ions of this type of systems were laid out in [40]. However, as
videnced in [41], a straightforward direct simultaneous approach
sing orthogonal collocations (e.g. [42,43] or [44]) fails on this type
f applications. Indeed, the dependency of the delay with respect
o the input does not allow to transcript the continuous optimal
ontrol problem as a smooth NLP.1 To circumvent this issue, [41]
ttempted to discretize spatially the underlying plug-flow advec-
ion partial differential equation (PDE) to proceed with the direct
ptimization of the subsequent finite dimension model, as has been
tudied for the modelling of more complex transport systems e.g.
45]. However, in their numerical findings, the authors empha-
ize the sensitivity of the results with respect to the choice of the
escretization scheme of the PDE. Overall, the numerical perfor-
ances are not fully satisfactory as a good numerical accuracy of

he PDE’s discretization must be paid by an increased state size
eading to a large computational load and high index algebraic
quations if state constraints are to be imposed. Typical resolu-
ion times range from tens of seconds to a couple of minutes. The

ethod is also shown to be prone to numerical difficulties as a
efined spatial discretization of the PDE leads to the ill-conditioning
f the Lagrangian’s Hessian that the solver must invert. This leads to

 malicious game where the numerical performances of the solver
eteriorate as the dimension of the problem, and its inherent diffi-
ulty, increases.

In this paper, we lay out a first step toward addressing directly
he dynamic optimization of these systems by developing an iter-
tive procedure to solve the optimal control problem of systems
isplaying input-dependant input delays. We  will begin by intro-
ucing the stationarity conditions of the optimal control problem
hat we consider. We  will then use those conditions to derive a
andidate iterative algorithm to solve the optimal control prob-
em. We  will sketch its proof of convergence by showing that it can
e viewed as successive first order approximations of the delay
ynamics and, in a limit case, boils down to a gradient descent
lgorithm in a functional space. Finally, we will present and discuss
umerical results, based on a simple benchmark problem from [38]

llustrating the convergence properties of the algorithm and a pro-
ess example taken from [40] to demonstrate its practical interest.

inally, we sketch the possibility to generalize this approach to a
arger class of problems, such as systems displaying state delays.

e hope that our approach, which we try to present in a tutorial

1 In the sense that this dependency leads to index commutations in the equations
f the discretized dynamics.
Fig. 1. Three batch mixing unit with a dead volume V: the “paint” problem.

spirit, will encourage further research to develop new algorithms
tackling these broader classes of systems of great practical impor-
tance.

2. Notations and problem statement

Mixing processes illustrate simply how hydraulic input delays
arise in process control (e.g. [46]). Indeed, in many piping networks
of industrial processes, some of the streams are merged ahead of the
mixing unit. This reduces investment costs and improves compact-
ness of the plant. However, this also creates delays in the system
that must be addressed in the control algorithms.

A simplified example of such systems was given in [40], which
displayed the control of a unit mixing three products. A schematic
can be found in Fig. 1. Three batches are filled with products that we
wish to mix. Products 1 and 2 are first mixed before going through
an additional dead volume V. At the outlet of this pipeline, they are
blended with product 3 and we wish to control the composition y
of this final mixture. The total flow rate of the unit, Ftot, being fixed,
the control variables are the injection ratios of each product at a
given time u = (u1, u2, u3) with

u1 + u2 + u3 = 1 (1)

If we  assume perfect mixing when streams are merged and
a plug-flow regime otherwise, we find that the composition y
depends both on past and present values of the control variables
according to

y(t) = � (u(t − Du(t))) u(t) (2)

where

�(u) =

⎛
⎜⎜⎜⎝

u1

u1 + u2

u1

u1 + u2
0

u2

u1 + u2

u2

u1 + u2
0

0  0 1

⎞
⎟⎟⎟⎠ (3)

and Du is a time varying hydraulic delay implicitly defined by∫ t

t−Du(t)

Ftot(u1(�) + u2(�)) d� = V (4)

In the following, we  will introduce mathematical notations to
present a formal problem statement addressing the optimal control
of systems presenting such hydraulic delays.

Given a set of numbers A, we denote A* � A {0}.
Given p ∈ N

∗, we denote Mp(R) the set of real-valued square
matrices of dimension p.
Let T > 0 and n ∈ N
∗, we  note L2([0; T], R

n) the space of square
integrable functions over the interval [0 ; T] and D1([0; T], R

n) the
space of continuous and differentiable functions on the interval
[0 ; T].
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Problem statement: Our goal in this paper is to solve opti-
al  control problems (generalization of a Bolza problem) of the

ollowing form

P : min
v

∫ T

0

L(t, x(t), u(t)) + 1
2

v(t)T Pv(t) dt � J(v)

s.t. ∀t ∈ [0; T], ẋ(t) = f (t, x(t), u(t), u(ru(t)))

∀t ∈ [0; T], u̇(t) = v(t)

x(0) = x0, u[r0;0] = u0, v[r0;0] = v0

(5)

here f and L are smooth functions, P ∈ Mp(R) is a symmetric
efinite positive matrix, x is the vector of state variables, u is the
ector of control variables and ru(t) � t − Du(t) is implicitly defined
rom the hydraulic delay by the relation

t

ru(t)

�(u(�)) d� = 1 (6)

ith � : R
p → R

∗+. (r0, v0, u0) ∈ R
∗− × L2([r0; 0],  R

p) ×
1([r0; 0],  R

p) and initial conditions verifying

0

r0

� (u0(�)) d� = 1 (7)

nd

t ∈ [r0; 0],  u0(t) = u0(0) +
∫ t

0

v0(�) d� (8)

emark 1. In the simple case of Eq. (4), � would boil down to the
inear function

(u1, u2) = Ftot
u1 + u2

V
(9)

In the following, in addition with the classic notations ∂f
∂x

and
∂f
∂u

, we will denote ∂f
∂ur

the vector of partial derivatives of f w.r.t. its
ast argument.

Throughout the rest of the discussion, the following assump-
ions are considered:

ssumption 1. L is twice continuously differentiable while f, �
re continuously differentiable. There exists K ≥ 0 such that ∇2L,
f, ∇� are bounded by K and K-Lipschitz continuous.

ssumption 2. J admits a global finite lower bound, J*.

ssumption 3. � admits a strictly positive lower bound, �min.

emark 2. Assumptions 1 and 2 are classic in optimization to
nsure that the problem admits a well defined global minimum and
hat local minima can practically be characterized using gradient-
ased optimization.

Assumption 3 is usually considered for systems with input vary-
ng delays of hydraulic type (see [38]) so that r′

u be bounded away
rom zero and the input keep on reaching the plant.

. Algorithm design
After some lines of calculus, one can extend the results of [40] to
how that the stationarity conditions of P are given by a two  point
oundary value problem

(u, x, �, �) = P(v)

Pv + � = 0
(10)
cess Control 83 (2019) 20–29

with the operator P2 defined as3

u̇(t) = v(t), u[r0;0] = u0 (11)

ẋ(t) = f (t, x(t), u(t), u(ru(t))), x(0) = x0 (12)

�̇(t) = −∂L

∂x
(t, x(t), u(t))T − ∂f

∂x
(t, x(t), un(t), u(ru(t)))T �(t) (13)

�(T) = 0

�̇(t) = − ∂L

∂u
(t, x(t), u(t))T − ∂f

∂u
(t, x(t), u(t), u(ru(t)))T · �(t)

−1[0;ru(T)](t)(r−1
u )

′
(t) ·

∂f

∂ur
(r−1

u (t), x(r−1
u (t)), u(r−1

u (t)), u(t))
T
�(r−1

u (t))

−
∫ r−1

u (min(t,ru(T)))

t

�(�)T ∂f

∂ur
(�, x(�), u(�), u(ru(�))) ·

v(ru(�))
�(u(ru(�)))

d�
∂�

∂u
(u(t))

(14)

�(T) = 0 (14)

As mentioned previously, the input-dependency of the delay
makes P impractical to solve directly using orthogonal collocations.
Instead, we would much prefer to solve a sequence of simpler aux-
iliary problems and a natural idea would be to define a sequence of
problems displaying a delay law which would be time-varying, but
in a fixed fashion based on the value of vn found at the nth step of
the sequence so that at iteration n + 1, one would solve4

min
vn+1

∫ T

0

L(t, Xn+1(t), un+1(t)) + 1
2

vn+1(t)T Pvn+1(t) dt

s.t. Ẋn+1(t) = f (t, Xn+1(t), un+1(t), un+1(run (t)))

u̇n+1(t) = vn+1(t)

x(0) = x0, un+1[r0;0] = u0, vn+1[r0;0] = v0

(15)

Mathematically, the stationarity conditions of each of these prob-
lems could then be expressed as special cases of (11)–(14) in which
� would no longer be a function of u but instead of t alone. However,
examining Eq. (14) shows that the distributed term that it involves
(the last term of (14)) would vanish (exactly, at each step) and that
if the sequence was ever to converge, its solution would not ver-
ify the original stationarity conditions of P, but a biased version of
them. Following this remark, given an initial profile v1 and  ̨ ∈ R+,
we define a sequence of auxiliary problems for all n ≥ 1 using the
following recursion

Pn+1 : min
vn+1

∫ T

0

L(t, Xn+1(t), un+1(t)) + 1
2

vn+1(t)T Pvn+1(t)

+ Sn(t)(un+1(t) − un(t)) + ˛

2
‖vn+1(t) − vn(t)‖2

2 dt

s.t. Ẋn+1 = f (t, Xn+1(t), un+1(t), un+1(run (t)))

u̇n+1 = vn+1

Xn+1(0) = x0, un+1[r0;0] = u0,

vn+1[ru(0);0] = v0

(16)

where
2 Technically, P : L2([0; T], R
p) → D1([0; T], R

p) × D1([0; T], R
m)2 × D1([0; T], R

p).
3 On the interval [0 ; ru(T)] covered by the indicator function, the function r−1

u

employed in (14) is well defined.
4 We use the capital letter notation X to outline the fact that in this case, the state

variable follows a different differential equation from the original problem.



 of Pro

i
d
t
s

v

D
˛

t
o

g

T
s
s

n

a

n

F

P
n

X

w
R

∀

u

q

x

�

�

N
(
t
(

C.-H. Clerget, N. Petit / Journal

Sn(t) =
∫ r−1

un
(min(t,run (T)))

t

�n(�)T ∂f

∂ur
(�, xn(�), un(�), un(run (�))) ·

vn(run (�))
�(un(run (�)))

d�
∂�

∂u
(un(t))

(17)

s the sensitivity of the objective with respect to the change of the
elay law caused by a change of the control input as derived from
he calculus of variations. In the definition of Sn and the general
tatement of Pn, (un, xn, �n, �n) are defined as

n 
→ (un, xn, �n, �n) � P(vn) (18)

efinition 1. Consider a sequence (vn)n ∈ N∗ and  ̨ ≥ 0, (vn) is called
-admissible if for all n ≥ 2, vn is a solution (possibly local) of Pn.

Let us define

X � {v ∈ L2([0; T]), ∃Rv ∈ R+, ∀w ∈ L2([0; T]),

J(w) ≤ J(v) ⇒ ‖w‖2 ≤ Rv}
(19)

he set of L2 functions such that their J-level set is included in a ball
f L2 and note

v � Pv + � (20)

The main result concerning the sequence (Pn) is as follows

heorem 1. Under Assumptions 1–3,  given any ˛-admissible
equence (vn)n ∈ N∗ such that v1 ∈ X,  if  ̨ is large enough then (vn)
atisfies

lim
→∞

‖gvn‖2 = 0 (21)

nd

lim
→∞

‖vn+1 − vn‖2 = 0 (22)

urthermore, the sequence (J(vn))n ∈ N∗ is monotonically decreasing.

roof. Given n ∈ N
∗, let us assume that vn ∈ X (which is true for

 = 1 by assumption) and, by extension of (19), define

n � {v ∈ L2([0; T]), J(v) ≤ J(vn)} ⊂ X (23)

hich is a bounded set in the sense of the L2 norm, i.e. there exists
n > 0 such that

v ∈ Xn, ‖v‖2 ≤ Rn (24)

Consider the operator defined by Q(v, w)  = (u, q, x, �)5 with

˙ (t) = v(t), u[r0;0] = u0 (25)

˙ (t) = w(t), q[r0;0] = u0 (26)

˙ (t) = f (t, x(t), u(t), u(rq(t))), x(0) = x0 (27)

˙ (t) = −∂L

∂x
(t, x(t), u(t))T − ∂f

∂x
(t, x(t), u(t), u(rq(t)))T �(t) (28)

(T) = 0 (28)

ote the slight (but important) differences between P defined by
11)–(14) and Q. The second argument of Q is used to define the
ime-varying delay appearing in the right-hand side of Eqs. (27) and

28).

5 Technically, Q : L2([0; T], R
p)2 → D1([0; T], R

p)2 × D1([0; T], R
m)2.
cess Control 83 (2019) 20–29 23

The newly defined operator Q plays a key role with respect to
the sequence (vn). Indeed, the stationarity conditions of Pn+1 are
given by

(29)

Noticing that

(Q(v, v), N(Q(v, v), v)) = P(v) (30)

it is clear from the structure of Pn+1 that if an ˛-admissible
sequence (vn) converges, its limit will satisfy Eqs. (11)–(14).

From (29), we  directly deduce that the solutions of Pn and Pn+1
are related by

vn+1 = vn − 1
˛

gvn + 1
˛

�n+1 (31)

with

�n+1 = −P(vn+1 − vn) − (Nn+1 − �n) (32)

In turn, the cost variation between vn and vn+1 is given by

J(vn+1) − J(vn) =
∫ 1

0

G′(s) ds (33)

where

G(s) = J(vn + (vn+1 − vn)s) (34)

Using the adjoint state method (see e.g. [47]), one computes, after
a few lines of calculus,

J(vn+1) − J(vn) =
∫ 1

0

∫ T

0

gvn+(vn+1−vn)s(t)T (vn+1(t) − vn(t)) dt ds (35)

which gives

J(vn+1) − J(vn) = − 1
˛

‖gvn‖2
2 + 1

˛
〈gvn , �n+1〉

+
∫ 1

0

〈gvn+(vn+1−vn)s − gvn , vn+1 − vn〉 ds

(36)

Finally

J(vn+1) − J(vn) ≤ − 1
˛

‖gvn‖2
2 + 1

˛
‖gvn‖2‖�n+1‖2

+
∫ 1

0

‖gvn+(vn+1−vn)s − gvn‖2‖vn+1 − vn‖2 ds

(37)

At this point, the two  main technical results remaining to estab-
lish the desired results are to show that ‖�n+1 ‖ 2 admits an upper
bound proportional to ‖gvn‖2 and that the function v 
→ gv is Lips-
chitz continuous with respect to the L2 norm on any bounded set.
For the sake of briefness, the explicit derivation of these properties
is not considered here. The reader can refer to [48], Chapter 5 and

Appendix B for a complete proof.

Then, one shows that for  ̨ large enough, J(vn+1) − J(vn) ≤ 0.
In particular, this guarantees that vn+1 ∈ Xn. By induction, this
implies that if one picks a value  ̨ = ˛1 such that it guarantees a
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Pm : min

∫ T

L(t, u(t), u(ru(t), u̇(t)) dt (49)
4 C.-H. Clerget, N. Petit / Journal

ecrease in cost at n = 1, then for all rank n, vn ∈ X1 and there exists
 > 0 such that

n ∈ N
∗, J(vn+1) − J(vn) ≤ −ˇ‖gvn‖2

2 (38)

his leads to

N

i=0

‖gvi
‖2

2 ≤ ˇ(J(v0) − J(vn+1)) (39)

inally we derive

N

i=0

‖gvi
‖2

2 ≤ ˇ(J(v0) − J∗) (40)

nd the convergence of the series yields

lim
→∞

‖gvn‖2 = 0 (41)

hich gives the conclusion.
Practically, the algorithm is implemented by choosing an initial-

zation value v1, a tuning parameter ˛, and for all n ≥ 1 applying the
ollowing steps:

given vn, integrate to compute un and derive the delay law rn from
(6)
compute (xn, �n) from (12) and (13) to derive Sn

solve Pn+1 and obtain vn+1
check if the termination criteria has been reached

Different termination criteria can be considered. In real-time
pplications, where time is of the essence, it could simply be reach-
ng a given computing budget. In other cases, a criteria pertaining
o the stationarity conditions such as bringing ‖gvn‖2 under a given
hreshold would be more relevant.

The choice of an appropriate value for the parameter  ̨ is impor-
ant for the numerical implementation of the algorithm. From the
roof of the theorem, we see that this parameter implicitly controls
he size of the steps taken by the algorithms, in a way very similar to

 trust-region method (e.g. [49]). Practically,  ̨ must be chosen large
nough to insure convergence, but small enough to avoid slowing
t down. While we did not explore the theoretical underpinning
f this option, empirical evidence shows that  ̨ should be adapted
uring the optimization based on a set of step acceptance rules.
inimally, it should be adjusted to guarantee a monotonic cost

ecrease of the sequence.

. Numerical examples

.1. Illustration of the convergence results

For the sake of illustration, we treat a benchmark problem
lready considered in [38]. Consider a second order unstable system
ith dynamics given by

z̈(t) − ż(t) + z(t) = u(ru(t))

u̇(t) = v(t)
(42)

nd
t

ru(t)

u(�) d� = 1 (43)
ith the following initial conditions

z(0) = 1, ż(0) = 0

u[r0;0] = 1, v[r0;0] = 0
(44)
cess Control 83 (2019) 20–29

This can equivalently be recast as

ẋ(t) = Ax(t) + Bu(ru(t))

u̇(t) = v(t)
(45)

where

x =
(

z

ż

)
, A =

(
0 1

−1 1

)
, B =

(
0

1

)
(46)

The control of this system is challenging due to its unstable char-
acter that hampers existing robust feedback laws based on small
gain assumptions (see [38]). The optimal control problem is

P : min
v

∫ T

0

‖z(t) − zr‖2
2 + wu‖u(t) − ur‖2

2 + wv‖v(t)‖2
2 dt

s.t. ẋ(t) = Ax(t) + Bu(ru(t))

u̇(t) = v(t)

(47)

with T = 10, wu = 0.1, wv = 0.1 and zr = ur = 1.5. Taking  ̨ = 5,6 we
pick the trivial initialization value v1 = 0 and apply the algorithms
detailed at the end of Section 3 to iteratively approach a solution of
P by constructing an ˛-admissible sequence (vn).

Practically, the resolution of the sequence of auxiliary problems
(Pn) is performed using a direct collocation transcription method,
AMPL as algebraic modelling language and IPOPT 3.11.8 as NLP
solver. The time horizon is divided into 100 finite elements of equal
size, each of them containing 3 Radau collocation points. The results
are presented in Figs. 2–5.

Figs. 2–4 display the optimal trajectory that is computed and
the associated delay law (the values are obtained for n = 100). The
inflexions of the input profile around t = 0.9 and t = 2.4 are typ-
ical of systems having variable delays. Fig. 3 pictorially shows
how this trajectory is progressively approached by the sequence.
Fig. 5 exhibits some indicators regarding the convergence prop-
erties of the algorithm as n grows: the cost J along with the

relative steps size measured by log10 (	v) � log10

(
‖vn−vn−1‖2

‖vn‖2

)
and log10 (	J) � log10

(
‖Jn−Jn−1‖2

‖Jn‖2

)
at successive iterations. As

expected, the cost decreases monotonically and the linear shape
of the cost decrease on the semi-log plot is evocative of a first
order steepest descent-like method. The total computation time for
the first 100 iterations displayed in Fig. 5 using a 2.60 GHz Intel(R)
Core(TM) i7-4720HQ processor on a 64 bits system with a 16.0Go
RAM is equal to 12.6 s, 9.8 s being actually spent in the solver.

4.2. Mixing processes

Here, we come back to the example of a mixing process that was
introduced at the beginning of Section 2 (see Eqs. (1)–(4)).

Eq. (2) does not directly fit into the framework of the prob-
lem we have previously studied in Section 3. This could easily be
circumvented by considering this dynamics as the limit case of

1
�

ẏ(t) = � (u(ru(t))) u(t) − y(t) (48)

when � goes to zero. However, we  will illustrate the generality of
our method by solving the optimal control directly based on Eq. (2).
Let us then address the following optimal control problem
u 0

6 This value was  achieved by trial and error.
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Fig. 2. Optimal trajectory computed for P.

Fig. 3. Successive approximation

w

L

w
s

Fig. 4. Delay law of the optimal trajectory.

ith

(t, u(t), u(ru(t)), u̇(t)) = ‖�(u(ru(t)))u(t) − yref(t)‖2
2 + wu̇‖u̇(t)‖2

2

(50)

here yref is a desired reference trajectory (practically, we will con-
ider a smooth transition between two operating points). Using
s of the optimal trajectory.

the calculus of variations detailed in [40], we propose to solve a
sequence of problems where un+1 is deduced from un by

min
un+1

∫ T

0

L(t, un+1(t), un+1(run+1 (t)), u̇n+1(t)) + Sn(t)un+1(t) dt (51)

with

Sn(t) =
∫ r−1

un
(min(t,run (T)))

t

∂L

∂ur
(�, xn(�), un(�), un(run (�))) ·

u̇n(run (�))
�(un(run (�)))

d�
∂�

∂u
(un(t))

(52)

For our numerical experiment, we  chose wu̇ = 10−3, T = 6. We
denote uref = yref the control sequence that would be optimal if we
considered a case with a negligible delay. This trajectory is used to
initialize the optimization procedure.

On this example, we  converge after 5 iterations, representing
2.2 s of CPU time. The optimal trajectory is displayed in Fig. 6. One
sees that after a first phase during which the initial content of the
pipe needs to be flushed out, a proper pre-compensation strategy
allows the system to reach its reference value. Interestingly, in this
case, convergence is obtained without using a damped formulation
(i.e.  ̨ = 0).

Our approach can also be compared to alternative existing meth-

ods for solving such problems using finite order discretizations of
the advection PDE. In this study, we consider a method of lines
using a second order finite volume discretization scheme (see [41]
for implementation details). We  note nd the number of cells used
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Fig. 5. Convergence properties of the algorithm.
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P̃ : min
v

∫ T

0

L(t, x(t), u(t)) + 1
2

v(t)T Pv(t) dt
Fig. 6. Optimal trajectory comp

n the discretization scheme. The results of the optimization are
isplayed in Fig. 7 for different values of nd. All computation times
re summarized in Figure 8.

For a small number of discretization cells, such as nd = 10, the
omputation time is already larger than using our exact method
nd the resulting trajectory suffers from a significant overshoot and
ubsequent oscillations. The computation load of the optimization
harply increases as the discretization of the advection equation is
efined. Asymptotically, the optimal trajectory computed through
his method seems to converge toward the solution we  directly
omputed as nd grows.

While this case displays an impressive performance gap
etween the two approaches, it should be noted that it will not
lways be in favour of our method in a more general setting.
ndeed, our method leverages a first order expansion of the delay
quation while a standard NLP solvers (such as IPOPT) solving the
iscretized transport equation makes use of second order deriva-
ives and enjoys a faster convergence rate (quadratic if the problem
s not ill-conditioned). Also, our optimization procedure is still rudi-

entary and an efficient implementation should encompass an
daptive step-size selection akin to that of a trust-region method.
s a consequence, when the discretization error of the transport
quation does not arise as a primary concern (especially in the case

f smooth input signals), the benefits of using to their fullest the
fficient optimization algorithms developed to solve standard col-
ocation problems outweigh the extra accuracy of our approach.
his might become critical for large scale optimization problems
r Pm using an exact resolution.

involving many varying delays that must simulateneously be lin-
earized.

The extension of our approach to a second order method would
require to compute the second variation of the optimal control
problem P. As the Gâteaux differentiability of P required the con-
trol u to be differentiable (which lead us to cast explicitly u as the
integral of a non-differentiable auxiliary function v, see [48]), we
believe that this extension would require to enforce one more order
of differentiability of u, which might lead to practical difficulties.

5. Towards an extension for state delays

Let us consider a variation of the problem we studied where the
hydraulic delay appears in the state rather than the control
s.t. ∀t ∈ [0; T], ẋ(t) = f (t, x(t), x(ru(t)), u(t))

∀t ∈ [0; T], u̇(t) = v(t)

x[r0;0] = x0, u(0) = u0

(53)
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Fig. 7. Optimal trajectory computed for Pm using a finite volume discretization of the advection equation.
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Fig. 8. Numerical results of various resolution schemes.

his class of systems is of practical interest because it models cas-
ades of reactive units and recycle streams. One could show that
he stationarity conditions of this problem are given by7

˙ (t) = v(t), u(0) = u0 (54)

˙ (t) = f (t, x(t), x(ru(t)), u(t)), x[r0;0] = x0 (55)

�̇(t) = −∂L

∂x
(t, x(t), u(t))T − ∂f

∂x
(t, x(t), x(ru(t)), u(t))T �(t)

−1[0;ru(T)](t)(r−1
u )

′
(t) ·

∂f

∂xr
(r−1

u (t), x(r−1
u (t)), x(t), u(r−1

u (t)))
T
�(r−1

u (t))

(56)

(T) = 0 (57)

�̇(t) = − ∂L

∂u
(t, x(t), u(t))T − ∂f

∂u
(t, x(t), u(t), u(ru(t)))T �(t)

−
∫ r−1

u (min(t,ru(T)))

t

�(�)T ∂f

∂xr
(�, x(�), x(ru(�)), u(�)) ·

ẋ(ru(�))
�(u(ru(�)))

d�
∂�

∂u
(u(t))

(57)

(T) = 0 (57)

Then, it would be natural to propose an iterative optimization
lgorithm similar to the one we studied in this paper defined by

P̃n+1 : min
vn+1

∫ T

0

L(t, Xn+1(t), un+1(t)) + 1
2

vn+1(t)T Pvn+1(t)

+S̃n(t)(un+1(t) − un(t)) + ˛

2
‖vn+1(t) − vn(t)‖2

2 dt

s.t. Ẋn+1 = f (t, Xn+1(t), Xn+1(run (t)), un+1(t))

u̇n+1 = vn+1

Xn+1[ru(0);0] = x0, un+1(0) = u0
(58)

here

S̃n(t) =
∫ r−1

un
(min(t,run (T)))

t

�n(�)T ∂f

∂xr
(�, xn(�), xn(run (�)), un(�)) ·

ẋn(run (�))
�(un(run (�)))

d�
∂�

∂u
(un(t))

(59)

espite the strong analogy with the problem we addressed in this
aper, a detailed analysis of the convergence of this algorithm
roves to be technically more challenging than in the input delay
ase and is beyond the scope of this paper. One of the main techni-
al difficulty lies in the derivation of the Lipschitz continuity of the
unction v 
→ gv. Indeed, it requires a result analogous to the Gron-

all lemma  when a varying state delay appears in the right hand

ide of the inequality (see [50]).

7 See [48] for a full exposition of this result.

[

[
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6. Conclusion

In this paper, we  have proposed an iterative algorithm to solve
the problem of optimal control of systems with hydraulic input-
dependent input delays. A convergence proof was sketched and
numerical results were given illustrating the practical interest of
the method. More details will be given in a forthcoming publication.

The first extension to develop is a proof of convergence of the
algorithm in the case of hydraulic input-dependent state delays.
This case is of great practical importance since it is instrumental in
the modelling of recycling loops or cascades of reacting units.

Computationally, two main improvements must be considered.
First, exploit trust-region methods theory to elaborate an effec-
tive step-size selection scheme. Second, investigate whether the
method can be extended to a second order expansion that would
enjoy a faster convergence rate.

The current study has focused on the open-loop generation of
optimal trajectories for the system. A valuable improvement would
be to study the closed-loop behaviour of such a methodology used
in a receding horizon framework such as MPC  for real-time control
applications. We  expect technical challenges in the derivation of
the convergence proof related to situations in which the system
might not be controllable until the control input reaches the plant,
especially since that instant itself depends on the control profile
through the definition of the hydraulic delay.
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