Control-oriented input-delay model of the
distributed temperature of a Sl engine exhaust
catalyst
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Abstract This chapter aims at showing how a particular class of inetaydordi-
nary differential equations, in which the time- and inpepdndent delay is defined
through an implicit integral equation, can be used to modelgately the internal
temperature of a Spark-Ignited engine catalyst. The mogelpproach is grounded
on a one-dimensional distributed parameter model, whichpjgroximated by a
time-varying first-order delay system whose dynamics patars (time constant,
delay, gains) are obtained through a simple analytic réslugirocedure. Following
recent works, the distributed heat generation resultiogfpollutant conversion is
shown here to be equivalent to an inlet temperature enténmgystem at a virtual
front inside the catalyst. The gain of this new input introesl a coupling to ac-
count for the conversion efficiency. Relevance of this teaé compliant model is
qualitatively supported by experimental data.

1 Introduction

Elements of context. Automotive Spark-Ignited (SI) engines are equipped with a
Three-Way Catalyst (TWC) located in the exhaust line. Thisrefeatment device
aims at reducing the three major pollutants resulting flreendombustion: hydrocar-
bons HC, carbon monoxide CO and nitrogen oxide,N¥et, conversion efficiency
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Fig. 1 Conversion efficiency (jointly for CO, HC and NQas a function of temperature for typical
catalytic converter (Source: [9]).

highly depends on the catalyst temperatuf@] [10], as presented in Fig. 1. Right
after a cold start of the engine, temperatures are too lovctivate chemical re-
actions and the catalyst conversion ratio is poor [18]. &fwee, speed-up of the
catalyst warm-up is a point of critical importance to reagyhhevel of pollutant
conversion.

Classically, warm-up strategies are performed by incnegtsie exhaust gas tem-
peratures via combustion timing shifting [8]. This opepgaechnique leads to a
faster heating of the catalyst but also yields combustifiniehcy degradation and
therefore substantial consumption increase. This inereasst be limited to its strict
minimum. For this reason, it is of prime importance to deieamwhen the catalyst
has reached its light-off temperatéi® obtain a satisfactory compromise between
pollutant emissions and consumption. When this light-affperature is obtained,
standard combustion can be performed and the consumptiosirogly go back to
a standard level.

Motivations for real-time wall temperature modeling. Sadly, no temperature
sensor is commercially embedded to provide an informatiothe distributed wall
temperature. In commercial line products, determinatiothe switch time is cur-
rently achieved from the measurements provided by a conatigrembedded tem-
perature sensor located into the cooling system. Indeedh#rmal behavior of the
water cooling system can be indirectly related to the engitteexhaust line temper-
atures. Yet, this information is highly uncertain and hase®son to be repeatable
(which cannot be allowed anymore as driving cycles tend derglify).

An alternative is to rely on models. Unfortunately, catalgsnperature models
that have been proposed in the literature are either mdae-yspatially lumped)
model [11], which do not take into account the inherent diated nature of the
catalyst and can therefore reveal highly inaccurate, otidPdifferential Equa-
tions (PDE) modeling [5, 12, 15] with complex representadiof the heat release
by chemical reactions, which give very accurate estimatfdhe light-off tempera-

1 It also highly depends on the Air/Fuel Ratio, the influence bfoh is not considered here.
2 Defined here as the temperature at which the catalyst becomeshmaarg0 percent effective.
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ture but are discarded from real-time implementations byrtduced computational
burden.

Contribution and organization of the chapter. In this chapter, we propose to
use a semi-lumped model of these PDE equations. Followmg\hrture presented
in [13], we show how a first-order input-delay dynamics regathe inlet gas tem-
perature to a punctual wall catalyst temperature. The wétaimodel belongs to a
particular class of time- and input-dependent delay systemvhich the delay is
defined through an implicit integral equation which is reygrgative of transport
phenomena [17, 21, 23]. The chemical reactions inside ttaysa are simply rep-
resented as a fictitious second temperature front entenmgatalyst afar off the
physical catalyst inlet. This model is shown to be quite a&i®y and of gentle im-
plementation complexity.

The model presented here can be seen as a generalizatioB)] o6 [2] engines
applications. The main modifications consists in the intictithn of the catalyst con-
version efficiency impacting the heat release. This effiyjedepends on the output
of the model, resulting into an additional coupling whicredmot tamper with the
stability of the model.

This chapter is organized as follows. Section 2 presentsatadyst under consid-
eration in experiments. In Section 3, we detail the PDE teatpee modeling which
is used in Section 4 to derive a first-order input-delay maledugh analytic for-
mula stemming from simple operational calculus. Relevaritke proposed model
is discussed at the light of simulations performed on expental data. We conclude
with directions of future works such as prediction-basetia strategy.

2 Experimental set-up

The catalyst under consideration in this study is mounteédeabutlet of a 2L four-
cylinder turbocharged Sl engine, downstream the turbiige.Zpresents a scheme
of the catalyst under consideration. It is composed of tvpasged monoliths [19]
which, in the following analysis, for the sake of claritygarot distinguished. For
experimental studies and comparisons, the catalyst hasibsteumented with two

1 2
Tw Tw

L

<— From engine exhaust

Fig. 2 Experimental catalyst composed of two monoliths. Two sensors permieasure the wall
temperature in the center of each monolith. Test-bench is alspmep with inlet temperature and
mass flow sensors.
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Fig. 3 Experimental results on European driving cycle (NEDC).

internal temperature sensors. Such sensors located ammimdded inside any
commercial line product. Fig. 3 presents experimentalltesbtained at test bench
during a NEDC (New European Driving Cycle) cycle. Historaédoth the exhaust
mass flow and the temperature located upstream the catedysizorted in Fig. 3(a).
These quantities are the inputs of the model proposed irct@pter. The exhaust
mass flow is a fast-varying variable closely related to thgirmtorque output. In
Fig. 3(b), both monolith temperatures of Fig. 2 are givengfaycle without warm-
up strategy. By comparing these two curves between themgaidst the inlet gas
temperature, one can notice the very low-pass filter role@tatalyst (see the sig-
nalsT} andT?2 on Fig. 3(b)). We will account for this in our model simpliftaan.

3 Partial Differential Equation (PDE) M odel

We now refer to Fig. 4, where a schematic representationeofrtbnolith is given.
Exhaust burned gas enter the monolitizat 0 and convective exchange with the
wall occur all along the monolith, i.e. far = 0 to 2 = L, yielding to distributed
temperature profiles of the g&§(«, t) and the catalyst wall’, (x, t) (as underlined
in [20, 22], the axial conduction can be neglected).
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We consider the following coupled linear infinite dimensbthermal dynamics

%(%t) =k (Ty(z,t) — Tw(z,t)) + ¥(z,t, Tow(x, 1)) (1)
ity O (2,1) = k(T 1) — Ty, 1) @

wherev is a distributed time-varying source term, related to thencical reaction
occurring inside the catalyst and the constantg:; > 0 are defined as

hi Py o — hi Py

foy =— 7L
T AwpuCpw 2 Cpy

Notations are gathered in Table 1 in Appendix. Such a modebisidered for
example in [12]. It encompasses the detailed modeling (18)-given in Appendix,
provided that a few simplifications are performed:

e conduction §,,0°T,/0z?) into the monolith is neglected compared to convec-
tion exchanges;

e gas storage is considered as very small compared to the itiooole, i.e.
pgCpg << puwCpuw;

e convective exchanges with the atmosphere are neglectegazethto the one
with the exhaust gas (this is assumed on for the sake of siitypdif the exposi-
tion and can easily be relaxed).

Catalyst length L

Anasi nen |
g(T, )

50 : » Goiy |
— + + !
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Fig. 4 Schematic views of the distributed profile temperature insidatalyst jointly with ther-
mal exchanges (left) and of the proposed modeling inspired fa8h (fight). The conversion is
assumed to take place on an upstream part of the catalyst of I&ngifhe temperature used to
determine the catalyst efficiency is located at length< L..

The source ternp gathers the sum of the enthalpies of the various reactidisgta
place inside the catalyst. It can be effectively represbate

Y(x,t,T,) for 0<x<L,
0 for L,<x<L

W(a,t,T,) :{

whereL,. is the length of the portion of the catalyst where the heatlsased. This
model is illustrated in Fig. 4. Note that the source term alspends on the wall
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temperature. This is important to study the light-off psefor moderate temper-
ature, the conversion efficiency highly depends on the veafiperature and this
dependence cannot reasonably be neglected.

In this chapter, we propose to represent the conversionegftig of the catalyst
as a function of a punctual wall temperature, at a posifigr(potentially varying
with aging). Experimental determination of this efficienggs performed and fol-
lows the tendency of Fig. 1. In the following, it is callegdconsidered as a known
function, and we focus on the design of a simple model of thikterperature at
L,, , handling the potential variability of this position.

4 Approaching the dynamics by an input-delay ordinary
differential equation

4.1 Operational calculuswithout sourceterm

Before detailing the global model that we propose to use peed on the analysis of
the “purely thermal” behavior of the PDE model, i.e. withanly source term. This
case is representative of a temperature interval befw— 300, where chemical

conversion is almost ineffective.

Claim. Assumey) = 0. In the range of low (time domain) frequencies, the
distributed parameter model (1)-(2) can be approximatetth®yollowing set
of first-order delayed equations

W<z<L, T(x,t)% — Tu(e,t) + T,(0,t — D(&,) (3)
with
@, t) :ki Fud(@,t), D@ t) = (1— v)d(a,t) @)
1

wherev is a given constant if0, 1] and § is defined through the integral
equation

t kl
/ k—mg(s)ds =o (5)
t—&(x,t) V2
The relation (5) implicitly defines a transport delay thrbygast values of the

gas flow rate. It corresponds to a transport phenomenon oguover a lengthe
with a speed,’z—;mg accordingly to a Plug-Flow assumption [17]. This time can be
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understood as a residence time into the monolith (see [4])hétwo main effects of

the gas residence inside the monolith are transport anchagehwith the monolith,

it can reasonably be separated into a first order dynamid¢samiture delay effect.
The tuning parameter can be determined via dedicated tests (e.g. given operating
points, for which the engine is initially cold and requestedjue and engine speed
are kept constant) and allows this model to qualitativefyresent a relatively vast
range of catalyst devices.

4.1.1 Formulation of claim 4.1
Transport delay

By taking a spatial derivative of (1), a time-derivative 8j @nd matching terms
with (1)-(2), one can obtain the decoupled equations, far & [0, L],

. 0*Ty, aT,, ) T,

o) gpar = P e
T, . 0T, oT, L oT,
(1) e T a0y =~ Ry e,

where the first equation definirif,, can be reformulated using a spatial Laplace
transform (operational calculus) to get

. dTw . T

This scalar system can be solved as

T (p,t) =exp (- [ t: mds}) T (p, to)

wheret, is such that, < ¢. The catalyst, as is visible from experimental data re-
ported in Fig. 3(b), is relatively non-sensitive to higkeduencies. Consequently, by
considering only low-level spatial frequencies (i#.,p << ko for any gas flow
), the term below the integral can be substantially simpglifiRewriting the re-
sulting equation into the usual space domain gives

vz €[0,L], Tulwt) =T (x _ [ /tt Z;ms(s)ds] ,to>

Formally, one can defingx,¢) > 0 such that

t kl
x— / —1ng(s)ds| =0
t—o5(x,t) K2
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which is equivalent to the implicit integral equation (5pridequently, the wall tem-
perature at abscissais formally delayed by

Vo €[0,L], Ty(z,t)=Ty,(0,t—d(x,t)) (6)

First-order model

From there, it is possible to relate the dynamics under denation to the gas
inlet temperature. Consider for a moment th@t) is constant with respect to time.
Then, writing (6) in the time Laplace domain, jointly with)for = = 0, one directly
obtains for allz € [0, L]

R 676(93)5 R
Ty (:B? 5) =k1 ng (07 S) (7)

Finally, following the same steps as previously, it is pblkesto only consider low
frequencies{ << 1). By following the elements presented in [16],

67(171/)6(90)5

—d0(z)s ~
vé(x)s+1

(&

with a constant € [0, 1], (7) rewrites for low frequencies as

. e~ (1-1)3(@)s

To(z,s) = (% . V5(x)) - 1Tg(x,0)

By formally generalizing this relation to a time-varyingsigence time(z, t), one
obtains the dynamics formulated in Claim 4.1.

4.1.2 Validation of the reduced model (3)-(5) using experimental data

To illustrate Claim 4.1, simulation results of the temperatinside the wall catalyst
at two different locations are pictured in Fig. 5. The twosiation results have been
obtained respectively with the distributed parameter rhide(2) (with ¢ = 0, i.e.
neglecting the enthalpy flows) and with the proposed singglifiynamics (3)-(5).
The inputs used for the two models (gas mass flow rate and igemperature)
are data recorded during a NEDC cycle. They are picturedgn3ta).

Implementation of the proposed model was performed withnadod Euler ap-
proximation of (3). The value of is determined based on a trapezoidal approxi-
mation of (5) with a simple calculation procedure: the im&deft-hand side of (5)
is an increasing function aof, equal to zero fov = 0; therefore, we calculate it
recursively for increasing values 6f starting withd = 0, stopping when reaching
or passinge.

The simulated temperature in Fig. 5 almost perfectly matthe one computed
with the PDE model. As these performances are obtained fgrdemanding ex-
ternal conditions (large gas mass flow rate variations), aarereasonably expect
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Fig. 5 Simulation comparison between the temperature representdttbe enodel (1)-(2) with
v = 0 and the reduced first-order input-delay model (3)-(5). Theitepf the model are NEDC
variations pictured in Fig. 3(a).

similar behavior on different kinds of driving conditiori%or typically encountered
input signals, the PDE model is well represented by the mofd€laim 4.1.

Nevertheless, these models cannot completely match expetally measured
data, as the heat released from chemical reactions is nedléye now investigate
this point.

4.2 Including chemical reactions energy

To account for the source terti we propose to consider the pollutant conversion
effects as a second temperature fropt occurring at virtual positiord, inside the
catalyst®. This model allows one to exploit the linearity of the dynas(3)-(5),
through a superposition principle, to distinguish ¢0) effects from the pollutant
conversion effect. This model approach is pictured on Fig. 6

For steady-state conditions, energy balance for the syséenbe written as

N
1y Cpg (Ty(0) = Ty (L)) +1(Tu(Ly)) D AH;[w:]5m = 0
—_—

1=1
a7,
where|xz;];, are the inlet pollutant concentrations. Typically, threaimpollutants
are consideredY = 3), i.e. hydrocarbons (HC), carbon monoxide (CO) and nitro-

gen oxides (NQ). They result in three steady-state gains

3 In details, this fictitious length does not exactly match thgsital non-reactive length introduced
earlier in Section 3. Yet, for sake of simplicity, we assume heretltey are identical.
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T,(0,¢) First-Order + Delay
Model (L)

g T (L, 1)

First-Order + Delay
Model (L, — L)

Efficiency model

Fig. 6 Proposed catalyst temperature model (9)-(13). The pollutamtecsion effects (HC, CO
and NQ;) are assimilated to a front of temperaturg, propagating on a virtual length,, — L.,
while the gas heating occurs on the complete lergihThe model is also fed by the gas mass
flow raterng which is not represented here for sake of clarity.

AHpc
1gCpy

AHco
1gCpyg

GHC :n(Tw(L’r/)) GCO - U(Tw(L”]))

AHno,

and Gno, = W(Tw(Ln)) m,Cp
lg“ Py

where the unity enthalpAH r7c, AHco andAH yo, are known constants. These
gains are then used to calculate an equivalent temperature

Teq :GHC[HO]ML + GCO [Co]in + GNO,, [NOJ,]UL (8)

In practice, the pollutant concentrations are not meashtgccan be effectively
estimated, e.g. by look-up tables.

An important point to notice is the appearance of the tentpezat lengthl,, as
a parametrization of the conversion efficiency. This yied®upling represented in
Fig. 6 under a closed-loop form.

We summarize this approach by the following claim.

Claim. For any source terny, the wall catalyst temperature at positiar)
can be efficiently represented as

Tw(Ly) =TL +TY ©9)
whereT!" satisfies
dT; th
T(Ln7t)7 :_Tw (t)+Tg(Ovt_D(L77at)) (10)

andT? satisfies
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ary
Sk —— T+ g0t - Dy — Lr,t) (D)

Te, is defined in (8), the time constamtand the delayD are defined for
z € 0,L]as

T7(Ly — Ly, t)

7(z,t) :kll +vé(x,t), D(x,t)=(1-v)d(z,t) (12)

with » a given constant if0, 1] andd defined through the integral equation

/tt i Thg(s)ds = @ (13)

—0(z,t) k_2

It is worth noticing that the catalyst temperature at anyitosz € [0, L] can
also be computed by a similar procedure, provided one has wlthe steady-state
gains (correspondingly,, (L, .) has to be calculated independently).

4.3 Validation of the proposed model on experimental data

Simulation results of the wall catalyst temperature at tweifions (described in
Fig. 2) are provided in Fig. 7 and compared to experimentalsueements. These
measurements were obtained on a NEDC cycle, with an inittalld catalyst. The
tuning parameter is set to= 0.4.

One can easily notice that the computed temperatures catblsbort-term and
long-term variations of the true signals. As previouslys itvorth noticing that the
inputs corresponding to this NEDC cycle are highly variadoié therefore this test
case is challenging.

The proposed model is simple enough to be implemented irtirmaland pro-
vides accurate estimation of the wall catalyst. One clegaiige of the proposed
technique that is worth noticing is that it provides insigtto the temperature every-
where inside the monolith. A lumped model (or 0D-model) like one presented
in [11] for example, cannot achieve this. Also worth notecis the fact that aging
of the catalyst can be accounted for by updating

To feed the model, values for various inputs, presenteddrbiFare necessary:
the mass flow rate (already modeled for cylinder charge esitom and combus-
tion control), the inlet gas temperature (the modeling ofclvrhas been widely
investigated in the literature, see [6, 7]) and the pollttamissions upstream of the
catalyst.
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Fig. 7 Comparison between the proposed model and experimental date ktcation inside the
monolith.

5 Conclusion

In this chapter, a simple infinite dimensional model of thdlwatalyst has been
presented and a corresponding first-order input-delaycteduhas been performed.
Besides its real-time compliance, this model also exhthiésnteresting property of
providing an estimation of the wall temperature withoutuieing additional offline
tuning procedures.

This reduced input-delay model is of particular interestdesign strategies
which, compared to the existing ones, enable to detect-tffihdependently on
the driving cycle (see [2] for further experimental-baséuwation illustrating
this point). Other control strategies exploiting the delagresentation such as the
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prediction-based techniques proposed in [3] can also beidered. Further evalua-
tion of their potential merits is the scope of future work.omer direction of work
is the evaluation of the robustness of this model to inpulredion errors (in partic-
ular with respect to inlet pollutant emissions which are measured but obtained
through look-up tables).

Appendix

In this appendix, we provide a more detailed modeling of tiexrhal exchanges
occurring in the catalyst, from which (1)-(2) is a simplificen. Following [5], a
thermal balance of the gas leads to the equation

oT, . oT,
pgAnggaitg + mgC’pga—l‘f] =hrPr(Tyw(z,t) — Ty(x,t)) (14)

where the first term on the left hand side accounts for the gasgg storage, the
second one for transport and the right-hand term for coimesekchanges. A similar
balance for the wall yields

T, _, T,
ot " ox?

+ hOPO (Tamb - Tw (xa t)) (15)

N
prwC’pw + Z Rihi + hi Py (Tg (177 t) - Tw(xv t))
=1

where the left-hand side still accounts for the energy g®rand the right-hand
side represents respectively: i) the conduction/diffasiside the monolith; ii) the
enthalpy flow of theN chemical reactions occurring inside the catalyst (mainly,
N = 3); iii) the exchange respectively with the gas and the atriesp

One can notice that, following [13], no transport occursha {solid) wall. In
more details, a mass balance of the species in presence castdisished. The
species concentrations inside the monolith are necessalgtérmine the reaction
termsR; in the enthalpy flows. Two additional equations per spedieskso neces-
sary (one for the gas and one for the monolith, see [1] [14]).
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